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“Pretty close to a paradigm shift.”
Edric’s book is absolutely outstanding. His insight into kids’
mental processes and his techniques for building bridges between real-world experience and math processing are something
pretty close to a paradigm shift. AND he knows how to write,
clearly, simply, conversationally.
Howard and Marion Brady, Florida.
Educators, authors: What’s Worth Learning?
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Also by Edric Cane:
Making Friends with Numbers:
Let learning Multiplication Facts teach you Math.
MakingFriendsWithNumbers.com
From reviews on Amazon:
A great supplement to the math we do.
My 10 year old son LOVES this book. It’s a great supplement to
the math that we do and it’s more “fun” than some of the other
things.
Samantha Jacokes
A great tool for practice.
My daughter and I really enjoyed using this workbook this last
school year. It has several creative ways to get to know numbers
and their relationships. We will finish it this fall
Homeworker.
The best workbook ever created.
Really helped my kids get away from skip counting. In only
three weeks they have really memorized multiplication facts and
enjoy doing the sheets.
Joy
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Excellent resource for Learning Multiplication Through
Games and Practice.
Although I purchased this book from another source, I still felt it
was worthy of a five-star review on Amazon. My 8-yo son absolutely LOVED it. He'd complain about all the rest of his school
work, but he couldn't wait to work in this each day. (In fact, I
recently overhead him telling his younger sister that he wishes he
could do it again!)
O.A.
It works! Numbers can be friends!
Great alternative practice to drilling multiplication. Truly allowed my child to play with numbers and become friends with
them, rather (than) sworn enemies. Much of it is self-checking.
C. Gustafson

Grow Your Brain:
A mostly Oral approach to a Great Start in Math
GrowYourBrain.education
Resources for conversations and activities on 1st and 2nd grade
math topics.
Check: TeachingtoIntuition.com
MakingFriendswithNumbers.com
GrowyourBrain.education
YouTube: Edric Cane
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“I didn’t know it was so simple”
Introduced to my ideas, students familiar with other approaches
comment: “I didn’t know it was so simple.” A teacher who tried
the approach e-mailed me, “I have never actually been thanked
after a lesson, but today I was. Many times.”
From an 8th grade teacher:
The weeks you spent teaching in the after-school intervention
with me were invaluable. I compared test results with my colleague who taught a similar group of students with traditional
methods. My classes posted an 83 percent average on the test,
almost 20 percent higher than the other classes. This was the
highest test average all year for my students. This was extraordinary! Your insight into teaching children using intuition and
knowledge that is already a part of their thinking is exciting to
use….
…There was an excitement in the class as they finally
got it! They kept asking for more problems and were
very engaged. I had so many students with lightbulbs
turning on for the first time!
We all aim to promote those “Aha” moments that those students
experienced, some for the first time. They are a testimony that
the truths of math have found an echo deep within the psyche.
They do not occur when students just correctly apply a
memorized procedure. As I see it, they occur when intuition
gives its seal of approval to those truths.
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To Teachers
“Re-imagining Mathematics” is the theme of the 2020 conference of the National Council of Teachers of Math (NCTM). It is
a powerful call for change that raises some questions: Do we
really need to re-imagine mathematics? If so, to meet which
needs? What is the nature of the needed change?
Different teachers, each with their own experiences and concerns, will have different answers to these questions, and we may
benefit from a number of answers. In Teaching to Intuition, with
the nature of the change summarized by the title, I give mine.
Hundreds of thousands of foreign students want to study in our
schools and universities. The United States has more Nobel prizes than any other nation, mostly in STEM fields. In many
respects, we do well in math instruction.
I see the greatest need for a change in outcome at the other end
of the spectrum. There are millions in the US, students and
adults, who never connected with math and openly say that they
don’t like math. What they are saying is that they don’t like what
they understand to be math. For them, math is most likely a collection of memorized facts and rules that clutters their brain. If
that were my experience of math, I, too, would share their dislike.
Those who never catch on to math are found in all socioeconomic categories. In low-economic and minority populations,
that achievement deficit is a significant factor in the equity gap
that we are powerfully encouraged to address.
The case for teaching to intuition is made through practical examples taken from the elementary and middle-school curriculum.
These can then be directly applied in the classroom. That’s
where the diverse experience and skills of so many teachers affect students, where the only change that matters takes place, and
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where any suggestion I make will need to fit in and make sense
if it is ever going to have any impact.
I encourage teachers to read this book in the spirit of the theme
proposed by NCTM: Re-imagining Mathematics. I would like to
see groups of teachers discuss it as a means of working out their
own answers to what needs to change, of seeing how my own
diagnosis and the changes I propose could contribute to meeting
their own concerns and meld into what they already do and seek
to achieve. I would like to see it contribute to teachers’ active
search for greater equity.
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At the Checkout Counter
Let’s look together at a line of people at the checkout counter of
a supermarket. It may seem surprising at first sight, but no one
seems to panic as they approach the salesclerk! No one seems to
even fret! They have no worry at all about the order in which
their purchases are scanned or whether their discount coupons
are scanned after each discounted item, all together at the end, or
somewhere in between. They understand that it doesn’t make
any difference if they pay for the sandwiches and the chicken
wings at the deli and for the prescriptions at the pharmacy instead of paying for everything at the checkout counter along with
their other purchases. Let’s observe and learn from what these
shoppers take for granted. We may realize that what they know,
as revealed by their actions, is less difficult, less artificial, and at
the same time more powerful and comprehensive than what is
taught in school. It doesn’t have to be that way. We can do better. That is an example of what Teaching to Intuition is about.
This lady is leaving the checkout counter. Let’s ask her a few
questions:
Me:

So, your name is Mary. You seem to clip coupons quite
efficiently. How much did you save today with those
coupons?
Mary: Let’s see. I had a $2.00 coupon on a pound of cheese and
three $1.00 coupons on soft drinks. I saved $5.00. No,
more than that. My receipt reminds me here that I had a
$2.00 coupon on a box of cereal. I also used a $3.00
coupon at the pharmacy on some vitamins that I bought
along with my prescriptions. In all, I saved $10.00. My
coupons are paying for this nice big piece of meat.

Teaching to Intuition
Me:

Congratulations. I seem to remember that the second
item you scanned was a jar of pickles. I saw you give it
back at the end. Why did you change your mind?
Mary: I just had two twenty-dollar bills. I didn’t want to spend
more than $40.00. At the end, I noticed my bill was going to be almost $43.00. So I handed back that $4.00 jar
of pickles. See, I just had to pay $38.95.
Me:
Thank you, Mary. You’ve been very helpful.
The scene and the imaginary conversation demonstrate a good
amount of mathematical understanding on the part of those
shoppers. Most will agree that this is intuitive knowledge, not the
result of math classes. If the shoppers don’t panic as they stand
in line, it is not because the commutative property of addition
tells them that the total cost of their purchases is not affected by
the order in which their items are scanned. Our shoppers don’t
need deep reflections on grouping to make the choice of paying
for their deli purchases at the deli or at the checkout counter.
In thousands of schools and textbooks, the commutative and associative properties are used to decide if and how the order can
be changed. These properties allow for changes in an addition
sequence, but not when subtractions are included.
Based on these properties, with all those discount coupons
thrown into the mix, those shoppers would have reason to believe that the order would make a difference in their final cost.
What do those shoppers know that traditional instruction doesn’t
consider, and how can that be taught?
At the heart of the intuitive understanding demonstrated by Mary
and the other shoppers, there is this simple insight:
A $4.00 box of cereal adds $4.00 to my total bill.
A $1.00 discount coupon reduces my total bill by $1.00.
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This remains true whether the box is scanned at the beginning, in
the middle, or at the end or whether the discount coupon is
scanned immediately after the discounted item or at some other
time.
These are assumptions that are made as the $4.00 box is pulled
from the shelf and tossed into the shopping cart or as the $1.00
coupon is being clipped.
As a related conviction, there is this understanding:
It doesn’t make any difference if I pay for all my deli purchases in one group at the deli or if I scatter them among
my other purchases at the checkout counter: a $5.00 sandwich still adds $5.00 to my final cost, and a $2.00 discount
coupon still reduces my final out-of-pocket expense by
$2.00.
This is clear to these shoppers:
A $10.00 savings somewhere or scattered throughout can
be used to balance off and pay for a $10.00 expense somewhere else.
That is already a lot of knowledge bearing one way or another on
grouping and the order of operations. The result may well be
students or teachers who know more math as shoppers blending
in with other shoppers than when they have their “math hats” on!
There is more to what these shoppers know. If we invited Mary
for a cup of coffee, I’m sure we could discover that she knows
that we need to multiply before we can add or subtract. The conversation might take place as follows:
Me:

I see you bought 10 cans of peas at $0.75 each.
Did the salesclerk scan them each separately?
Mary: No. She only scanned one. I told her I had 10. She trusted me and she typed “10” in her machine.
Me:
Do you mean that she added 10 to your total bill?
3
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Mary: No, of course not. That’s just the number of cans. See,
the receipt shows $7.50, the cost of my 10 cans.
Me:
So, the machine changed 10 cans at $0.75 into a total
cost of $7.50 and added that amount to your bill?
Mary: Isn’t that obvious?
By the way, what do you do for a living? You teach
math, don’t you?
Any more probing on my part and I would appear to be a complete idiot. Maybe it was too late already.
As a shopper, Mary didn’t just have 10 and 0.75. She had 10
cans at $0.75 a can. Each number was attached to the thing that it
counted: 0.75 to a dollar amount, 10 to the number of cans. At
some unarticulated level of knowledge, Mary knew that you can
only add numbers attached to the same name: dollars to the other
dollars already computed, not the number of cans to those dollars. It’s obvious. It makes sense. That understanding is shared
by all the shoppers. And yet, it is not exploited as it could be
when teaching some of the crucial topics of elementary arithmetic.
Mary knew that you need to multiply the cost of a can by the
number of cans, in the process translating the two numbers into a
single dollar amount. Only then could she add that dollar amount
to the other dollar amounts. More than likely, she had never
thought about it before, but somehow, somewhere, she knew that
we need to multiply before adding or subtracting. And yet, how
many among our students have any idea why multiplication and
division must be done before addition and subtraction? They
know it as a rule of mathematics. They have no understanding of
why it must be so. As shoppers, somewhere in the background of
their understanding, they would know.
On this as on other topics, numbers attached to things can shed
light on the rules and procedures of mathematics that remain in4
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visible when used with numbers in the abstract. Real life teaches
us about mathematics.
So, there is a considerable amount of mathematical knowledge
among these shoppers. It is knowledge that comes from being
rational human beings, endowed with common sense, able to
live, drive, marry, raise kids, and think. If this were knowledge
learned in school, we can imagine that there would be a few
among all those shoppers who had not mastered the topic. It has
never been formulated or recognized by them, but it is there nevertheless. It is intuitive knowledge, and we want to take a good
look at it right from the start.
Appealing to intuition means helping students, whenever
possible, recognize in mathematics an echo of truths and of
mental structures that are already theirs. This allows them to
give their willing allegiance to the truths of mathematics. It
makes it easier for them to accept mathematics as logical
instead of as something essentially imposed from the outside
which they have no choice but to accept unquestioningly.
All teachers present math to a considerable extent as a reflection
of reality. All introduce new knowledge by accessing prior understanding. They will recognize in what I present constant
reminders of what they already know and do. And yet, it will
become clear that what we are proposing in Teaching to Intuition
represents a significant change from what actually takes place in
most American classrooms.
The behavior of these shoppers illustrates the concrete, practical
reality of intuitive mathematical knowledge. We can ask ourselves how, on this and other topics, we can anchor our teaching
strategies by establishing a strong connection between that
preexisting intuitive knowledge and what we want our students to
learn.
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Let’s come back to our shoppers at the supermarket. As they
reach the checkout counter, they know that what they will pay is
already determined. They understand that the order in which
purchases and discount coupons are scanned does not affect the
final cost. How is this feature of a sequence of additions and subtractions taught to children in our schools? Essentially, it isn’t.
In an addition sequence, we have complete flexibility to move
numbers around. That ability is presented as a consequence of
what is referred to as the “commutative property” which, in an
addition, keeps the operation sign in its place between the two
numbers and recognizes that the two numbers can switch places:
5+3=3+5
However, this ability to switch numbers does not apply to subtraction where ‘5 − 3’ cannot become ‘3 − 5’. Children easily
understand that switching numbers in an addition doesn’t change
the total but that they cannot take away more than they have.
With a sequence of operations that includes both addition and
subtraction, numbers cannot be moved around and grouped with
the same flexibility. Yet, our shoppers seem to know that their
purchases and discount coupons can be scanned in any order
without changing the final cost of their purchases. How can we
transfer to classroom arithmetic what our shoppers take for
granted?
Let’s go back to the understanding of those shoppers:
A $4.00 box of cereal adds $4.00 to my total bill.
A $1.00 discount coupon reduces the bill by $1.00.

Teaching to Intuition
Each number is linked in the minds of our shoppers with a need
to add or subtract. It comes naturally to them as the numbers represent either a price tag on a purchased item, which adds to their
cost, or a dollar amount on a discount coupon, which saves them
money. As the items or coupons are grouped on the check-out
conveyor belt or change position, they carry along with them the
implication that each amount is either added or subtracted.
Let’s imagine a clerk who rings up the following sequence as
purchased items and discount coupons are scanned:
4−1+9+7−3−2+8
The arithmetic allows us to add and subtract in order from left to
right. But if we want to group numbers and use a different order
there is much that we cannot do. In particular, we cannot calculate 1 + 9, 3 − 2 or 2 + 8. And yet, these items can be scanned in
just about any order. To communicate the understanding that our
shoppers have we can draw bubbles around each number and the
operation sign in front of it.
Each bubble represents either a purchase or a discount coupon.

4

− 1

+ 9

+ 7

− 3

− 2

+ 8

These bubbles help us see that we don’t just have a 9—we have
a 9 that adds $9.00 to the final amount. We don’t just have a 3—
we have a 3 that reduces the final amount by $3.00. They do so
whatever their position. This is why the sign/number combinations that these bubbles represent can be moved around and
grouped as freely as items and coupons on the conveyor belt. By
linking a number and its operation sign, those bubbles transfer
what our shoppers understand from the supermarket to the abstract numbers used in classrooms.
Those bubbles each represent a unit of meaning that changes our
perspective in three ways:
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1. We can move those bubbles around and group them in
any way that makes sense. They make available options
not recognized when the commutative and associative
properties of operations are used as the rule for when
numbers can or cannot be moved around.
2. These bubbles provide a valuable alternative to the perspective given by operations. Operations show two
numbers linked by an operation sign. As operations, they
are meaningless unless we have those two numbers. This
is a very valid perspective. But bubbles break up that
perspective and allow the mind to focus on the individual contribution of each sign/number combination. This
alternative perspective has significant practical implications.
3. Each sign/number combination impacts the final amount
by its own arithmetic: a ‘+ 10’ bubble adds 10 to the final amount; a ‘− 3’ bubble decreases the final amount by
3. The direct connection between a number and the final
sum is lost when we just focus on numbers.

Using Bubbles with
Multiplication and Division
Much the same applies to sequences that include multiplication
and division. The commutative and associative properties apply
to multiplication only, not division. The presence of division in
such sequences makes it impossible to use those properties to
change the order of the calculations. Those properties teach that,
when division is included, calculations can only be done “in order from left to right.” That is what is traditionally taught in our
schools.
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However, bubbles provide a simple way of seeing that this is not
the only possible order:

21

÷ 8

× 56

÷ 3

21

÷ 3

× 56

÷ 8

7

x

7

= 49

In the graphic above, changing the order of ‘÷ 8’ and ‘÷ 3’ facilitates a solution without the added confusion of decimals.
Calculating this sequence in order from left to right gives the
correct answer: 49. But changing the order by drawing or imagining bubbles makes it possible to group 21 ÷ 3 = 7 and 56 ÷ 8 =
7 then use simple mental arithmetic to get 49. We would also get
49 with any sequences that just represent imaginary bubbles being moved around, such as:
21 ÷ 8 ÷ 3 × 56

56 × 21 ÷ 8 ÷ 3

Bubbles can be moved around in any way that makes sense. We
just cannot have a bubble with a divide sign as the first one in a
calculation.
As with a sequence of additions and subtractions, in a series of
multiplications and divisions, each bubble affects the final product by its own arithmetic. A ‘× 56’ bubble multiplies the final
amount by 56. A ‘÷ 3’ bubble divides the final amount by 3.
They do so whatever their position which is why they can be
moved around with such ease.
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Let’s just point out that the ease offered by bubbles no longer
applies to a sequence of operations that includes both levels of
operations: addition/subtraction and multiplication/division. In
12 + 8 ÷ 2 only 8 is divided by 2, not 12, and not the final value.
It makes sense that we do not have the option of freely moving
sign/number combination ‘÷ 2’ to where it would divide a different number.

Using Bubbles in the Early Grades
Back to addition and subtraction. We can put bubbles to good
use as early as first grade, and possibly even in Kindergarten.
For instance, the freedom they provide can be used to help children learn “Make-10” pairs such as ‘9 + 1’ or ‘7 + 3’.
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With the use of bubbles, a child who doesn’t yet know how to
add 9 + 7 can add the following sequence by identifying and
crossing out Make-10 pairs.

9

+ 7 + 1 + 3

9 + 7 + 1 + 3 = 10 + 10 = 20
We may start with a sequence of additions, but subtractions can
soon be added to the mix. We can ask: “How much do you save
if you have two discount coupons for $7.00 and $3.00?” “Do you
still save $10.00 if the two discount coupons are scanned at different times?” Children will draw conclusions as easily as the
shoppers do.
At some point, the content of each bubble can be written on separate slips of paper and identified as the purchase of some
product or a discount coupon. These slips can be moved around
and grouped quite freely to facilitate finding the total cost. An
extra purchase can be added. and its $6.00 cost can be squeezed
in anywhere in the sequence. It makes a lot of sense that this
adds $6.00 to the final cost, and this too can be shown by adding
an identical slip of paper on the right side of the equal sign.
Children in first, second, or third grade can experience in very

9

+ 7 + 1 + 5 = 12

9

+ 7 + 6 + 1 + 5 = 12 + 6 = 18

concrete ways a fundamental principle of algebra: What you do
to one side of the equal sign must also be done to the other side.
This is tied to a basic understanding of the meaning of the equal
sign. Yet, Middle School classes often have to go to great
lengths to re-introduce this understanding. Experienced in the
12

Bubbles
very first grades, this connection can be kept alive in higher
grades. Children who learn to focus on just numbers instead of
on the sign/number combination illustrated by bubbles lose a
sense of the direct effect of each number on the final sum. Bubbles used in the early grades prepare the mind to smoothly accept
their application to other topics in higher grades.

The Unitary Perspective
At its heart, the discrepancy between relying on the commutative
and associative properties to move numbers around and relying
on real or imagined bubbles is related to the binary nature of operations. Operations are performed two numbers at a time. We
add two numbers, then a third number to the sum, then a fourth
to the new total, and so on. All four essential operations are binary procedures. As operations, they have no meaning unless we
have those two numbers and an operation sign between them.
Bubbles provide an alternative and equally valid perspective.
The mind focusses on each individual number and the sign in
front of it. When moved around, the sign goes along with the
number. This can be called the unitary perspective. As pointed
out, this perspective comes naturally to our shoppers. As they
throw a $7.00 purchase in their shopping-cart they know that it
will cost them $7.00. As they cut out a $2.00 discount coupon,
they understand that, if used, it will save them $2.00.
So this ‘unitary’ perspective, or whatever we choose to call it, is
naturally experienced by our shoppers. Drawing or imagining
bubbles helps children use it to manipulate numbers by changing
their order and grouping them in a series of operations.

The Distributive Property as an example
of the Unitary Perspective
13
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The unitary perspective, our ability to give meaning to only one
half of the two numbers in an operation, is widely applied in algebra where the use of variables instead of numbers often
prevents us from replacing numbers inside parentheses with their
sum or difference. As an alternative, we routinely adopt a unitary
perspective and consider each element of a sum or subtraction
separately. In the process called the distributive property, each
sign/number combination within one set of parentheses, each
bubble, is multiplied separately with each bubble of the other set.
In the example that follows, we ultimately isolate ‘− 5’ by thinking of it as negative 5 and multiplying it by x and then by
negative 6 to get ‘− 5x + 30’. Drawing those bubbles helps students understand and master the process.
We get: ax − 6a − 5x + 30

To help students perform all the needed combinations, the
Common Core Standards recommend relying on the FOIL acronym (First, Outer, Inner, Last). This, in my mind, is typical of
the procedural approach so characteristic of the way math is
taught in the US. Though an explanation is likely to be presented
at the outset, the whole purpose of FOIL is to provide a procedural alternative to any need to understand that each term within
one set of parentheses must be paired separately with each term
within the other set. The FOIL acronym is not meant to bypass
understanding but in practice, for many students, it is an invitation to do so. As a memorized procedure the acronym is no help
14
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when one set of parentheses includes more than two terms. Devoid of understanding, it is incapable of helping us recognize the
essence of the distributive property in its numerous practical applications in the real world and in the sciences. The simple act of
drawing the bubbles and arrows is a visual and kinetic substitute
to mindless memorization.
Here we get: ax − ay + az − bx + by − bz
I invite readers to reflect on the dry, primitive, and unsatisfactory
approach to knowledge demonstrated by the FOIL acronym
compared to the rich understanding communicated visually by
using bubbles and arrows. The knowledge communicated by
FOIL is not of a higher order, just because it is formulated, than
the visual knowledge communicated by those bubbles and arrows. Teaching to intuition seeks to be an alternative to building
mathematical knowledge as an accumulation of unrelated memorized facts and procedures. It seeks to build in the mind, one step

at a time, a rich network of understanding and connections. It
doesn’t necessarily associate “knowledge” with a memorized
formulation of the process. It trusts knowledge to the understanding.
At some point, we may want students to notice that the distributive process is essentially what takes place in a formal
multiplication. Each digit of one number is multiplied by each
digit of the other number in a structure that reflects the place
15
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value of each one. In effect, in a formal multiplication, the distributive property is used to change 87 × 36 as follows:
87 × 36 = (80 + 7)(30 + 6)
= 2,400 + 480 + 210 + 42 = 3,132
The unitary perspective, applied to additions and subtractions,
comes intuitively to all of us as shoppers as we throw a purchased item into the cart or as we clip a discount coupon.
Becoming aware of it and highlighting it with the use of bubbles
establishes a connection between very different applications. We
will use it later to just about eliminate operations on negative
numbers as a significant obstacle to a smooth transition into algebra.

16
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We seek to make math more intuitive, more immediately accessible. So let’s ask ourselves: Which is more intuitive, a
horizontal number-line or a vertical one? Which better builds on
what children experience in their daily lives? Which better describes a taller sibling? Which better reflects children’s
experience of more or less in a glass of milk or a stack of pancakes? Three cookies aligned on a plate are easily perceived as
more than two cookies, but did we add a cookie on the left or on
the right? “More” is not connected with left or right. On the other hand, an extra scoop of ice cream piled on top of a cone easily
results in complaints that “It’s not fair! You gave him more!”
“Higher” or “lower” has such a natural connection with “more”
or “less” that we speak of higher or lower numbers even while
our finger moves left or right on a horizontal number-line. Experiences outside the classroom build an intuitive and emotional
connection between more and higher, less and lower. Left or
right as a visual indicator of more or less is an arbitrary convention that children have to learn. Up or down is the intuitive
alternative. It not only allows children to avoid having to learn
that left is less and right is more, but it also transfers its intuitive
appeal to every application. Its presence in the mind helps anyone better visualize and understand problems and situations.
This is why we naturally use it with graphs. There, the horizontal
x-axis traditionally represents the independent variable, such as
time, and the fluctuations of the price of a stock or of the number
of salmon in a river over time is measured by the ups and downs
of the vertical distance to the x-axis as labelled on the vertical yaxis. May I ask the reader to imagine switching the meaning of
the two axes? The fluctuations would then be displayed by the

Teaching to Intuition
horizontal distance to the y-axis, by the left or right motions of
the graph crawling up on the left! We would find this very confusing. We would insist on returning to the current custom where
“more” and “less” are communicated by “up” and “down” motions of the curve. The contrast between horizontal and vertical
number-lines and the power of the vertical version to speak directly to our understanding are just as dramatic for our students.
Of course, details matter. We want lines to clearly identify relationships between numbers. We want 7 to be seen as 2 steps
away from 5 and 3 steps away from 10. So numbers must be associated with the marks on the line, not the intervals between the
marks. If the numbers label the intervals, the visual impact
shows only one interval between 5 and 7 and only 2 intervals
between 7 and 10. We’ve lost a major purpose of the line.

The Itsy-Bitsy Spider
Some years ago, I had the opportunity of volunteering daily over
four months in a first-grade class attended by one of my grandchildren. I was soon given my own twenty-five-minute period
and every time, during the first ten minutes or so, we would
“feed” the classroom spider.
I thought the children could better relate to the familiar itsy-bitsy
spider and its waterspout than to a number-line, so I used a discarded wooden slat from a window shade as a vertical line. It
had large numbers from 0 to 16 and a strip of Velcro. The spider,
with its plastic legs squeezed between two Lego pieces, also had
a patch of Velcro, on its belly. Our spider specialized in moving
from single-digit to two-digit numbers or vice versa. It would
always stop at 10 on its way up or down. That’s where it got its
snack.
A few children each day would come up to the front of the class,
one at a time. They were given different instructions on what the
spider wanted to do that morning. They would work out the in18
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struction with the spider and the waterspout and then face the
class and tell fellow students what had taken place:
“The spider was on 7. She wanted to go up 5 steps. She took 3
steps to 10 and 2 more steps to 12. So, 7 plus 5 is 12.”
“The spider was on 14. She wanted to go down to 8. She took 4
steps to 10 and 2 more steps to 8, for a total of 6 steps.”
The challenge could be adjusted to the student’s ability—or to
the child’s height. I could help if needed as the student acted out
the instructions with spider in hand. Of course, the instructions
given were coordinated with what the students were learning in
other ways, from me and from the regular teacher.
I remain stunned by how much the children loved that spider. I
once received a note from the teacher that read, “Jessica has not
yet been called up this week. She is crying.” One special-needs
child was not normally included in regular classroom instruction
but was given special one-on-one attention on most topics and
activities. He volunteered to be called up to feed the spider and,
as he correctly described what his spider had done, his fellow
classmates applauded.
With this approach, we have the spider go up or down on routes
of increasing difficulty. Moving up 4 steps from 8 is easier than
moving up 7 steps from 6. Gradually, children learn essential
addition facts where single-digit numbers have two-digit sums,
not so much as separate facts each committed to rote memory
but as visual/mental necessities. The practice of adding ‘8 + 5’ in
this way teaches not only an approach to knowing ‘8 + 5’, but
provides a strategy that applies just as well to ‘6 + 8’, for instance (4 steps to 10, 4 more steps to 14). There are over a
hundred combinations of very basic addition facts of single-digit
numbers with two-digit sums and the corresponding subtractions.
Do we expect children to commit them all to memory?
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Beyond learning facts, children became acquainted with a vertical number-line. They would review crucial Make-10 facts by
seeing how far single-digits are from 10. They practiced breaking up numbers into components (5 into 3 and 2, for instance, as
the spider takes 3 steps to reach 10 and 2 more steps to achieve
its goal of moving 5 steps up or down). They learn to use a
benchmark as a tool in puzzling out addition and subtraction situations. Children acquire the habit of using mental math. Our
hope is that the experience expands during their years of schooling and contributes to a lifelong habit of naturally, casually
modeling the world they live in through the lens of mathematics.
My book Grow your Brain provides models of simple conversations between parent/teacher and child that include this approach
to learning facts and also other early mathematical concepts.
Parents/teachers essentially ask questions or give instructions
about simple tools such as the vertical number-line. Children
learn from their own answers. Connections and familiarity gradually build up a quality of knowledge that cannot be matched by
just memorizing facts or procedures.*

An Urban Legend
We often hear horror stories of young adults unable to perform
the simplest calculations. “What’s the change on a $20.00 bill
for a $17.95 purchase?” Many years after first grade, the child,
now a young adult, is on a first job and the cash register breaks
down. The presence in the mind of a vertical number-line and
benchmark as analytical tools can make the difference between
an ability to do the calculation and complete panic. What children learn from the spider makes it easy 12 years later to move 5
cents up from $17.95 to $18.00 and 2 dollars more from $18.00
to $20.00, for $2.05 in change. If the tools are not present in the
*

See my YouTube videos: Itsy bitsy spider and addition facts and Place Value,
digits in motion as examples of the approach.
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mind, the alternative may be a challenging mental subtraction
with its need to “borrow” repeatedly. Instead of scoffing as we
hear the story, let’s ask ourselves why the teaching of an alternative approach has not taken place.
Where I grew up, we never used a number-line of any kind in
our math classes. I discovered them when I came to America as
an adult. They made a lot of sense. But not having been brought
up in the American way of doing math, it was also easier for me
to ask: “Why horizontal? Why not vertical?” I do not think that I
am often importing ideas or strategies from abroad. I do what
teachers do: I remain constantly attentive to the needs of my students and the difficulties they encounter, and I try to meet those
needs. Not having grown up within the American tradition just
makes it a little easier for me to look outside the box for solutions, such as the simple shift of getting a number-line to make a
90° turn on itself! It’s not asking very much, but it can make the
difference between a child who doesn’t get it and one who does.
It can help a child to think in terms of numbers. It’s a small investment with major returns.
I have seen the vertical line have such a powerful effect on students’ ability to make sense of situations and of processes that, in
my mind, using or not using a vertical number-line is the canary
in the coal mine. It is the indicator of whether the adults who
teach are willing to bend their teaching to accommodate children
and begin to address a national challenge, or whether children
are expected to do all the accommodation as things essentially
remain the same. We want to engage children in quantitative
thinking. We want to set in motion a mode of thinking that does
not let the vicious circle of inadequacy and frustration get started
and feed on itself. Why not let a vertical number-line do some of
the teaching for us?
The bubbles used in the previous chapter and the vertical number-line suggested here are not just useful in the early grades.
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They remain useful even when they become purely mental objects, with no concrete representation on paper or on classroom
walls. They are very simple tools that change our vision. They
make the mind permanently more welcoming to making sense of
practical situations in mathematical terms.
In the next chapter, for instance, we combine vertical line and
bubbles to address what is often a serious and persistent obstacle
for algebra students: addition and subtraction of positive and
negative numbers (we will refer to them as “integers”). It’s one
example of how bubbles and a vertical line speak directly to students’ intuition.
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Adding Positive and
Negative Numbers
Our goal in this chapter is to make adding and subtracting integers as natural and intuitive as adding and subtracting positive
numbers in regular arithmetic…just as simple as it seems to be
for those millions dealing with temperature changes or bank
balances:
 The temperature is 10° below zero, −10° Fahrenheit. At sunset, it goes down another 5°. There are millions of people
with very little mathematical skills that correctly conclude
that the temperature is now −15°. It makes sense because we
know that −15° is 5° colder than −10°.
 I have a $100.00 overdraft in my checking account that shows
up as −$100.00 on my statement. I need to deposit funds to
avoid a penalty. I make a $120.00 deposit. Like millions of
people, many with very little mathematical skills, I conclude
that I now have a $20.00 positive balance in my account. It
makes sense because I am depositing $20.00 more than I need
to.
Adding and subtracting positive and negative numbers is as crucial in algebra as adding and subtracting positive numbers is in
basic arithmetic. It may be necessary to do so several times when
solving even a simple equation. Of course, many students master
the topic, but for those who don’t, it is a constant confirmation of
their fears, dislikes, and insecurities and contributes to their rejection of all things mathematical. A student cannot progress
through algebra without acquiring considerable fluency with operations that include negative numbers.

Teaching to Intuition
The topic is addressed differently by different textbooks and
teachers. Many approaches use some elements of what I suggest.
But to see the contrast between a typical procedural approach
and teaching to students’ intuition, let’s look at the approach presented by a widely used middle-school textbook. It formulates
three rules:
 To add integers with the same sign, add their absolute values.
Give the result the common sign.
 To add integers with different signs, find the difference between the absolute values. Give the result the sign of the
number with the greater absolute value.
 To subtract an integer, add its additive inverse:
9 − 7 = 9 + (−7).
Are students expected to go through this very wordy process
each time they deal with negative numbers? Or will students who
seem to master those rules essentially teach themselves a more
intuitive way of figuring things out? The first two rules may well
be what these students do, but the thinking that leads to these
solutions, I think, can be less procedural and more intuitive.
The third rule changes the familiar ‘9 − 7’ into the less familiar
‘9 + (−7)’. This sends students back to the second rule about
adding integers with different signs. It tells them to take the difference between the absolute values. This means calculating ‘9 −
7’ but that is what students had in the first place…which they
were told to solve by changing it to ‘9 + (−7)’. So the third rule
sends them to the second rule which sends them back to the third
rule in a vicious circle of logic. This is the opposite of mathematical rigor. The rules work but only because students are wise
enough to calculate ‘9 − 7’ without going through the process.
The rules include the technical terms “absolute value” and “additive inverse.” There is nothing wrong with these terms and at
some stage students will need to learn them. But we will not allow them to add their weight of technicality to the intuitive
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understanding we want to convey for this most basic procedure
of algebra.
The three rules quoted above have as their unit of meaning a full
operation: two numbers linked by an operation sign. They apply
to different combinations of that pattern: adding two integers
with the same sign, adding two integers with different signs, subtracting two integers. Instead of focusing the students’ eyes and minds on a two-number operation
and then giving rules for the different combinations,
we will use the unitary perspective offered by bubbles
where
each
individual
sign/number
combination gives its own separate instruction. Students experience their finger following instructions
given by the bubbles. Bubbles and the vertical
number-line, of course, are real in the initial learning stage, but soon become just mental images.
They may be already purely imaginary for students
accustomed to using both of them since first grade
except that now the number-line includes negative
numbers.
Also, instead of changing the familiar ‘9 − 7’ into
the less familiar ‘9 + (−7), we chose to do exactly
the opposite: when presented with an operation that
uses two signs between the numbers (one for the
operation, the other for positive or negative) we will
immediately change the formulation to its one-sign
equivalent before performing the calculation.
Let me ask the reader to consider the vertical number-line shown here and play the game along with
students.
Let’s begin by evaluating ‘−10 − 3’, negative 10
minus 3. It’s a subtraction, but finding the value
requires students to add 10 and 3. This forces them
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to contradict one of the more fundamental reflexes acquired with
positive numbers, whereby you see a plus sign and you
add…you see a minus sign and you subtract. Let’s draw those
bubbles:

−10

− 3

Whatever the operation, students start with a finger on zero of
the vertical line. Then, we ask two very simple questions:
What does the first bubble tell you to do?
What does the second bubble tell you to do?
Students answer and act on the instruction. The finger moves
down from 0 to negative 10 and then down three more steps to
negative 13. The finger is now on negative 13: ‘−10 − 3 = −13’.
It’s as simple as that. I have seen students who hardly knew anything about negative numbers, even a 7-year-old second-grade
student, get the answers right on their own on their first try.
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I will let the reader discover the simplicity with any one of these
combinations. Just put your finger on zero of the vertical line.
What does the first, then the second, bubble tell you to do?
We can then discuss the different combinations and draw con-

10

− 14

−10 + 12
−10 + 3
clusions:
 If the two bubbles push the finger in the same direction, we
add the distances.
 If the bubbles fight, push both up and down, they cancel each
other out in part, and we take the difference between the distances.
 If the bubbles push the finger ‘Up and Up’ or ‘More Up than
Down,’ the answer is positive.
 If the bubbles push the finger ‘Down and Down’ or ‘More
Down than Up,’ the answer is negative.
It all makes a lot of sense. These are not rules to be memorized
but observations that confirm what the student experienced with
a finger on the line. The bubbles introduce the unitary perspective discussed earlier. The vertical number-line makes its own
visual contribution to the ease with which the conclusion is
reached. Students accustomed to both since first grade will have
a slight advantage over others, a mind ready to welcome the new
application.
Soon, the bubbles around sign and number, the line itself, and
the action of the finger going up or down become purely mental
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objects, able to accommodate any combination of numbers,
whatever their magnitude. In the mind, proportional distances no
longer matter, only relative positions.
As a transition to that purely mental picture, we can use a vertical number-line with only three marks: one in the center labelled
as zero and just two other marks: one in positive territory above
zero and one below zero for a negative number. These two additional marks are unlabeled and one of them takes on the value of
the first number in the operation.
To make sense of ‘−200 + 270’, starting with a finger on zero,

0

0

the finger goes down to the lower mark which now stands for
−200. It then moves up 270 steps, which brings it up somewhere—anywhere—above zero. The mind immediately knows
the only two things that matter: that it must take the difference
between 200 and 270 and that 70 is positive.
Even children with no real experience with negative numbers
have no problem using it to make sense of the various combinations. All students easily acquire the thinking process practiced
by seasoned professionals. A vertical number-line and bubbles
have done most of the teaching for us.

One-sign Formulations
Once we have negative numbers, the + and − signs take on two
different meanings: the familiar operation signs for addition and
subtraction and as signs that identify a number as either positive
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or negative. For convenience, I refer to positive or negative as
the ‘gender’ of a number. Positive is the default gender. A ‘+’
sign to identify a number as positive is not needed and is routinely omitted. Hence the possibility of one-sign formulations: they
occur when the second number in the two-number operation is
positive.
Also, when there are two signs between the two numbers of an
operation—one for the operation and the other for the ‘gender’
of the second number—we can always change BOTH signs into
their opposite. This allows us to change the second number in the
operation into a positive number and get a one-sign formulation
by dropping the redundant + sign for positive:
9 + (−7) = 9 − (+7) = 9 − 7
Only one combination presents any kind of challenge: when an
initial number (either positive or negative) is followed by subtracting a negative:
10 − (−3) = 10 + (+3) = 10 + 3
It may seem strange that an overabundance of negative signs
ends up as a positive number. Relying on a memorized statement
such as “Two negatives make a positive” is fraught with dangers
and is bound to be applied by some where it shouldn’t be. The
process begins to make sense if we turn back to the real world.
Stories can help drive in an understanding that, in mathematics
as in real life, taking away a negative is a positive. Let me suggest a few stories. We can ask:
 Have you ever woken up in the morning with a pimple on
your nose? Never? Good. You’re lucky. If you did, does the
pimple improve your good looks? You have the perfect cream
to have the pimple go away and you use it. That’s two negatives: the pimple, a negative, goes away—a second negative.
Do you look better after it’s gone, or do you look twice as
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bad? In real life as in mathematics, taking away a negative is
a positive!
 An umpire gives a team a five-yard penalty. Is that a good
thing for the team? After looking at a replay, the umpire cancels the penalty. Canceling a penalty is like taking away a
negative. It’s a big plus.
 Your mom: Why did you buy this shirt?
You:
Well, you can’t say that it doesn’t look
good on me, can you?
“You can’t say that it doesn’t”—that’s what the English
teacher calls a double negative. Instead of two negatives, you
could use one positive and say: “Well, I thought it really
looked good on me.”
Such simple stories fully substitute for more technical explanations or an injunction to memorize. The change from a two-sign
to its one-sign equivalent soon becomes routine and can be done
mentally with no need for any explanation. That’s what experienced mathematicians do. Why not allow struggling students to
use the same convenience?
There is more to algebra than operations on integers, but eliminating that obstacle is a big step in facilitating a smooth
progression through the topic. Those bubbles and a vertical
number-line transfer the immediacy of real-life situations with
temperatures or bank balances to abstract numbers. Students can
forget about absolute value, forget about a sign for subtraction
that indicates a need to add, forget about additive inverse. With
their minds unburdened by these considerations, students can
focus on the message that each bubble gives about up or down
and relative magnitudes and compare the two.

Absolute Value
So, in our approach, we feel no urge to use the term absolute
value. We use only words that relate to what the finger’s action
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shows: up, down, distances, and their relative magnitude. New
words can be threatening. That is true for adults and even more
so for our students. If we define absolute value in terms of distance, we can, for quite some time, use the actual term distance
instead of absolute value. However, once calculations are mastered, I will have a long conversation with my class on the topic
of absolute value.
The word “absolute” in “absolute value” stands in contrast to the
arbitrary and relative nature of negative numbers, their use as a
convenience more than a reality. Quite a few students may not
understand the word “arbitrary”. It may be more important at this
stage for them to learn that word of everyday English than the
technical word “absolute value.”
My students will understand that however we choose to use positive and negative numbers to manipulate money earned and
money owed, only real dollars change hands when the transaction is finally settled. They will reach the conclusion that, if I use
negative numbers to sort out financial transactions, the side I
choose as I illustrate who owes money to whom is arbitrary. Is
that dollar bill positive or negative? A change of perspective
could change the sign on all the balances.
They will come to the conclusion that, although negative altitudes are convenient when mapping Death Valley in contrast to
neighboring Mount Whitney, scuba divers have no need for negative numbers when measuring their depth below sea level. They
will understand how useless and artificial it is to use a negative
number when digging a 130 foot well just because the digging
points downwards.
We will talk about temperature scales and contrast degrees Fahrenheit and degrees Celsius. We will highlight the arbitrary nature
of these units by noticing that some temperatures are negative in
one scale and positive in the other. We will discuss the nature of
heat, how it is a measure of the motion of atoms and molecules.
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We may have students experience a frozen solid state by having
a group of them lock arms making it difficult for anyone to go
through; a liquid state when, needing to shake their arms and
turn around, they just stand near each other, making it easy for
someone to push his way through; and the state where wild motions of arms and legs force everyone to move as far away from
others as possible, mimicking the state of a gas and water vapor.
Why learn math if it is not used as an excuse for opening a window on science?
If heat is motion, we will discuss what happens as the motion of
atoms decreases, how a temperature exists where the thermal
motion of atoms and molecules stops. We will ask students,
“When there is no motion left, can it get any colder?” They will
learn (or perhaps one will suggest) that this is what happens at
−459° Fahrenheit, or absolute zero, a zero that is no longer relative or arbitrary. Absolute zero is used as zero in the Kelvin
scale, a temperature scale that does not need negative temperatures and has no way of accommodating them. In the end, those
students establish a connection between absolute zero and absolute value. They will understand “absolute” as describing a
reality not affected by arbitrary and relative perspectives. They
will retain a much richer understanding of absolute value than if
it had been presented purely as a mathematical definition.
✽ ✽ ✽ ✽ ✽
The contrast between a student who imagines a vertical numberline and bubbles to acquire an immediate perception of ‘−10 +
13’ as positive 3 and one who needs to process the calculation as
“taking the difference between absolute values and giving that
difference the sign of the number with the greater absolute value” is not a bad illustration of what we mean by teaching to
intuition. I would suggest that the student with the intuitive understanding knows more math than the one who needs to work
out the mechanics of the memorized rule. It also happens that the
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immediate intuitive perception is what all practitioners rely upon
at higher levels of mathematical knowledge.
In the end, teaching to students’ intuition should result in a rich
understanding of the truths of mathematics. The connection with
reality should allow students to give their acquiescence to those
truths and see them as emanating from their own intimate understanding of reality instead of being imposed from the outside.
Memorized rules are the trappings of mathematical knowledge.
They are a good description of what takes place, and some students may feel comfortable relying on them more than others.
But they are often a poor substitute for real, useable knowledge.
We aim for students to reach Middle School and High School
with a deep understanding of the fundamental simplicity of
mathematics and a natural desire to move ahead with more advanced but not necessarily more difficult material.
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The Structure of
the Four Operations
Operations were initially developed to meet our human need to
add, subtract, multiply, or divide actual things. Mathematics then
developed abstract relationships between numbers. The tools
developed in the abstract are then applied once again to actual
things. We may multiply 348 × 729 in the abstract, but when we
apply that knowledge to the real world, these two numbers represent some sort of reality, actual things such as 348 bags at
$729.00 each or less tangible objects such as occurrences or proportions. Each number is tied to a meaning that can generally be
given a name.
Here, we are going to look at operations with the numbers attached to whatever it is that they are counting. Doing so is one
way of linking mathematics to the real world. It will reveal unexpected patterns which facilitate our students’ ability to build
on their intuitive understanding. It has significant pedagogical
consequences.

Addition and Subtraction
In the initial chapter, I asked Mary an outrageous question that
gave her good reasons to doubt my sanity. She had bought 10
cans at $0.75 a can and I asked her if the sales clerk had added
the two numbers. She patiently explained to me that the clerk
had entered the two numbers and multiplied them, in the process
changing 10 cans at $0.75 into a single dollar amount of $7.50,
which was only then added to the other dollar amounts of the
purchases. It made sense to Mary that you can only add dollars
and dollars. It made so much sense that she was taken aback
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when I raised the possibility of adding a number of cans to a dollar amount.
Everyone agrees that ‘2 + 2 = 4’. But if I have 2 books and 2 butterflies I don’t have 4 books and I don’t have 4 butterflies.
Getting 4 when adding 2 + 2 doesn’t make much sense when the
2s, and therefore the 4, represent different realities. This normally means that the numbers we add or subtract must be attached to
the same name. For convenience, we summarize the requirement
by saying that we can only add or subtract numbers that have the
same name.
I’d like to teach that requirement as a rule of mathematics. I am
doing so on good authority. Mathematics itself feels a need to
spell out the same name requirement in the rules it formulates for
adding or subtracting mathematical objects:
 In algebra, students are told that they can only add like terms.
We cannot add 5xy and 3xyz because we wouldn’t know if
the sum was 8xy or 8xyz. Like terms is just another way of
saying same name.
 We can only add fractions that have a common denominator.
‘Denominator’ is the name of the parts we want to add. The
numerator is the number of those parts. We can only add the
numerators if the parts have the same name.
 We can only add units that are the same, hours to hours,
ounces to ounces, and inches to inches. Applying this to the
traditional divisions of the inch into ½, ¼, 1/8, 1/16, etc. is a
link to addition of fractions.
 Place value is another essential topic of early arithmetic
where the central requirement is that we can only add or subtract digits that have the same place value. This should
logically imply that those digits have the same name. But digits are given the same name only with higher numbers,
beginning with hundreds and thousands where the name attached to the digit is the name of its place value. As a result,
“3 hundred + 5 hundred = 8 hundred” is no different than “3
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books + 5 books = 8 books.” Unfortunately, in the English
language, this is not the case with smaller numbers. Over
time, “three ten” morphed into “thirty” and “five ten” into
“fifty.” The simple logic of adding 3 and 5 to get 8 is obscured.
This suggests a pedagogical strategy for teaching place value:
Instead of struggling to teach the basic requirement with twodigit numbers where the basic logic is not evident, we can let
students discover the logic with hundreds and thousands and
then transfer the understanding to adding two-digit numbers.*
What’s 5 thousand + 3 thousand?
8,000
What’s 500 + 300?
800
What’s 50 + 30?
Oh! It must be 80
What’s 5 + 3?
8
Above, we are teaching by asking questions instead of stating
facts. It is a powerful strategy as it gives students some space to
draw conclusions on their own and, to some extent, teach themselves and own the fact. The knowledge is acquired as something
that makes sense. Here, asking questions has an additional benefit: the rhythm of the pattern has a greater impact on the mind
orally than the written version.
The characteristic pattern of addition and subtraction can be
taught to first graders as we help them recognize and expect the
rhythm of additions and subtractions in a name that repeats itself:
or

“…dollars…dollars…dollars.”
“…books…books…books.”

The pattern can be recognized often and in very different situations. Having drawn two extra frogs in a pond that already had
three and concluded that there are now five frogs we can ask the
child:
*

See my YouTube video Place Value, Digits in Motion.
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What are you adding?
Let me hear it!

Frogs.
3 frogs + 2 frogs is 5 frogs.

“Let me hear it!” The child learns to expect the rhythm of
“…frogs…frogs…frogs.”
In learning to recognizing the pattern, the mind becomes more
welcoming to more advanced and sometimes more challenging
applications. Children accustomed to seeing it when adding frogs
and place values will find applying it to denominators easier to
master.
Students can experience and discuss what happens when we
want to add things that do not have the same name, how our
mind has different strategies for meeting or avoiding the challenge. There are essential two options:
1. Append instead of adding:
5 thousand + 3 hundred =
5 thousand 3 hundred.
4 feet + 2 inches =
4 feet 2 inches.
This can be thought of as not adding at all and it is sometimes
the only option.
2. Rename items to give them a common name:
5 thousand + 3 hundred =
53 hundred.
4 feet + 2 inches = 48 inches + 2 inches = 50 inches.
2 thirds + 1 quarter = 8/12 + 3/12 = 11 twelfths.
3 sons and 2 daughters add up to
5 children.
The mind is nimble. Not all the steps it takes are formulated or
even consciously perceived. We add 3 sons and 2 daughters and
intuitively get 5 children. We can argue that this is an exception
to the pattern that we can only add things that have the same
name. But as we add sons and daughters, we are not getting 5
teachers or 5 books because those siblings are not teachers or
books. Somehow, somewhere, the decision is made to change
those sons and daughters into children, not books, which then
allows us to add. The same name requirement is implemented in
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our minds, hardly noticed, most often not at all, but real all the
same. The inner workings of our minds are legitimate parts of
the mathematical process. Math does not tell our minds: “Show
your work.” If it did, we would recognize that we changed 3
sons and 2 daughters into 3 children and 2 children before adding and giving ‘5 children’ as the sum. If we accept that the
reality of math is in the mind, then we can recognize fundamental patterns in spite of superficial contradictions.
We often seek to find overarching principles or patterns to unify
different topics or procedures. That you can only add things that
have the same name is one such logical requirement that manifests itself in unexpected places. It rates high on my list of key
principles in basic arithmetic, and we will put it to good use in
pedagogical strategies.
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Multiplication
Multiplication is an alternative to adding the same number over
and over again.
I buy 3 hamburgers at $7.00 each. The total cost?
Repeat addition:
7 dollars + 7 dollars + 7 dollars = 21 dollars.
Multiplication:
7 dollars × 3 hamburgers = 21 dollars.
In the abstract, the two factors in a multiplication have the same
weight, the same importance. They are interchangeable: ‘3 × 7 =
7 × 3’. We even have a mathematical term for this ability to
switch the two factors: the “commutative property of multiplication.” The English language integrates that property in ways that
other languages may not as there is some ambiguity in the statement that “3 times 7 is 21.” It can mean both 3 times the number
7 or the number 3 timed by 7.
But as we consider multiplication with numbers attached to actual things, we no longer have two undifferentiated factors of equal
importance: “3 students each put 7 books on the table.” If we
multiply the two numbers, we get 21 books, not 21 students. The
number that is added repeatedly is the number of books. Instead
of adding ‘7 books + 7 books + 7 books’, we decide to multiply
7 books by 3. The 3 students are just irrelevant embodiments for
3 groups. We still get 21 books if 3 teachers each bring 7
books—or if 3 parcels of books are received through the mail.
Multiplication uses two different number-words: one for the item
that is repeatedly added, the other for the group. The answer to
the multiplication, the product, is the total number of items.
Number of items in each group
× number of groups
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=

Total number of items.

With addition, we have the same word:
“…books…books = books”
With multiplication, we have two different words:
“…students…books = books”
“3 students each carry 7 books” The word for the group is often
associated with the word “each” which conveys two notions: the
notion of “one” (1 student brings 7 books) and the understanding
that this characteristic of one group applies equally to all the
groups.
As Mary in our initial chapter well knew, multiplication changes
numbers associated with two different names into the single
name required if we want to add or subtract. This is why multiplications and divisions must be done before additions and
subtractions. This is an insight that completely escapes most of
our students who see the need to multiply or divide before adding or subtracting as an arbitrary rule of mathematics when it is
actually the direct consequence of the requirement that we can
only add or subtract numbers attached to the same name.
With the flexible tool of mathematics and our nimble minds, the
two-word pattern of multiplication often seems to unravel. When
we multiply 3 feet by 5 feet to find the area of a rectangular rug,
the two number-words are the same. If, instead of wanting to
know the number of square units, we wanted to count a number
of tiles, we could multiply 3 rows of 5 tiles each, or 5 columns of
3 tiles each, in the process using different words for items and
groups but choosing arbitrarily which is the item and which the
number of groups. When finding an area, the square nature of the
unit allows us to use the linear measurements of the sides instead
of rows or columns. This is not so much an exception as a spe-
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cial circumstance where the linear measurements are a convenient substitute.
It is not by chance that multiplying feet by feet gives us square
feet, or that dividing the distance driven by the rate of speed
gives us the time it takes to drive those miles. The number-words
we use for units (hours, pesos, feet, miles, watts) are themselves
quantities that can be added, multiplied, or divided as any other
quantity.
I drive 6 hours at 70 mph. As I multiply the rate of speed by the
number of hours, simple algebra cancels out the hours. The
product is a number of miles.

Thanks to the beautiful way math has of keeping its cool, of not
being flustered or thrown off balance by the infinitely varied circumstances we apply it to, it treats our units like the quantities
they really are. If we are wise enough to include them in our calculations, units combine or simplify the same as any other
quantity or variable. Units that do not combine or cancel out as
expected are a clue that something is fundamentally wrong with
our reasoning or that our units are not compatible.
NASA spent a few hundred million dollars to build a probe that
crashed on Mars instead of landing. Thousands of pieces of delicate engineering worked as designed, but a ratio used in
calculating the resistance of the Martian atmosphere was communicated in traditional US units by the contractor but
interpreted as metric units by NASA. A strong case can be made
to always include the units as an integral part of the calculation,
another example of using numbers attached to the name for their
meaning.
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Division
Noticing the structure of multiplication is particularly useful as
we turn to division.
Division undoes what multiplication does. We divide the product
of the multiplication by one of the factors and get the other factor
as the quotient of the division:

With numbers in the abstract, the two factors in a multiplication
receive an equal treatment as we look at the corresponding division. With numbers in context, the perfect symmetry between the
two options no longer applies.
Multiplication has two different kinds of factors, so there are two

different kinds of divisions.
 The more familiar version of division breaks up or ‘divides’
the total number of items into a known number of groups. It
calculates the number of items in one group. Here, we divide
21 dollars by 3 hamburgers and find that each hamburger
costs 7 dollars. We divide a number of items by a number of
groups so the two number-words in the formulation of the
problem are different: dollars and hamburgers. Because it
breaks up the total into groups, this kind of division can be
called the partitive version.
I have $21.00. I want to buy 3 hamburgers.
Division says I can spend $7.00 on each.
This partitive version of division calculates the number of items
in one group:
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Total number of items
÷ number of groups
= number of items in one group.
 The other version of division divides the total number of
items by the number of items in each group. It calculates the
number of groups.
I have $21.00. Each hamburger costs $7.00.
Division tells me I can buy 3 hamburgers.
Total number of items
÷ number of items in one group
= number of groups.
This version of division answers the question: “How many times
does 7 dollars go into 21 dollars?” If multiplication is repeat addition, this version of division is repeat subtraction. I can buy
one hamburger, which leaves me with 14 dollars, and another
one, and another one again. By the time I run out of money, I
will have bought 3 hamburgers. (This is sometimes referred to as
the “measurement” approach because of a frequent application to
dividing two distances or two measures of weight or volume:
“How many 3-ounce cookies can you get from 21 ounces of
dough?” We can notice this frequent application but labelling it
in this way does not help students identify it in circumstances not
strictly related to measurement.)
As repeat subtraction, it is not surprising that we meet again a
familiar pattern: We can only subtract items that have the same
name. Given 21 dollars I can only subtract dollars. Given 21
ounces I can only subtract ounces. So the repeat subtraction version of division can be identified just by noticing that the two
number-words in the formulation of the problem are the same:
21 dollars ÷ 7 dollars or 21 ounces ÷ 3 ounces.
Students often find it difficult to recognize a repeat subtraction
situation as a division problem. To circumvent the difficulty, a
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widely used textbook presents using the time-distance formula d
= rt as a model solution for finding how long it will take to drill
a 130 foot well at a rate of 10 feet per hour. But if students need
to rely on the time/distance formula to solve this problem instead of
immediately and intuitively identifying a division problem, then we
have given up expecting students to use mathematical knowledge to
make sense of the world they live in. While driving a car at 60 miles
per hour, are we expected to use a formula to give us some idea of
how long it will take to reach our destination 240 miles ahead?
And certainly, the time-distance formula will not come to mind
when having to find out how many $7.00 hamburgers we can buy
with $21.00. Students, and the adults they become, need to recognize these as division problems.
Students can be helped by discovering why there are two kinds
of divisions, two objective ways of undoing what multiplication
does. They can notice how each kind of division can be identified by looking at the number-words in the problem, whether
they are different or the same. If they are the same, we can ask
them to formulate the problem and its solution using repeat subtraction as well as division. We can give them a simple
multiplication number-problem to solve and ask them to use the
information to formulate and discuss the two corresponding division problems. Awareness of the two contrasting patterns in
division is crucial in helping students recognize repeatsubtraction situation as division problems. The small detail of
recognizing the “same name” requirement of addition in first
grade makes later applications to divisions just a little bit easier.
Using tokens can give a practical experience of the two versions
of division.
As shown on the left of the diagram, to experience dividing 21
tokens by 3, students can use two sticks to break up the 21 tokens into 3 groups. They find that there are 7 tokens in each
group. Or they can use 3 fingers to pull out 3 tokens at a time as
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illustrated on the right. Starting with 21 tokens, they find that
they can subtract 3 tokens 7 times.
Both approaches illustrate: 21 ÷ 3 = 7

By practicing the two kinds of divisions in different ways, by
reflecting each time we have a division number-problem on the
meaning of the division, by seeing this meaning confirmed by
number-words in the problem that are either different or similar,
we are building patterns in the minds of our students that will
lead to an intuitive recognition of which operation to perform.
This is particularly needed with the repeat subtraction version of
division where noticing that the two number-words are the same
is crucial.

Long Division,
the Formal Algorithm
The traditional procedure for dividing two numbers, the formal
algorithm for long division, implements the repeat subtraction
approach to division. To calculate 4092 ÷ 31, the procedure finds
out how many times 31 goes into 4092. Using carefully selected
numbers to experience the concept, we can ask students to find
quotients using repeat subtraction.
What is ‘4092 ÷ 31’? Students may suggest subtracting ‘100 ×
31 = 3100’ and then ‘30 × 31 = 930’. They are left with 62, or 2
× 31. This can be a convenient approach to checking that 4092 is
divisible by 31. The quotient is ‘100 + 30 + 2’, or 132. The idea
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is to systematical subtract a convenient multiple of 31. The quotient is how many times you can subtract 31.
The exercise helps students better understand the algorithm for
division and confirms their understanding of division as repeat
subtraction.

Dividing by a Fractional Amount
In real life or in number-problems the distinction between the
two kinds of division is stark:
 With the partitive version, the two number-words in the problem are different.
 With the repeat subtraction version, the two number-words
are the same.
With numbers unattached to things, or as we focus on a calculation in the abstract, we can choose which interpretation to give to
a division. Often the partitive approach is the easier one for students to visualize, but not always. In particular, it is difficult to
visualize dividing into a number of groups that is less than one,
whether fraction or decimal. What does it mean to divide into 3/4
groups or 0.413 of a group? When dividing by a fractional number, the repeat subtraction approach is often the easier one to
picture in our mind. It can be the easier one to use to form an
estimate of the magnitude of the answer.
Students easily agree that ‘15 ÷ 5 = 3’ answers the question
“How many times does 5 go into 15?” They can transfer that
understanding to less obvious numbers: ‘7/8 ÷ 3/8’ means “How
many times does 3/8 go into 7/8?”
Let us count: “3/8…6/8. That’s twice.” We still need to fit
3/8 into the remaining 1/8, which can be seen as 1/3 times.
A good expectation for the quotient seems to be 2 and 1/3.
Even without reaching a complete solution, a good estimate is
often within easy reach:
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What is ‘8/9 ÷ 2/5’? Let us count: “2/5…4/5. That’s
twice…and a bit more because 4/5 is still smaller than 8/9.”
What is ‘14 ÷ 0.43’? We can see that 0.43 goes more than
twice into a unit. The quotient is clearly somewhat more
than 2 × 14, probably in the low 30s.
The procedural algorithm gives the actual value, but divisions by
a fraction or decimal amount can be preceded by an estimate of
the magnitude of the answer or followed by a check on the answer through some form of mental calculation, answering the
question: “Does our answer make sense?” When dividing by a
fractional amount, the task is made easier if we choose the repeat
subtraction model of division. In the process, students practice
from a different angle that less familiar version of division.
✽ ✽ ✽ ✽ ✽
The four operations are the most fundamental building-blocks of
mathematics. As we explore the “structure of the four operations,” as we look at operations with the numbers attached to the
name of what they count, we discover a pattern with a considerable range of applications: the simple logic that we can only add
or subtract things that have the same name. We recognize the
requirement when we add fractions or like terms in algebra. It is
at the root of the major constraint of place value. It explains why
multiplication and division must be done before addition and
subtraction. It helps us distinguish between two kinds of divisions and how to tell them apart. As we recognize the pattern
under a variety of circumstances, knowledge accrues as a growing network of connections to which the mind gives its full
approval.
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The Order of Operations
Let’s keep focusing on the four basic operations: addition, subtraction, multiplication, and division. As a prerequisite, we want
students to clearly understand them as belonging to two groups:
addition and subtraction on one level, multiplication and division
on another.

Parentheses used to
Confirm the Order of Operations
Mary, in our first chapter, made it clear that in a series of operations that includes both levels, multiplications and divisions must
be calculated before additions and subtractions. So, in a random
series of operations, an expression that includes both levels, we
cannot just do the calculations in order from left to right: We
need to give priority to multiplication and division. Students can
be helped to find and highlight the correct order by using parentheses around multiplications and divisions. For example in, ‘12
+ 3 × 10 − 4’, we cannot calculate ‘12 + 3’ or ‘10 − 4’. We must
first multiply ‘3 × 10’. Parentheses are not required but they
make that clear:
12 + (3 × 10) − 4
And we get: 12 + 30 − 4 = 38
Adding the parentheses creates a barrier between 12 and 3 and
also between 10 and 4 that prevents us from just adding or subtracting these numbers. They are a clear visual signal that what is
inside the parentheses is in its own little world and needs to be
done separately.

Teaching to Intuition

Parentheses used to
Change the Order of Operations
Parentheses can also be used to impose a different order of operations. Using the same numbers:
Now we have:

(12 + 3) × (10 − 4)
15 ×
6
= 90

The message sent by parentheses is so clear that it doesn’t help
our students to include them in a category labelled “order of operations.”

Exponents
Let’s look at ‘7 × 7 = 49’. The factor 7 is used twice, so 49 can
be written using the exponent 2: 72. The number 7 is the base,
and 2 is the exponent. The exponent would be 3 if three factors
of 7 were being multiplied:
7 × 7 × 7 = 73
We just use 72 as another way of writing 49. If we see ‘12 + 72’,
we are adding two numbers: 12 and 49. Many mathematical objects use more than one number to refer to what is really a single
number. As a fraction, 3/4 is a single number. A base and its exponent need to be seen as a single number. If we wanted to
square ‘12 + 7’, we would use parentheses: (12 + 7)2 = 192 =
361.
That is not difficult to communicate to students.

Please Excuse My Dear Aunt Sally
In thousands of Elementary School classrooms across the country the “Order of Operations” is associated with an acronym:
PEMDAS which students remember by thinking of the initial
letters of “Please Excuse My Dear Aunt Sally”. The initials in50
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struct students to calculate first the numbers inside Parentheses,
then the Exponents, then Multiplications, Divisions, Additions
and finally Subtractions. This is both incorrect and superficial.
As opposed to strictly following the acronym, in ‘12 ÷ 3 × 5’ we
must divide 12 by 3 before we multiply.
And in ‘12 − 3 + 5’ we must subtract ‘12 − 3’ before adding 5.
So, what is the point that My Dear Aunt Sally is trying to make?
The acronym fails to establish strongly in students’ minds the
two major levels of operations between the four essential operations and, having failed to do what is most needed, it gives
wrong information on what remains. As for the first two capital
letters in the acronym, the P and E for Parentheses and Exponents, they are not needed and take the place of the more specific
understanding that needs to be communicated. I have little patience with My Dear Aunt Sally. She may be family, but if she
insists on dropping by, let’s make it for short occasional visits.

The Order of Operations
 Under the heading of ‘Order of operations’, teachers should
focus on the four basic operations.
 Students will have a clear perception that there are two levels
of operations: additions and subtractions on one level, multiplications and divisions on the other.
 Through practical examples, they will discover subtractions as
undoing what addition does (and vice-versa) and therefore belonging to the same family. They will also discover division as
undoing what multiplication does and therefore they are on the
same level in the hierarchy of operations as each other but not
the same as addition and subtraction.
 Within each of these two levels, additions & subtractions or multiplications & divisions, they will use bubbles as in our second
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chapter to see how freely a number and the sign in front of it can
be moved around. As standard bearer for the order of operations,
My Dear Aunt Sally fails to teach that option. So do the commutative and associative properties of addition and multiplication
often relied upon to justify changing the order.
 Students will understand that, within each of the two levels
but not when they are combined, each sign-number combination implied by a bubble communicates its full mathematical
weight to the final amount. In a sequence of additions and
subtractions (+ 3) adds 3 to the final amount and (− 10) takes
away 10 from the final amount. In a series of multiplications
and divisions, whatever their position, (× 5) multiplies the final value by 5 and (÷ 7) divides the final value by 7. This is
why these sign/number combinations can be moved around so
freely.
 Students will discover that the same freedom to move numbers and their operation signs around does not apply in a
sequence that includes both additions & subtractions and multiplications & divisions. Bubbles are no help with 12 + 54 × 5
as only 54 is multiplied by 5, not ‘12 + 54’. Here, (× 5) does
not multiply the final value by 5.
 Students will discover what Mary in our first chapter knew intuitively, that multiplication and division must come before
addition and subtraction. They will discover that hierarchy in
the same way that Mary did, by being given a series of purchases to add up and noticing that, as they do so, they very
naturally change 8 cans of tuna at 3 dollars a can into $24.00
which can now be added to the dollar amount of their purchases. They will understand that the priority given to
multiplication and division is a consequence of the fundamental requirement that we can only add and subtract things that
have or have been given the same name.
 They may use the tool of parentheses either to clarify or to
modify the order of operations in a sequence that includes all
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four essential operations. Parentheses will be a tool, not an
operation.
 They will soon take for granted that a base and an exponent
are a single number written using two numbers.
✽ ✽ ✽ ✽ ✽
Over time, teaching this collection of simple requirements, connections, and options should lead to something experienced,
something that makes sense and that students take for granted.
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Fractions Part 1
As a member of the Curriculum and Standards Advisory Committee to the local School Board, I was invited to drop in on a
“remedial” math class in one of the very good high schools in the
area. It had an International Baccalaureate program and successful high-level math classes. It also had two of these remedial
classes for seniors and a few juniors designed more to help students meet graduation requirements than because of their math
content or the expectation that students would really benefit from
them. Other schools, in different socio-economic neighborhoods,
often have a significantly greater proportion of students who end
up in such classes.
The class I was auditing was moving along with its math-light
curriculum when it was time for the daily segment spent on reviewing more traditional math topics. The teacher clicked on her
computer and two problems appeared on the screen:
I was not expecting such simple problems. Students worked on
1
2

+

1
4

7
10

1

− 10

them individually. Then they were corrected at the board.
Thinking that some students might have seen in their mind a circle representing the traditional pie, visualized one-half of that pie
and one quarter next to it and immediately seen that this represented 3/4 of the pie, I asked the student closest to me how he
had solved the addition problem:
I added 1 and 1 to get 2.
I added 2 and 4 to get 6.
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I simplified 2/6 into 1/3.
A neighboring student informed him that this was not correct.
The student had retrieved from memory a rule that said: “To
multiply two fractions, multiply the numerators and multiply the
denominators” and had adapted it by analogy to solve his addition problem.
This specific mistake is so typical of the procedural slant that I
had written it up previously in the form of a little story, a parable, which I called:

What Kangaroos can teach us about
Fractions
Three fifth grade students are learning about kangaroos.
They learn of the strong hind legs and powerful tail that
kangaroos use to jump. They learn of the pouch where
the mother kangaroo keeps her babies—all called Joey
which must make it difficult to tell them apart. They
learn of their diet and where they live.
But there is one thing that is true of kangaroos that they
are never taught. They never learn that 2 kangaroos plus
3 kangaroos is 5 kangaroos. I wonder why.
In the next class, these students are reviewing their
knowledge of fractions. They are asked to add 2/7 and
3/7. One student remembers a rule about adding the numerators and keeping the common denominator and
gives the correct answer.
The second student also entrusted his knowledge to a
memorized rule, but that was last week and by now it got
mixed up somehow with the rule for multiplication. He
added the numerators to get 5 and the denominators to
get a final answer of 5/14.
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The third student didn’t like to clutter her brain with
rules if she could avoid it. She understood that 2 sevenths + 3 sevenths is 5 sevenths for the same reason that
2 kangaroos + 3 kangaroos is 5 kangaroos.
That’s not something that you really need to learn about
kangaroos. Maybe it shouldn’t be something that you
need to learn about fractions.
Some students, like this last one, never really need to learn a rule
about common denominators. They quite naturally see the connection with adding anything else and take it for granted as we
all do when adding kangaroos or dollars. Convincing them to
rely on a rule is really un-teaching as far as they are concerned.
Other students, accustomed to thinking of knowledge as memorized procedures, do not rely on the connection with adding
everything else and survive multiple practice and review sessions
without making the connection.
In the review problems and in the story, we have in a nutshell the
manifestation of a diagnosis and of an alternative approach. We
can assume that students who got the answers wrong had brains
cluttered with meaningless memorized rules on fractions, and
more than likely on other topics, too. The problem was not just
that the rules were not correctly remembered and applied; the
problem was the rules themselves. Relying on rules, depending
on them on one topic after another as the embodiment of what it
means to know math implies that a significant number of students will not remember them well and will get them mixed up.
It is wishful thinking to believe otherwise. Somewhere, somehow, our teaching condones and probably encourages that the
formulation of a rule is what needs to be known and reviewed
and represents what we understand as mathematical knowledge.
The other question in our remedial class was ‘7/10 − 1/10’. Basic
first grade arithmetic teaches that:
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7 dollars minus 1 dollar is 6 dollars.
It shouldn’t take 12 years of schooling to convince students that:
7 tenths minus 1 tenth is 6 tenths.
Just correcting the operations on the board does nothing to
change the perspective of students who think of the process purely in procedural terms, as needing rules that apply only to the
world of fractions. With a diagnosis that relying on the rules
themselves is the problem, a few simple questions could give
these students a completely different perspective. Let’s try these
four questions:
What’s 7 dollars minus 1 dollar?
So what’s 7 tenths minus 1 tenth?
Why isn’t it just as easy with 1/2 + 1/4?
So what do you need to do?
Nothing in the teaching and reviewing done over the past 10
years or so with these students excludes or contradicts this perspective. But we can assume that if that had been what was
taught and reviewed over those years, instead of rules and the
application of rules, operations on fractions would not have remained a challenge for these High School seniors.
Let’s see how, instead of teaching rules that will be forgotten or
misapplied by some, we can convey the knowledge based on
first grade arithmetic and the understanding that you can only
add numbers attached to the same name. If that was the thrust of
the teaching right from the start, my guess is that operations on
fractions would never become the major challenge that they are.
The “rule” will be a good description of what students do, and
some students may still choose to rely on it to some extent, but
the thrust of what we want to teach is a more intuitive quality of
knowledge. Let’s see what concerns and approaches can help us
teach in this perspective.
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The Two Levels of Operations
As a pre-requisite, we need students who have a strong understanding of the two different levels of operations, addition and
subtraction on one level, multiplication and division on the other.
A hazy perception of that difference prevents students from
clearly contrasting what needs to be done for adding and subtracting and for multiplying and dividing. Not equipped with the
sharp contrast, the brain is not a welcoming environment for operations on fractions.
It would also be a significant head-start if students beginning to
learn about operations on fractions had been familiar since first
grade about the rhythm of additions and subtractions—
“…dollars…dollars…dollars”—and some of its applications and
subtleties as presented in our chapter on the Structure of the Four
Operations. Much of what follows would then be just expanding
on an already familiar pattern.

Don’t Simplify
When studying operations on fractions, we need to have an
agreement with our students. They may already know about simplifying fractions and they may even be practicing that skill in
our class, but when we focus on operations on fractions, let’s
agree not to simplify. That’s a separate skill. The reason is simple: “7 tenths − 1 tenth equals 3 fifths” hides the underlying
pattern of numerators added or subtracted like ordinary books or
dollars so evident in “7 tenths − 1 tenth equals 6 tenths.” We no
longer have the signature rhythm of addition or subtraction:
“…tenths…tenths…tenths.” We no longer have the common denominator. In the same way, “17 inches + 7 inches = 2 feet” is
not a good illustration of addition facts.
An agreement not to simplify also makes it easier for us to improvise questions without feeling guilty if we ask “What’s 3
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tenths + 2 tenths?” and suddenly realize that, in simplest terms,
2 tenths is also 1 fifth. So, we will be free to ask questions about
fractions that have or have already been given a common denominator. And we ask students not to hide that common
denominator by simplifying their answer.
In talking with the student who didn’t get his answer right when
asked to add 1/2 and 1/4, in response to some comment he made
I felt the need to point out that an un-simplified fraction would
still be a correct answer. He then asked: “So why do we simplify?” Good question when your answer is graded as if it were
wrong when you merely forget to write it in simplest terms. If
you want to buy half-a-pound of butter, you wouldn’t ask for 7
fourteenths of a pound. Simplifying makes sense. But even math
prefers 7/14 to 1/2 when it needs to add 1/2 and 3/7, for instance.
We choose simplified or un-simplified fractions at our convenience. When buying butter, we use one half. When adding
fractions our convenience is to not simplify. We can always
come back to those additions and simplify the answers as a separate process, perhaps even the next day.

Adding Fractions is
like adding anything else
Even for students who struggle with fractions, the connection
between adding fractions and adding anything else remains present somewhere in the background of their understanding,
waiting to be activated. I have seen students puzzling over something such as 3/9 + 5/9 (or 7/10 − 1/10). They are searching their
mind for a rule, a ready-made recipe for the answer. Or it could
be the blank stare of hopeless resignation that they just don’t
know and no longer really care when it comes to fractions. I
have seen such students immediately find the answer when
prompted with the simple question: “Well, what’s 3 books + 5
books?” This is the connection that we want to establish as the
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alternative to a memorized rule about common denominators.
That rule is a good description of what actually takes place, but
we do not want a meaningless formulation entrusted to memory
to become the embodiment of what a student knows on the subject. Students do not need a rule to add kangaroos. They don’t
need one to add denominators.
Teaching that understanding may be as simple as prefacing questions about adding fractions with a corresponding question about
adding more concrete objects:
What’s 3 books + 5 books?
What’s 3 dollars + 5 dollars?
So what’s 3 ninths + 5 ninths?
We learn to speak before we learn to write. The spoken word has
a greater power to penetrate the mind and imprint its patterns
than the written version. Whether home-schooling a single student or addressing an entire class, asking oral questions and
getting spoken answers is much more powerful than the written
equivalent. I can imagine a series of oral questions as above pairing adding or subtracting actual things as a routine preface to
adding fractions with a common denominator. Everyone in the
class hears the tell-tale pattern characteristic of additions and
subtractions:
…books…books…books.
…dollars…dollars…dollars.
…ninths…ninths…ninths.
Keeping the same denominator is experienced; it echoes in the
ear and soon becomes familiar; it blends in with the natural understanding about adding or subtracting anything else. We may
even hope that our students would have become familiar with the
pattern in first grade, had learned to expect it when adding and
subtracting in number-problems, and had already experienced
using it when adding hundreds or thousands and in other circum61
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stances. The way we teach in first grade would then be a conscious effort to make it easier for students to learn about fracfractions a few years later.

Manipulatives
Manipulatives, objects that students can hold, count, and manipulate, can also be used to confirm students in their understanding
that adding fractions requires nothing more than familiar firstgrade arithmetic. With some form of a circular pie broken up
into fractional eighths, for instance, we should not immediately
use the pie to illustrate the need to change 1/4 into 2/8 when we
want to add 1/4 and 3/8. We should not shy from practicing very
simple arithmetic on those parts. I can imagine having as manipulatives those fractional slices and also a handful of cents or
tokens of some kind. We can then switch back and forth from
asking students to add cents and those slices labelled as fractions:
What’s 3 cents + 3 cents? Show me.
What’s 3 eighths + 3 eighths? Show me.
Manipulatives make it clear that, when adding fractions, those
parts named by the denominator are the objects we are adding or
even multiplying and dividing as we would cents or tokens. We
are adding 3 of something called an eighth to 3 of something
called an eighth and we get 6 of something called an eighth. It
makes all the more sense if we feel no need to simplify 6/8 into
3/4. The denominator is the name of the part; the numerator is
the number of those parts that we are adding, multiplying, or dividing. Instead of a rule that will be forgotten or misapplied by
some, we want students to experience the simplicity. If they need
a reminder, it will be by asking them, once again: “Well, what’s
3 dollars + 3 dollars?”
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Treasuring the Simplicity
All teachers begin by teaching students how to add fractions with
a common denominator. What I am suggesting is no different
except that we do not think of adding fractions with a common
denominator as a first step in a process that will soon include
changing fractions to equivalent fractions with a common denominator. We tell students, and we let them experience, that
these are the only fractions that can be added. We may hint that
we will, at some point, find a way to add the quantities represented by those other fractions, but we want to put the simple act
of adding and subtracting fractions that have a common denominator in its own little corner of the brain, with no interference
reaching in from other considerations. We do this until the very
simple process of adding or subtracting becomes as natural with
fractions as when applied to books, dollars, or kangaroos.
Other processes—finding a common denominator or simplifying—organize themselves around that simple first-grade
arithmetic without tarnishing its simplicity. Changing random
fractions into equivalent fractions with a common denominator
remains a separate process in the mind of students, practiced at a
different time or in sharp contrast to the simple act of adding.
At some point, as we begin to include fractions with different
denominators, this commitment to stressing the simplicity of
adding fractions may mean asking students to first cross out and
skip all fractions that do not have a common denominator. If we
choose to exclude them at this stage, we are not giving up on
teaching. We are instead focusing on forcefully teaching something else: that only fractions with a common denominator can
be added. We are also teaching the ease of adding those fractions
and that it requires only first-grade skills. We may come back to
those fractions that we skipped, but as a separate process, perhaps at a different time.
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✽ ✽ ✽ ✽ ✽
Currently, adding and subtracting fractions remains a major hurdle for many all the way to remedial classes in College. Not
mastering the topic makes it more difficult to move easily into
algebra where more complex fractions often need to be added. I
would invite colleges to pioneer the alternative approach to adding fractions in their own remedial classes and, as needed, to
mentor area schools on the alternative approach. Taking 12 years
to apply a first-grade skill to fractions is not acceptable.
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Fractions Part 2
In the previous chapter, we focused on adding (and subtracting)
fractions that already have or have been given a common denominator. We stressed how important it is to see them in terms of
the simple arithmetic used to add any other commodity such as
“5 books + 3 books = 8 books.” In the same way, “5 ninths + 3
ninths = 8 ninths.” It’s as simple as that. These are the only fractions that can be added. We should not let the preparation needed
when fractions have different denominators hide from our students the simplicity of adding them once they have been given a
common denominator.
In this second chapter on fractions we focus on the preparation
needed when adding two fractions with different denominators.
Here also, we want to link in the mind of students what needs to
take place to the very natural and intuitive process present in
their brain and practiced independently of fractions.
To immediately focus on the essential, we are putting ourselves
in the frequent setting of a remedial class on the topic. This allows us to assume some prior knowledge on the part of students,
for instance of their ability to change fractions into other fractions of equal value, such as changing 1/2 to 2/4.
As in the previous chapter, and for the same reasons, we must
make a consistent effort to separate operations on fractions from
the need to simplify fractions. Un-simplified fractions are as correct mathematically as their simplified version. The choice
between them is a question of personal convenience. Here, at the
right time, we will tell our students that we absolutely do not
want to simplify fractions. At the right time, it makes sense to
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simplify 8/8 into 1, but not as a necessary part of the addition or
subtraction process!

Three Important Questions
We are in a remedial setting. After years of frustration with fractions, students may be turned off if told that the class is going to
review operations on fractions. So there is no need to mention
fractions and announce our ultimate objective before we start a
conversation. The three important questions we are going to ask
are not necessarily linked to fractions. We just announce to the
class that we are going to ask them three important questions.
After a short buildup of the expectation, we ask the questions.
The first two hit the students as anticlimactic: “What’s so important about that?”
In contrast, the third question leads to some initial confusion and
1st important question:

What’s 5 dogs + 3 dogs?

2nd important question:

What’s 5 cats + 3 cats?

3rd important question:

What’s 5 dogs + 3 cats?

a variety of answers. Most are correct, including “You can’t add
them!” I have yet to find a class where at least one student
doesn’t answer “8 animals!” or “8 pets!” Let’s congratulate the
class on the different answers and agree that ‘8 pets’ is one of the
correct answers. Let’s even agree to make it our common answer.
What’s important with the three questions, of course, is not the
questions themselves but the discussion and the discovery that
they facilitate. The primary objective is to help students become
aware of and formulate the thinking process that has already
occurred in their minds as they answered these questions. Students catch on quickly. But we cannot be satisfied with just hints
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that students have understood. We will use whatever time it
takes and ask whatever questions are needed to make sure notions sink in with all students.
I am presenting here the teacher’s side of an imaginary dialogue
with a class. The teacher seeks to draw answers from the class
and echoes to some extent some of those answers in the followup questions. Apart from that echoing, I am leaving to the reader’s imagination the answers students may give. This is not a
script to be followed, just a possible option.
The class has just answered the three important questions. The
dialogue continues.
Teacher:
Arithmetic told you, “5 + 3 = 8.” Why didn’t you answer,
“8 dogs”?
So logic told you, “I don’t have 8 dogs. I don’t have 8 cats.
I can’t add cats and dogs because they are different!” Is that
right?
Dogs have four legs. Cats have four legs. Chairs have four
legs.” Why didn’t you answer “8 chairs” instead of “8
pets”?
So you thought: “Dogs are pets and cats are pets, not chairs.
Let’s add 5 pets and 3 pets.” And you gave “8 pets” as your
answer to my question about cats and dogs. Could you answer “8 pets” without noticing that cats and dogs are pets?
That’s a lot of thinking.
Did you know that you were thinking all of this? Perhaps
not. Sometimes our thinking hides from us. Sometimes it
even hides itself as hesitation or even confusion.
Here or elsewhere, we may want to expand on that important
point.
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Were any of you a little bit confused when I asked that third
question about cats and dogs? Your brain thinks: “5 + 3 =
8. But I don’t have 8 dogs. I don’t have 8 cats. What am I
supposed to say?” That’s good thinking. But perhaps the
only thing you were aware of is confusion.
Some of you probably thought, “What on earth does the
teacher really want me to say?”
Mathematics is a thinking process, and confusion is part of
that thinking process. You can allow confusion to shut off
your brain or you can welcome confusion or hesitation as a
step in the thinking process and move on from there. You
need to listen to your brain—and confusion is your brain
speaking loud and clear. You need to ask your brain some
questions: “Hey, brain, why are you confused? What’s
bothering you? You know that 5 and 3 is 8, but you don’t
have 8 dogs or 8 cats. Is that what’s bothering you? Let me
help you out. You don’t have 8 dogs, but you have 8 pets,
don’t you?”

68

Fractions Part 2
Or we can immediately follow through on our discussion of the
three important questions:
Let’s make a diagram of what went on in your mind.
5 dogs + 3 cats =

8 pets

5 pets + 3 pets

8 pets

You change cats and dogs into pets.
Now you have the same name, and you can add.
Can you think of other examples where the same thing happens
in your mind, where you need to change the name before you
can add?
Your aunt has 3 daughters and 2 sons.
Can you add them?
There are 10 boys and 15 girls in a classroom.
There are 10 boys and 15 girls on a bus.
That’s right. In the classroom there are 25 students. In the bus 25
passengers. Do you see the work your mind is doing below the
surface of your conscious thinking? Can you add before your
mind finds a common name for those boys and girls?
There are 3 teachers and 2 parents in the yard.
There are 2 dictionaries and 5 novels on the desk.
Let me ask you, “What’s 5 dogs and 3 songs?”
You seem to find that question difficult.
Can someone explain why it is almost impossible to add 5
dogs and 3 songs?
This kind of adding, where you change sons and daughters into
children, boys and girls into students or passengers, or cats and
dogs into pets, you’ve done it all your life, haven’t you? You and
I just became a little bit more aware of what we already knew.
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So, we agree you can only add things that have the same name.
When you really want to add things that have a different name,
you must first give them a common name. That may occur in
your mind, but the addition takes place only after they have been
given the same name.

Back to Fractions
Fractions are the topic of the day, but so far, we have not mentioned fractions. In fact, we could move on in a different direction.
We could, for instance, help students discover a connection between what they have just experienced with cats and dogs and
what our shoppers also knew intuitively: that you can only add
things that have the same name. We could seek other incarnations
of that basic truth. But we are committed to reviewing operations
on fractions. At this stage, without any need for a transition, we
can do so. We write one on the board (e.g., 3/4). Let’s continue
with one side of an imaginary dialogue.

What do you call the top number?
What do these words have in common? “Numerous” “Innumerable” “Enumerate” “Numerator”
We can count: 1 quarter, 2 quarters, 3 quarters; 1 fifth, 2
fifths, 3 fifths. Why do you think the top number in a fraction is called the numerator?
What does “numerator” mean, do you think?
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It means number, and it represents the number of parts,
doesn’t it?
What about denominator? What does that mean?
When you nominate someone for student body president, is
it the same thing as naming that person your president?
My neighbor sold his car to his son for a nominal price.
That means very cheap. Perhaps for only a dollar! It’s a
price in name only, not in reality.
To nominate. Nominal. Denominator. They all mean name.
The denominator is the name of the part. When we write a frac-

tion, both numerator and denominator are numbers. But when we
read a fraction or spell it out, the numerator is a number but the
denominator is a name: a quarter, a third, a fifth, a tenth. It takes
an s in the plural: 3 quarters, 2 thirds, 4 fifths.

71

Teaching to Intuition

We can think of a fraction in different ways. Right now,
what will help us most is to think of 3 quarters as 3 of
something called a quarter and of 2 ninths as 2 of something called a ninth.
In the same way:
2 fifths is 2 of something called a fifth.
4 elevenths is…
9 tenths is…
So far, we have limited ourselves to questions where fractions
can be added, subtracted, multiplied, or divided without changing the denominator. So, at that stage, we do the following:
 We only ask students to add and subtract fractions that have
or have already been given a common denominator. After all,
these are the only fractions that can be added.
 We only ask them to divide when the numerator is divisible
by the divisor.
 We don’t allow them to simplify, even when it would be obvious and easy to do so.
We allow the class to practice arithmetic orally on fractions in
this way long enough for it to become obvious and automatic.
We want students to experience some kind of shock when they
are finally confronted with having to add fractions that have different denominators. We want them not just to know, but to
experience, the need for a common denominator in the same way
as they discovered the need to change cats and dogs into pets.
Let’s continue with our imaginary dialogue. We are ready for the
kill.
I am going to ask you three questions. Listen to your brain
as you answer.
What’s 5 eighths plus 2 eighths?
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What’s 5 ninths plus 2 ninths?
What’s 5 eighths plus 2 ninths?
Did you find it easy to add 5 eighths and 2 eights?
But you’re not sure about 5 eighths and 2 ninths, are you?
Do you remember hesitating like that fifteen minutes ago
when I asked you three other questions? What were those
questions? Can someone explain?
Do you mean it’s like cats and dogs? You can only add
fractions that have the same denominator? What did we say
denominator means?
We can only add things that have the same name. If things
have different names, we must first give them a common
name before we can add.
Give me two fractions that have the same denominator.
Now add them.
Give me two fractions that have a different denominator.
Are they as easy to add?
What are you going to do if you really want to add those
two fractions?
That’s like changing cats and dogs into pets, isn’t it?
Let’s try to add 2/5 and 3/4. Can you change them both into
pets?
The notion of equivalent fractions is a prerequisite to what we
are doing here. Teachers will not present operations on fractions
with different denominators unless students have already become
familiar with the separate topic of equivalent fractions. So we

assume here that students find it easy to make the change.
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Now that we have a common denominator, our students know
how to add the fractions. We summarize what took place as follows, adding the box on the right to the diagram about cats and
dogs.

And the dialogue continues.
Does this pattern seem familiar?
This is exactly what we did when we tried to add dogs and
cats, isn’t it?
Let’s compare the two patterns.
We help students experience and understand that the procedures
of mathematics for adding fractions reflect the thought pattern
that was theirs when they tried to add dogs and cats and decided
instead to add pets, or when they naturally changed boys and
girls on a bus into passengers in order to add them. The need for
a common denominator is shaped by the same fundamental logic
that existed in their minds before any mathematical concerns.
Does anyone want to explain to the class (can you discuss
with your group) why we need to have a common denominator to add or subtract fractions?
A dialogue of this nature—it can be implemented in very different ways—throws a floodlight of intuition in the midst of the
frustrating topic of operations on fractions.
 We connect with intuition when students experience using the
familiar arithmetic they use to add, subtract, multiply, or divide books or dollars, just now with fractions. “Operations on
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fractions” is not a set of mysterious and frustrating mathematical rules. It is tied to reality.
 We connect with intuition when students experience the need
for a common denominator as no different from the necessity
of changing dogs and cats into pets when we want to add
them. Students are not just given a rule. They are not just
briefly reminded that you can’t add apples and oranges as an
explanation for that rule. The order is changed. The understanding comes before its application to mathematics.
 We connect with intuition when students are guided to apply
a common rule of logic they used with cats and dogs, a setting
where they do so naturally; they are helped to discover and
formulate what they have just done. Only then are they given
the opportunity to transfer the understanding to adding fractions.
It may not take more than a single class period to develop that
connection with what our students have always known, but we
aim to make it from then on the constant source of their
knowledge about adding fractions.
We take it for granted that students need repeated practice—they
do, but we often assume that explanations can be given once.
Reconnecting students with the understanding and the experience should remain the preferred option when students need to
refresh their knowledge of the topic. It can be as simple as asking “What’s 5 dollars plus 3 dollars?” to a student tempted to add
both numerators and denominators or asking or “What’s 5 dogs
and 3 cats?” to a student who needs a little push in the right direction.
We are encountering here the essence of what it means to
teach to intuition. Who knows more math? Students who attempt to remember the rules and add them to their long
collection of rules on this and other topics? Or students who
add 3/7 and 2/7 as naturally as they would add 3 books and 2
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books or 3 kangaroos and 2 kangaroos and who sense and
perhaps even resent the impossibility of adding 3/7 and 2/9
experiencing the need for substituting equivalent fractions
with a common denominator?
Our three important questions are the key to the whole strategy.
Students wallowing in rules and confusion suddenly realize they
don’t have to anymore. They say, “Wow! It makes sense!” The
process speaks to their intuition. The rules are experienced by
them as something that their own inner requirements impose on
mathematics, not as something imposed on them by some outside authority. They are pursuing their quest for mathematical
knowledge as something that they own, something that deserves
their willing acquiescence. They feel empowered, and it shows
in their eyes. They connect their understanding about adding
fractions with the understanding shared by shoppers at the
checkout counter: you can only add things that have the same
name. Understanding begins to build knowledge as a network of
connections.
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Essential Math Facts
Teaching to students’ intuition stands in contrast to knowledge
imposed from the outside based on the authority of teachers or
textbooks. Easier said than done. Especially as a first major step
for beginning students is to acquire knowledge of essential addition and multiplication facts. There is nothing intuitive about
knowing that ‘7 × 7 = 49’. Rightfully so, a significant amount of
time and effort is devoted in the early years to acquiring
knowledge of math facts. This can lead to endless and repetitive
drilling and result in a perception that learning math is essentially a painful memorization process. It can set the tone, right from
the start, to an experience of mathematics as something very
much the opposite of what we want to achieve.
The need to learn essential math facts is an objective challenge
that cannot be fully dismissed. On the other hand, teaching to
intuition as a goal has never been a theory imposed on all aspects
of our teaching. It was born from an effort to teach each separate
topic by building on what we felt students were likely to understand and acknowledge as making sense. After a number of
separate approaches were developed and tested, I was asked by a
dear and perceptive friend: “OK. You say you have creative
strategies on this and that topic. What do they all have in common?” I realized then that teaching to intuition was a thrust of
my teaching that best described what I was trying to do. But it is
not an abstract theory that I insist on imposing whether it makes
sense or not. If ‘drill and kill’ were the best or only approach to
knowing crucial math facts, I would have no theoretical objections to using it.
But the challenge remains, and I had to address it. Is it possible
to avoid giving students right from the start the wrong opinion of
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what mathematical knowledge really should be? To a considerable extent, I think it is. Even if extensive practice is needed, it
doesn’t have to be the only or essential strategy. My two books,
Grow your Brain (for addition and subtraction facts and other
first and second grade topics) and Making Friends with Numbers
(for multiplication and division in third and fourth grade and beyond) are practical attempts at doing so.*

Addition Facts
For addition and subtraction facts, we refer the reader back to the
strategies outlined in our chapter on a vertical number-line. They
go far beyond mere repetitive practice. The vertical number-lines
themselves, to 10 and to 20, the itsy bitsy spider moving up and
down the waterspout, the use of 10 as a benchmark, the use of
bubbles to practice Make-10 facts, the separate focus on the 5+
facts with the 5+ cards, all these tools and more build knowledge
on knowledge of simpler facts and on patterns and thinking strategies.

Multiplication Facts
The same applies to multiplication facts. Some memorization is
needed, some repetition. But a need to remember is bolstered by
many mental strategies and connections that apply to groups of
facts rather than individual facts. Patterns and thinking strategies
lead to familiarity that may then lead to full and immediate recollection.
Familiarity with essential facts opens the door to an ability to
make sense of everyday occurrences and information in terms of
numbers. Without it, much is seen through the fog of war as it
were. Our perceptions of many practical situations are less sharp,
less concrete, less meaningful. Addition and multiplication do
*

See GrowYourBrain.education and MakingFriendsWithNumbers.com
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not become obsolete when higher levels of math are attained.
They are constantly used. Only we expect them to be known.
Everything we do with math becomes a little bit more difficult if
they are not.
I would advise teachers to write down their own strategies for
teaching multiplication facts and then to get together with other
teachers, share strategies, and agree on all adopting some of
them.
Here are some of mine, as implemented in my workbook: Making Friends with Numbers.

A Manageable Challenge
Tasks are difficult to achieve if there is not a reasonable expectation that they can be achieved. The incentive to learn is
destroyed if students feel overwhelmed by a task beyond their
reach. An important part of the teaching strategy used in Making
Friends with Numbers consists of breaking up the challenge of
learning multiplication facts into limited tasks and helping students become aware of the manageable material they face at any
stage. First, I focus on 36 essential facts, from 2 × 2 to 9 × 9.
These are the facts that need to be known to multiply any other
numbers.
I don’t let multiplying by 0 or 1 distract from these crucial facts.
Multiplying by 0 or 1 is not multiplying in the everyday sense of
the word. It doesn’t help students acquire a sense of what multiplication represents, and once that sense is acquired, multiplying
by 0 or 1 comes naturally.
A learned multiplication fact is needed to know that buying 9
hamburgers at $7.00 each costs $63.00. Knowledge of the math
fact informs us about reality. With 0 and 1 it is reality that teaches us the fact. This drone costs $243.00. If I buy 1, I will spend
$243.00. If I don’t buy any, I will spend $0.00 on those drones. I
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know this without having to learn multiplication facts all the way
up to 243! If I already know how to multiply 243 by 0 and 1,
let’s essentially set these facts aside and focus on the 36 essential
facts from 2 × 2 to 9 × 9.
Then, among these 36 facts, we begin by looking exclusively at
the multiples of 2, 5, and 9. Multiples of 2 are an extension of
basic addition. Multiples of 5 are easily derived by multiplying
by 10 and dividing by 2. Multiples of 9 can become one of the
easiest fact family to master once we notice and practice a few
basic patterns. These three fact families (2, 5, and 9) are a manageable challenge, but once they have become very familiar, that
takes care of 21 of those 36 essential facts, leaving only 15 more
to learn. Students discover with some surprise and relief that
they have already achieved some familiarity with a significant
number of those 36 facts. There is light at the end of the tunnel.

Gradual and Cumulative Approach
Then, we gradually include other categories or families.
When a new fact family is introduced, we may begin by reviewing those facts already seen as part of other fact families or other
familiar categories. As we do so, students are helped to discover
that there are very few facts in that new family that are truly
new. With multiples of 2, 5, and 9 already known, the next fact
family we introduce has only five multiples that are entirely new:
the multiples of 3, 4, 6, 7, and 8. Once again, the task is manageable.

Patterns, Mental Strategies,
Connections
As we gradually cover all 36 essential facts, we allow patterns,
mental strategies, and connections to lighten the load of pure
memorization.
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There are, for instance, simple double/half connections between
many facts where knowledge of one fact helps remember or confirms the promptings of memory for the other fact in the pair.
Knowing 14 as 2 × 7 helps remember 28 as 4 × 7. Knowing 21
as 3 × 7 helps remember 42 as 6 times 7, or vice-versa. Knowing
64 as 8 × 8 helps remember 32 as 4 times 8. Other pairs in that
category are 12&24 and 24&48. In the end, very few facts are
left without some support from knowledge of other facts, patterns, or thinking strategies to strengthen or confirm the
promptings of memory.
Students who find it easy to just memorize can still do so as they
practice these mental strategies. But pure memorization of a
hundred different combinations will never work with all students. It may not work even with some students most gifted in
mathematical abilities.
The drill and kill of flash cards is the opposite of what we seek to
do, but these cards can now become useful tools. We can select
those that correspond to facts that have been studied and, with no
time pressure, have students comment on the mental strategies,
patterns, and connections that help them know the facts. Having
done so, we can now see if the facts they elicit can come to
memory quite naturally and with little hesitation.

Factor Pairs and Common Factors
In Making Friends with Numbers, we put as much effort into
learning to recognize 63 as a multiple of 9 as knowing that ‘7 × 9
= 63’. In doing so, we use the notion of factor pairs. With 63 in a
bubble, students provide the factor pairs.
These factor-pair diagrams lead to approaches to finding prime

7

63

9
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factors, Greatest Common Factor, Least Common Multiple and
more. In the process, students acquire knowledge that should
make it easier for them to engage with fractions and move
smoothly into algebra.
✽ ✽ ✽ ✽ ✽
Far from being a laborious memorizing process, learning multiplication facts is used to teach students math. It takes some
planning, but even learning basic facts confirms math as a creative and thinking activity.
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Formulas
A constant effort to lighten the burden of memorization is a crucial dimension of teaching to intuition. This applies to essential
addition and multiplication facts, to rules and procedures, and, as
we see in this chapter, to formulas. Whenever we feel as if we
are asking students to commit some fact to memory, we need to
ask ourselves if it is really the only option. Sometimes it may be.
But alternatives to just memorizing are likely to exist.
As with multiplication facts, there is no single alternative. But
pure memorization can be alleviated in a number of ways. We
may re-create formulas, find creative ways to teach them, make
them easier to remember by discovering connections or patterns,
or simply do without them. Let’s give some examples.

Recreating a Formula
Seen as an arbitrary combination of variables, even the simple
time-distance formula can be challenging to remember. So, let’s
teach students how to create it. Using very simple numbers, let’s
find a concrete example of a time-distance situation. We can ask:
You’re driving at 60 mph.
How far do you drive in 1 hour?
60 miles.
How far do you drive in 2 hours?
120 miles.
How far do you drive in 3 hours?
180 miles.
So, if you drive 3 hours at 60 mph, how do you calculate
the 180-mile distance?
I multiply 60 by 3.
Write down the math. Include the units.
60 mph × 3 hours = 180 miles.
Which number is the rate of speed?
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Which the time?
Can you write it as a formula?
rate × time = distance.
Mostly, we just asked questions. Students have recreated the
needed formula.
That’s in case we really need the formula. Most of the time, we
don’t. Whether calculating the rate, the time, or the distance
from knowledge of the two other values, common-sense understanding of the situation, and of mph as the number of miles in
one hour, should allow us to do without the formula. How far we
go when driving 3 hours at 60 miles per hour is no different than
buying 3 pounds of potatoes at 60 cents per pound. Relying on
the time-distance formula is an alibi for not teaching the most
basic understanding of how multiplication and division apply to
the real world. Our earlier chapter on the structure of the four
operations provides some approaches to addressing the problem,

Establishing Connections
Are you tired of seeing students multiply two sides of a triangle
or parallelogram to find the area? We can tell them that finding
an area, for them, consists in always multiplying two perpen-

dicular distances. With the help of visual props, we can show
that just knowing two sides of a parallelogram gives us figures
with very different areas. We can squeeze a rectangle made of
drinking straws to just about nothing without changing the length
of the sides.
6 × 10 = 60 square units.
Can this be the area of both figures?
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If the same lengths can produce different areas, logic implies that
we cannot know the area from knowledge of the two sides alone.
There is no area to find unless we have some extra piece of information, some additional constraint. This is an example of a
simple but very important understanding in mathematics: There
is no single answer unless the data impose a limit of one to the
number of possible answers.
The concept of constraints is well worth discussing with students, so we tell students that, to find an area, they need to
“multiply two perpendicular distances.” Each word in the injunction is important, with an emphasis on the word
perpendicular that provides the extra constraint. A gesture of the
hands, one open hand perpendicular to the open palm of the other hand, gives a visual dimension to the injunction. With a
parallelogram or triangle, the two perpendicular distances are a
base and the corresponding height.
When we multiply two perpendicular distances, we get the area
of a rectangle. That area then may need to be modified to fit the
figure at hand. In the case of triangles, the area of the rectangle
obtained by multiplying base and height needs to be divided by
2.

For our common figures, students can be helped to identify the
two perpendicular distances, to visualize the corresponding rec85
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tangle (here shown as a dotted line for a triangle and a circle),
and to understand when and by what factor its area needs to be
modified.
We can then use the injunction ourselves to prompt students
struggling to remember a formula:
 It can be a simple gesture of the hands (one hand perpendicular to the palm of the other) directed at a student tempted to
multiply two non-perpendicular sides.
 It can be asking, “Which two perpendicular distances are you
going to multiply?”
 It can be saying, “Good. You just multiplied two perpendicular distances. That gives you the area of a rectangle. Show me
that rectangle. What else do you need to do?”
These “five-second review” strategies direct students back to the
understanding or the mental patterns that allow them to recreate
the formula.
The instruction to multiply two perpendicular distances creates a
link, a connection, between all the area formulas normally
considered in elementary and middle school. It is a unifying
pattern that overcomes the isolation of the separate formulas and
provides some strategy for eliminating wrong approaches and for
remembering, or re-creating, the correct formula. In the same
perspective, we will tell students that, to find a volume, for all
the volumes they are likely to study, they will multiply three


Multiplying two perpendicular distances applies to all areas that students
normally consider at this level, including the circle. However, it is not a rule of
mathematics. The triangle is an exception. If we know the three sides, we have
a unique triangle with a unique area. It cannot be squeezed into a different
shape with a different area. That’s why triangles are so important in building
bridges or other rigid structures. If three non-perpendicular sides define a triangle with a unique area, count on mathematicians to find a way of calculating
that area from knowledge of the three sides. That’s where Hero’s formula
comes in.
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perpendicular distances (think 3D). Of course, two of these distances can be represented by an area.

Teaching a Formula:
Area and Circumference of a Circle
The formulas for the circumference and area of a circle are crucial. As such, we can’t just ask students to commit them to
memory. They need to be taught.
Let’s say that we have chosen the formulas for the circumference
and the area in terms of the radius:
C = 2πr

A = πr2

Both 2πr and πr2 use the same three numbers or variables. This
can be an extra difficulty for our students who may mix up the
formulas…or we can change it into an opportunity. I want my
students to notice that the same three characters are used: 2, π,
and r. It’s obvious, but students still need help to notice it. If they
don’t, confusion arises as they extract the formulas from memory
and only then notice the resemblance and no longer remember
which is which.
Then, I reach out for help to what my students have learned
about multiplying two perpendicular distances to find an area,
though the perpendicular component is not immediately needed:
If you were given the two formulas and didn’t know which
was for the circumference and which for the area, how
could you tell?
Which variable represents a distance?
In which formula do you multiply a distance by a distance?
(In πr2 we square a distance.)
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The formula πr2 is for an area, but 2πr is not. The connecting link
we provided for area formulas helps students discriminate between the formulas for area and circumference.
Now let’s teach the two formulas. Here is an option.
The teacher takes three sheets of paper and cuts a few one-inch
strips. Each strip is three sheets thick. Going around the classroom with the strips, the teacher cuts one-inch lengths of the
strips for each student. One clip of the scissors and students have
three small one-inch squares of paper. On each, they write one of
the characters: 2, π, and r. “C =” and “A =” are written on a sheet
of paper, and students are asked to arrange the small squares to
show the formula for the circumference and to rearrange the
squares to show the formula for the area of a circle. Answers are
checked. Some students may need to be helped to really show 2
as an exponent.
When students know this well, the teacher moves on to the next
topic. But then, repeatedly, students are asked to go back to their
squares and arrange them as either the formula for the circumference or the area. Quick check. Quick reminder of why r2 goes
with the area.
The point is that, once it has been established that they are needed, formulas can be taught.

Circles and Spheres
Let’s look at the injunction to multiply two perpendicular dis-

tances to find an area as it applies to the circle, A = πr2. The two
perpendicular distances are two radii. The rectangle defined by r2
is a square with a radius as its side (In bold below.). It is one
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quarter of the large square circumscribed to the circle which has
(2r)2 or 4r2 as its area.

So, the ratio of the area between the square and its inscribed circle is 4 to π or 4 to 3.14. Interestingly, the ratio of the perimeter
of the large square to the circumference of the inscribed circle is
also 4 to π. If we compare a square to its inscribed circle, both
for the perimeter/circumference and for the area, the ratio is 4 to
π. This observation is not very useful in itself, but it raises a
question about the cube and its inscribed sphere. Is it possible?
Could it be as simple as that? Well, it is.
The square has 4 sides.
The ratio between square and inscribed circle, both for perimeter and area, is 4 to π.
The cube has 6 sides.
The ratio between cube and inscribed sphere, both for the
surface area and for the volume, is 6 to π.
With this last observation, students (and perhaps a few readers)
who know how to calculate the surface area and volume of a cube have immediate access to the surface area and volume of the
sphere. We have a complete substitute to a memorized formula:
 If D is the diameter of a sphere, the corresponding cube has a
volume of D3 which can be written as 6D3 /6. So the volume
of the sphere is πD3 /6.
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 A cube has 6 sides. Each side has D2 as its area. The total surface area of the cube is 6D2. So the surface area of the
inscribed sphere is πD2.
The connection with the circumscribed cube is likely to have a
significantly longer shelf-life than memorized formulas.
I have no business at this stage remembering the definitions for
the six trigonometric functions, but a simple diagram in my
mind, also with a long shelf-life, gives me immediate access to
all of them and to all the related identities. No memorization is
needed, just a simple picture. It is also a form of knowledge that
makes it easier for me to apply the ratios to real situations than
would just dry knowledge of memorized formulas. Many higherlevel classes could be easier to master if we thoughtfully attempted to lessen the burden of pure memorization.
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Common Themes
Common Concerns
In previous chapters we explored practical examples of teaching
to intuition. Each in its own way offered different perspectives
on the same fundamental concerns. Here, we turn back to those
examples to bring together some of the concerns, themes, and
strategies that they have in common.

1. Speak to the Particular,
not the General
Legalese, the language of lawyers, lawmakers, and bureaucrats,
has its reasons for existing. It attempts to cover all contingencies,
to make provisions for all possible circumstances and exceptions, and to eliminate all loopholes and the possibility of any
misinterpretation or misapplication. As a result, it is perfectly
incomprehensible, so it is written in fine print, and we hardly
ever bother to read it. Used under the guise of providing full disclosure, legalese, in practice, has the opposite effect: what it
theoretically discloses is completely ignored.
There is a mathematical equivalent to legalese. We recognize it
when we see it: “Given two real numbers a and b with b ≠ 0” is
a hint of what is coming. That language is used for just about the
same reasons: We want to cover all possible contingencies, make
provisions for all possible exceptions. So we couch the rules of
mathematics and its definitions in the most general terms possible. This can make for very heavy reading. It seems we value
more the objective accuracy of those statements than what we
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can reasonably expect to see reflected in the brains of our students.
There is a simple alternative to arcane general statements: to
speak of the particular instead of the general. We can attach
concepts to examples rather than generalized statements. The
mind understands the specific, and we trust our students to see
the general through the example.
The approach is systematically used in geometry where “a picture is worth a thousand words.” We show a particular example
of a trapezoid and use it to comment on characteristics that apply
to all trapezoids. We may need to solve a problem that involves
triangles. A diagram will help our imagination and guide our
reasoning. But there is no such thing as a diagram of all triangles. So we draw a specific instance as a convenient substitute
for all triangles. In fact, one of the difficulties of drawing a good
diagram in geometry is to make sure that the specific diagram we
choose does not send the wrong message by giving the impression that a triangle is isosceles, for instance, or that two lines are
parallel when they are not.
We traditionally do so on other topics, too. When teaching operations on signed numbers, for instance, we explain the rules in
terms of whole-number integers and then take it almost for
granted that students will very naturally broaden their understanding to fractions and real numbers.
I apply the approach systematically in Teaching to Intuition.
When, at some point, I want to show different ways of thinking
about a fraction, I do not express those options in terms of fractions in general. I arbitrarily choose 3/4 and say:
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3/4 is another way of writing 3 ÷ 4.
3/4 is the quotient of the operation 3 ÷ 4.
3/4 is a number, a point on the number-line equivalent to 0.75.
3/4 is 3 of something called a quarter or a fourth.
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 3/4 is a ratio corresponding to 75 percent, a proportion equivalent to 3 out of 4.
“3/4 is three of something called a quarter or fourth.” No one has
any problem generalizing to any other fraction: “7/15 is 7 of
something called a fifteenth.” But how would we express that
important understanding in general terms, using ‘numerator” and
“denominator” instead of specific numbers? The formulation
would be longer, more abstract, and almost incomprehensible.
Then, let’s put ourselves in the position of a sixth grader. It’s not
the truth that I formulate in its all-inclusive accuracy that matters; it’s what remains in the mind of the student. The specific
example is a much better teacher than its legalese version.
Official academic standards are most often, by their very nature,
general statements. They are used by professionals speaking to
other professionals. When I hear the standard of the day read
aloud at the onset of a class, sometimes by a student with poor
reading skills, using words that are not yet understood because
that’s going to be the lesson of the day, I think, “Okay, we’ve
already lost the interest and attention of the students we most
want to not leave behind.” In the very first minutes of the period,
by speaking what can only be gibberish to them, we teach our
students that it is okay not to understand, that it’s okay to tune
out and let spoken words flow by as if in a dream. Some students
may never snap out of that dream during the rest of the period. I
heard a group of teachers complain that the requirement of writing down the standard of the day at the beginning of the class
was imposed from above and prevented them from using a gradual discovery as a central feature of their teaching strategy. One
teacher had a creative solution. She said, “I write the standard
where it can’t be missed from the door but where students are
unlikely to see it after they settle down.”
The particular in the form of examples is used routinely in our
classrooms to introduce, illustrate, and model mathematical top93
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ics. That is as it should be. Yet, I see a difference between what
actually takes place and what teaching to students’ intuition tries
to accomplish. In teaching to intuition, we are much more likely
to let the particular remain the source of what students know. We
see a much greater tendency in the US to see it as an introduction
to the more general formulation which then becomes what we
expect students to remember on the topic. Let me try to explain.

2. Diagnosis: A Procedural Accent
I learned about the American way of teaching math through my
children’s homework. One of my first surprises was when one of
them came back from school with homework that asked him to
calculate the perimeter of a rectangle. It was made clear over
successive assignments that he was expected to know and use a
formula that linked the Perimeter with knowledge of the Length
and Width of the rectangle. The one selected was ‘P = 2l + 2w’. I
understood, of course, but I had never heard of a formula for the
perimeter of a rectangle. It seemed to me that asking a child to
learn a formula for such a simple process was really un-teaching.
If a child knows the meaning of perimeter, if a finger can follow
its contour on a triangle, rectangle, or hexagon, what is the point
of a formula, especially one that applies to only rectangles? It is
just an invitation to substitute a mindless memorized procedure
for the most elementary thinking process. To know the meaning
of perimeter implies an ability to add sides as needed and to apply it to any polygon. Without that ability, the knowledge is
meaningless. Understanding the term and the experience of a
finger tracing the sides are all that we need to know on the topic.
This was one of my very first encounters with a pattern that I
have since recognized under multiple incarnations throughout
the teaching of mathematics. We have already met multiple examples in these pages.
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We saw earlier, for instance, the FOIL acronym proposed by the
Common Core Standards as a mnemonic to remember how to
multiply two binomials. Like the formula for the perimeter
which applies only to rectangles, FOIL applies only to multiplying two binomials. There is a reason why both approaches
restrict their range in this way: There is no formula that applies
to all polygons, and there is no acronym that meets the needs of
all polynomials. And yet, there is a tendency in the US to equate
mathematical knowledge with knowing such simple formulations.
In both cases, the formulations can be used as a complete substitute for any understanding. Given a rectangle with Length 10 and
Width 6, it is theoretically possible for a student to apply the
formula and find the correct Perimeter even without any notion
of the meaning of Rectangle, Length, Width, or Perimeter! The
formula ‘P = 2l + 2w’ takes care of everything. Also, the formulations are easy to test. In fact, the official documentation
published along with the Common Core Standards recommends
testing students on their knowledge of FOIL. As a result, it becomes difficult for teachers to use other approaches to teaching
the topic. My students may know how to multiply any polynomial without ever having heard of FOIL. Are they going to fail
the test if I don’t teach them FOIL? This is just one example of
the many practical obstacles that stand in the way of switching
away from the procedural.
A reason for relying on some procedural formulation as an alternative to more substantial knowledge is that it works. If my
students know the formulation, I can check the box that students
have been taught how to accomplish this or that mathematical
task…if only they do what they were told. Too bad if the approach applies only to rectangles or binomials. Too bad if it
remains in some students minds as a meaningless statement, unrelated to any understanding. Too bad if it circumvents more
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authentic knowledge. Too bad if that kind of knowledge makes it
more difficult to recognize in real-world occurrences situations
where that knowledge applies. Too bad if it means, essentially,
that I am teaching them to paint by the numbers.
We allow the formulation of the general rule or procedure to be
understood as what it means to know the math on the topic. If
not that, then what is mathematical knowledge? How do I teach
the topic? How do I test for knowledge? How is it possible for
students to know more math if they do it right because they just
take the knowledge for granted than if they rely on the formulation? Can it still be mathematical knowledge if they don’t know
the mathematical name of the process?
These comments exaggerate the negative aspects of what really
happens. Teachers know better and do better, and I know they
do. They expect students to understand. But the exaggerated features of a caricatures are ways of bringing out real
characteristics. They allow us to recognize similar features in
other circumstances.
 We recognize the procedural pattern when we allow a memorized rule about common denominators to take over from an
experience that adding tenths is no different than adding dollars or kangaroos. The unavoidable consequence is 12th
graders challenged when asked to calculate 7/10 − 1/10.
 We saw the Please Excuse My Dear Aunt Sally acronym,
misleading to the point of being incorrect, used instead of a
more subtle, more focused, and much richer approach to
knowing the order of operations.
 Rules that will be forgotten or twisted prevail again when
“taking the difference between absolute values and giving the
result the sign of the number with the greater absolute value”
is the preferred approach to knowing how to add integers with
different signs. Bubbles and a vertical number-line are not
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seen as a satisfactory substitute for a formulation of general
rules.
 We choose the procedural when we use properties of operations to know if and how numbers can be grouped or moved
around in sequences of additions and subtractions or of multiplications and divisions. Here again, bubbles, real or
imagined, do more at less cost. But then, isn’t mathematical
knowledge supposed to wear a suit and tie?
The procedural bias tends to reflect an understanding of mathematical knowledge as something that doesn’t require thinking. If
you can’t blurt it out, you don’t know it. My obligation as a
teacher is to convey knowledge. If students still need to think
after I teach a topic, I have not fully met my obligation to teach
them. Repeated on one topic after another, entrusting knowledge
to a description of the process builds up in many students an image of mathematical knowledge as a collection of memorized
facts, definitions, rules, and procedures. For many, this is reflected in the mathematical knowledge stored in their brain as a
confused accumulation of half-baked formulations. As pointed
out earlier, when students tell us that they don’t like math, they
can only tell us that they don’t like what they understand as being math, which is likely to be that confusing clutter of rules and
procedures in their brain. Who could blame them?
A procedural understanding of what it means to know also deprives students of two essential benefits of learning mathematics.
First, it makes it more difficult, sometimes impossible, to apply
the math we know to the circumstances that we encounter in the
real world. Real-life circumstances, in their infinite variety, do
not come labelled with the name of a process that could help us
make better sense of them. The mind has no way of seeing the
connection between a practical situation and the memorized rules
or formulas that apply to them.
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Second, given that few students are ever going to need all the
math that they are taught, a procedural approach also deprives
the learning process of its remaining benefit: the opening of
minds to the rigor of logical thinking and the intellectual honesty
of accepting the consequences that facts require. We are depriving students of what learning math does to our brain and our
personality independently of the math itself.
In contrast, teaching to intuition recognizes knowledge itself as a
thinking activity. It trusts students to bridge the gap between an
experience of particular examples and an understanding of the
general. When students need to be reminded, they can be reminded of the experience rather than of a general formulation.
Thinking is not needed only when we apply math to solve problems. It is an essential component of knowledge itself. What may
exist as passive memorization is most often not worth the neurons expended on it.

3. Questions
All teachers ask questions as a teaching tool and sometimes as a
test of what students know. Teaching to intuition uses questions
more specifically as an alternative to having to entrust
knowledge to memorized procedures. On its simplest level an
initial question brings a known fact to mind. A second question
brings up an expansion of that knowledge in a new direction.
Similar to using specific examples instead of fully developed
generalities, questions require students to make the jump on their
own to an understanding of the new material. This approach preserves some measure of discovery, keeps students from just
waiting to be told what they should know, and teaches that the
new material is the natural consequence of what students already
know.
Knowledge acquired by answering questions comes from understanding. Asking questions as a teaching tool gradually builds
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mathematical knowledge as the coherent and interrelated whole
that it is. It does not need to be entrusted to memorized procedures. A significant reliance on asking questions can be used at
all levels. We have already seen many examples mostly on the
very elementary level:
With a 5+ card showing 7 as 5 + 2, we asked first graders:
What’s 5 + 5?
What’s 2 + 2?
So what’s 7 + 7?

10
4
14

Children build knowledge of ‘7 + 7 = 14’ on a connection with a
simpler fact: 7 known as 5 + 2. They practice a thinking strategy
that applies to doubling 6, 7, 8, and 9. They learn to take for
granted what will later be called the distributive property. At this
stage, they draw the correct conclusion without any knowledge
of that property. That, too, is as it should be. Making a correct
assumption and taking it for granted is valid mathematical
knowledge. It does not become better knowledge by being given
a technical name which, in fact, can give the misleading impression that it is because of the distributive property that the process
applies. It is the other way around. The ‘distributive property’ is
a name we give to the truth the children are allowed to take for
granted. The name is a great convenience at some point as we
refer to that reality and apply it to different circumstances. But
the knowledge does not need the validation of a name to be real
mathematical knowledge.
We used questions again when we introduced the addition of
fractions:
What’s 5 dollars + 2 dollars?
So, what’s 5 ninths + 2 ninths?
The connection with adding dollars naturally substitutes for a
formulation about adding numerators and keeping the denominator common. It says more than a formulation of the rule, as it
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brings out the underlying reason for the rule. Questions lead to a
higher form of mathematical knowledge than a memorized rule
that can soon become the embodiment of the knowledge independently of any understanding.
A student with a minimum knowledge about negative numbers is
asked to add ‘−10 − 3’. It is her first experience with operations
on negative numbers. She starts with a finger on zero of a vertical number-line that includes negative numbers. We draw
bubbles around sign and numbers: negative 10 in one bubble,
minus 3 in the other. We asked the simplest questions:
What does the first bubble tell you to do?
What does the second bubble tell you to do?
Where is your finger now?
Negative 13
So, what’s ‘−10 − 3’?
No rules, no technical terms. Nothing is stated that could be construed as telling the student what she needs to know, so there is
nothing to forget. She gets it right the very first time. The student
learns the fact and also learns that it is not difficult. That builds
confidence. Don’t tell. Ask. The teaching that we are paid to do
is not implemented by us formulating a rule or process that we
insist students store in their memory but in devising situations
that allow students to teach themselves by answering our questions.
The language of mathematics, as all languages, is arbitrary, but
not the rules that follow. Once the arbitrary language has been
agreed upon, reality imposes constraints that are reflected in
rules. An arbitrary decision defines 53 as another way of writing
‘5 × 5 × 5’, or 125. It could well have been instead the language
used to refer to the number that needs to be multiplied by itself 3
times to get 5, the cubic root of 5, but it isn’t. The meaning that
53 has been given implies that ‘53 × 52 = 53 + 2’, and that ‘56 ÷ 52
= 56 - 2’ or 54. These are rules imposed by reality. We can formulate those rules for students, even explain them, and count on
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students to remember what we said. Or we can help students discover them and teach themselves, mostly by answering our quesquestions. As I said, the language of mathematics is arbitrary,
not the rules. Students need to learn the language on the authority of teachers, but they can discover the rules on the authority of
their own logic. A discovery process encouraged by asking questions can remain a main source of knowledge on multiple
subjects at all levels of mathematics. It is really just entrusting
the knowledge to understanding.

4. The nature of the Obvious
When teaching, we constantly present mathematical topics as an
extension of what is already known and experienced…an extension on what by now may have become obvious. So let’s take a
closer look at the obvious. I will begin with a few personal stories that may help us focus on the nature of the obvious.
My concern with the obvious goes back a long way. I must have
been ten or eleven. My two brothers and I took turns setting the
table for the evening meal: knife and spoon on the right, fork on
the left. I got it right some of the time, for which I can thank
probability more than my own knowledge. Probability also made
sure that I got it wrong most of the time. “Knife and spoon on
the right, fork on the left,” I was told repeatedly. “It’s not difficult, is it? Why can’t you get it right?” Well, I couldn’t, until it
occurred to me that, when I have only one of these utensils in my
hand, it’s the spoon. It must be in my right hand. The fork, I
know, is on the opposite side. With the fork in my left hand, the
knife must be on the right. It makes sense. It’s obvious. Now I
know.
Can we imagine teaching some topics of mathematics in the
same way? Are there rules, procedures, and definitions that we
repeat over and over, hoping that one day they will stick in our
students’ minds? Can we imagine turning things around so that a
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constant need to remind students just vanishes and a permanent
source of frustration disappears? I think that some of the tools
we use, some of the strategies we propose, some of the connections with real-life understanding we rely upon are significant
steps in that direction.
Long before I thought of myself as a math teacher or went back
to school to become one, I wrote a how-to manual on financial
calculators: The HP-12C Made Easy. In the introduction, I started with a dig at the owner’s manual: “Teaching you how to build
a wall does not mean dumping a truckload of bricks on your
front lawn.” Then:
The ideal is not so much to simplify as to make obvious. The
obvious implies understanding the simplicity. As such, the
most successful passages are those where the reader is left
with the impression that he already knew it or at least that
there is nothing that he needs to remember. If the reader
cooperates in this approach, if he strives to understand the
simplicity rather than attempt to memorize the simple, he
will retain the creativity required to adjust to the infinite
variety of circumstances encountered in the real world.
I couldn’t have said it better now that I have become a math
teacher. The Common Core Standards stress applying Math to
the real world. They understand, as I did then when I was teaching adult practitioners, that it is unrealistic to expect procedures
devoid of understanding to help us make sense of the world we
live in. That’s what they mean when they state: “A lack of understanding effectively prevents a student from engaging in the
mathematical practices.”
During a seminar that went along with the manual I wrote, a participant came up to me and asked a question that took me by
surprise. He asked, “Where did you learn all this?” It was a
good question. With my PhD in literature, why was I teaching
those MBAs, accountants, lawyers, and top professional inves102
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tors about the time value of money? After a few seconds, I gave
a sincere answer: “I just accepted the simplicity.”
Here is another experience. I had volunteered to tutor university
students in basic math. That Saturday morning, eight or nine students from the same class came to me for help. A problem they
shared implied multiplying a number by one thousand. Two of
them did not know that you can multiply a whole number by ten,
a hundred, or a thousand by adding one, two, or three zeros. The
first one welcomed the information: “Why didn’t anyone tell
me?” The other student had a different reaction. She almost panicked and said, “Don’t confuse me! I know how to do it!” And
she continued with a long multiplication…which I think she got
wrong because of some glitches in the alignment of columns.
The new approach was threatening the fragile balancing act of
memorized rules and procedures that represented Math for that
student. A multiplication is what you do when you need to multiply. Her approach was a typical manifestation of the procedural
mind-set.
I remember an algebra student who, as he added like terms, did
quite well by following the process needed. To calculate ‘3 × 50’
he used a formal multiplication. He then needed to calculate ‘10
− 6’. Well, that is a subtraction, so he wrote down a formal subtraction. Because you can’t calculate ‘0 − 6’, he faithfully
applied the algorithm and set out to ‘borrow’ or ‘regroup.’ He
crossed out the 1 of 10 and wrote a 1 before the 0 of 10, in effect
replacing 10 with 10…only to find that he still had to calculate
‘10 − 6’. I was amused, saddened, but not really surprised. It was
one more encounter with the typical pattern where the student
expects a process to do all the thinking for him.
Then there was a sixth grader. He was doing his homework, and
I was supervising. He had a number of word problems, all on the
same model. They implied finding the prime factors of two
numbers, using those to find the greatest common factor (GCF),
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and essentially using that GCF as the answer to the word problem. He had already solved a few problems on the same model,
and he read the next one aloud.
A teacher brings to school 148 pencils and 185 candies.
How many students are there in the classroom?
He immediately said, “Oh! That’s easy! 37.”
I said, “Hey, why don’t you do the work?”
He answered, “No, the difference is 37. It’s a prime number. It has to be 37.”
He was perfectly right. What was obvious to him had completely
escaped me. I was impressed with the number of skills and concepts that had to be pulled together to come up with this answer
in the blink of an eye. I urged him to explain his answer on the
homework sheet. He reacted with some anxiety, “No. I can’t do
that. I have to follow the model.” And he did. In that class, for all
math work, he had to conform to preordained procedures carefully mapped out in advance by the teacher. He was one of those
who didn’t like to paint by the numbers and, in the eyes of the
teacher, was a D student. I knew better. Formally tested a few
months later, he was rated at a 10th grade level in terms of conceptual understanding. I focus mostly on the early grades and on
those who find math difficult, but teaching to intuition is also
welcomed by gifted students as it is essentially how they teach
themselves when allowed to do so.
These experiences point out that what is obvious to someone is
not necessarily obvious to others. The obvious can be staring at
us in the face, and yet we don’t necessarily see it. We are misleading ourselves if we think of the “obvious” as a quality of the
facts themselves. By its very nature, the obvious makes it difficult for us to imagine that what we see as obvious is not always
so for others. We communicate an understanding that makes
some feature obvious. In response, we get the less perceptive
comment: “Well, that’s obvious!” without any recognition that it
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was far from obvious to them a few seconds ago. The obvious—
and to an even greater extent the intuitive—needs to be revealed,
discovered, taught, formulated, and reviewed. I want to replace
the dismissive “Well, that’s obvious!” with a resounding “Wow!
Now it’s obvious!”

5. Connections
On a variety of levels, we can see teaching to intuition as consciously nurturing networks of connections in our students’
minds. Connections help students remember, and that is important. But beyond helping memory, connections are the
essence of understanding, modeling, imagination, and creativity.
They are at the heart of those “Aha!” moments that signal, not
just a connection taking place, but a recognition that we are giving our willing assent to the new material.
In Teaching to Intuition, we seek to establish a multitude of connections of various kinds, on different levels, rather than
allowing mathematical facts to remain in the brain as isolated
truths. There is magic in establishing connections that goes beyond the apparent importance of the connections themselves.
Establishing even the simplest connection gives the brain a handle on a fact.
As we looked at fractions, we saw the meaning of “numerator”
and “denominator” and we linked the words with other words
associated with “number” and “name.” We saw the structure of
fractions as the “number” of parts over the “name” of the part.
We used this to reinforce the understanding of 3/4 as “three of
something called a quarter.” This strengthened our understanding
that we can add quarters or tenths in the same way as we add
books or students. But I can think of students for whom the connection with “number” and “name” helped them remember
which is which of numerator and denominator. Connections are
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at the heart of what it means to know. But they are not necessarily used in the way we intended. That is as it should be.
Patterns and structures are an essential form of connection. We
established a connection between all the formulas for area and
volume that our students are likely to encounter. Each formula is
no longer the isolated statement it would otherwise be.
We value establishing connections even on small details. When
seeking to help students understand Absolute Value, we are not
satisfied with a stand-alone definition in purely mathematical
terms. The expression acquires a much richer meaning if they
understand why the word “absolute” is used. This is achieved by
establishing a connection with Absolute Zero which is understood as a real zero, one not subject to an arbitrary choice.
Connecting Absolute value and Absolute Zero has taken 15
minutes of our classroom time. It has taught students about the
nature of heat. And the notion of Absolute Value, forever for
some students, will be much more than just a mathematical definition.
Patterns are a powerful tool to establish connections between
entirely different topics. Let me give an example.
In life outside of mathematics, we sometimes say, “Two wrongs
don’t make a right.” By this, we mean that if your neighbor refuses to do anything about his dog barking all night, it doesn’t
give you the right to throw an old shoe through his window. In
mathematics we can often say the opposite: “Two wrongs make
a right.” We will use the expression to link in our students’
minds a great variety of instances based on the same two-step
pattern. Here are some examples:
“To divide by a fraction, you multiply…” The sentence is incomplete, but if we stopped here, it would be an absurdity.
Division and multiplication are two different operations. You
can’t just replace a division by a multiplication and get away
106

Common Themes Common Concerns
with it. So the rest of the sentence corrects the initial error: “…by
the reciprocal.” That also, on its own, would be an absurdity.
You can’t just replace a number by its reciprocal. But in this instance, as in many others, the second “mistake” corrects the first
one. When I pointed out to a class that the rule for dividing fractions was an example of “Two wrongs make a right” one student
reacted with surprising vigor: Initially seen by him as two unrelated steps in a meaningless process, each one more absurd than
the other, the connection now started to make sense of the process! The two steps in the process are not each right on its own.
Only together do they get it right. “Two wrongs make a right” is
the expression that we can use, and that students can use, to identify a pattern that establishes one more layer of connection in a
great variety of circumstances. It reflects some logical consistency as it makes it more difficult for students to make just one
change and expect things to remain the same. It trains students to
expect the other shoe to drop.
With operations on negative numbers, when there are two signs
between two numbers, one for the operation and the second one
to identify the second number as positive or negative, we can’t
just change one sign into its opposite, but we can always change
them both into their opposite. The principle of “Two wrongs
make a right” is an essential process of mental math where, to
multiply 49 by 6, we multiply 50 by 6…and subtract 6; to add 37
and 99, we add 37 and 100…and correct our “error” by subtracting 1.
Knowledge as connections stands in contrast to knowledge perceived to a considerable extent as discreet formulations of
general truths and processes. It contributes to building mathematical knowledge as the opposite of minds full of rules and
regulations that some of our students use efficiently but that others rebel against, learn to hate, and suffer the frustrations,
humiliation, and life-altering consequences of not mastering.
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We strive to establish some kind of connection with everything
we want students to know. No knowledge without a connection.

6. Stories
The ultimate connection is with reality. Modeling mathematical
concepts through imagined versions of reality communicated
through stories is a first steps in what is the ultimate purpose of
mathematics: its use to reflect back on the real world and help us
make sense of it. Stories can also be part of that interaction between mathematics and reality in the opposite direction. Math
enlightens us about the world. In the form of stories, we can allow the outside world to enlighten us about the more abstract
processes of mathematics. Here, we just want to emphasize how
brief stories can be woven into the fabric of mathematical explanations.
In our first chapter, we initiated a conversation about shoppers at
the checkout counter. An imaginary rendition of a very familiar
experience led to a reflection on some of the properties of operations and the order of operations. We recognized the familiar
experience that we have of moving purchases and discount coupons around and used bubbles to transfer the experience to
mathematical sentences. We justified the need to multiply before
we add or subtract through a story line in ways that are not apparent if the rule is presented as a purely arbitrary mathematical
injunction. Our experience of reality, captured through the use of
stories, allowed us to broaden our understanding of mathematics.
We used stories to bring home the understanding that taking
away a negative is a positive:
10 − (−6) = 10 + 6 = 16
We suggested stories to illustrate that in real life also taking
away a negative is a positive. If it hurts, that’s a negative. Getting rid of the pain, that’s a positive. That applies to a pimple on
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the nose and to a 5-yard penalty in a football game. The stories,
told by the teacher or suggested by students, aim to change a
possibly strange feature of mathematics into something that
makes sense.
We used a story line when we asked three questions to introduce
the addition of fractions. We described a procedure that could be
explained in purely mathematical terms by involving students in
a reflection on adding cats and dogs. We then transferred what
we discovered to mathematics as applied to fractions and denominators.
At every opportunity, we can use brief references to such stories
as five-second-review material. We are building in our students’
minds a connection with common sense and experience as an
alternative to relying on a rule. In the process, we pay tribute to
the connection between math and reality. Mathematics is born of
reality and is used to explain and make predictions about reality.
Its implications must conform to reality. It would be very difficult to balance a checkbook if, in math, taking away a negative
did not represent a positive. Mathematics is the servant of reality.
It has no choice but to conform to its needs and logic. Stories can
be used as imagined versions of reality that help us make sense
of the mathematics.
Let me add an example of an actual story used in a high school
setting and its unexpected sequence.
A student was at the board taking part in an explanation of the
math involved in calculating the standard deviation of a series of
numbers. I had probably given some quick explanation of the
concept, such as “Think of it as the average deviation from the
average” or “It tells you if the data are closely bunched up
around the average or more widely spread out”—all valid formulations but so abstract! It became clear that this was not
enough. I needed to let the math wait and focus on the concept.
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So I improvised a story:
Imagine that the first astronauts are on their way to Mars.
They’ve been told not to worry about Martians. Our intelligence services tell us that the average Martian is only 4 feet
2 inches tall and, size for size, they are about as strong as
humans. Our strong astronauts are confident that they have
nothing to fear.
After a year-and-a-half trip, they arrive on the planet. They
soon realize that they have been given the correct information: Martians average about 4 feet 2 inches. But there is
a problem. Some Martians are just 1 inch tall and others
measure 10 or 11 feet. The control room down on earth
sends back a message: “Sorry, folks. We didn’t think of
that.”
Just knowing the average height isn’t enough in those circumstances. That’s where knowing the standard deviation
would help. The Martians’ average height is 4 feet 2 inches,
but the standard deviation is 4 feet, which means that about
one third of the Martians are either smaller than 2 inches or
taller than 8 feet 2 inches.
The standard deviation is a little bit like “give or take”: the
Martians are 4 feet 2 inches tall, give or take 4 feet!
The story aimed to give immediacy to the concept and drive
home the need for it. But in this case, the student at the board
soon upstaged me. She had her own story to tell.
“It’s funny that you should mention astronauts going to
Mars,” she said. “Right now, there is a spaceship going to
Mars with a rover on board. If everything goes well, in a
few weeks, that little rover will be running around on Martian soil.”
She then spoke about the rover. She told us its name: Sojourner. She explained how it had been named after
Sojourner Truth, an escaped slave who had written about
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her life as a slave, who participated in the emancipation
movement and was an early women’s rights activist. In
conclusion, the student said: “And that rover, Sojourner,
she’s my sister!”
That deserved an explanation. The student told us her mother
had been working on that project for NASA for many years. The
little rover was always around in one form or another as she
grew up. Her mom had divided her attention between the rover
and her, and she had always thought of Sojourner as a sister.
A few weeks later, Sojourner left its historic first tracks on the
planet.

7. The Brain
As we seek to teach to intuition we are constantly concerned
with the workings of our students’ brains, not just with what they
know but with how they know it. So let’s ask ourselves what picture we have of our students’ brains. Let’s choose between the
two images shown here and ask ourselves which one we are addressing as we speak to our students.

The first picture, with its neat shelves, illustrates our very
worthwhile attempt at making things clear to students. But it is
not the real brain. The real brain is much more complex, powerful, creative, diverse, and messy. We have an obligation to help
students organize and classify the facts of mathematics and make
it as easy as we can for students to grasp and remember. I do my
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share of keeping categories separate in the mind of students, but
if our picture of the brain is limited to those neat little shelves
where facts can be stored in correct order and retrieved by columns and rows, we are deceiving ourselves and shortchanging
our students.
The brain is made up of billions of interconnected neurons. Information is stored as networks of connections. New connections
are created as we acquire new knowledge and wrestle with new
tasks. As we learn, the brain grows. It establishes new neural
pathways. That’s what learning is. Teachers and students can
consciously cooperate in that growing process. Students need to
understand that they are not just learning new facts; they are
growing their brains and their intelligence in the process. The
qualities of rigor, logic, balance, and symmetry; the seeking out
and discovery of patterns; the objectivity of the mathematical
pursuit and the intellectual honesty it implies; the perseverance
in the quest for answers; the steady accretion of more farreaching conclusions; all this and other features of mathematics
get imprinted into the brain and set patterns that have consequences in life far beyond their mathematical models. We
encourage that growth as we present facts to students, not just as
isolated truths but as part of a growing web of connections.
An example of this can be found in geometry, when students are
taught about proofs. I tell students that the careful sequencing of
mathematical truths—definitions, axioms, and theorems—that
we think of as a proof, and in particular the marvelous sequencing that makes up Euclidean geometry, that is not how we
discover a proof, it’s how we explain it to others. As we look for
the solution, our minds are much faster, more creative, and
messier than allowed by a neat sequence of theorems. Our minds
shoot inquiries in all directions, inspired by knowledge of facts,
the experience of patterns, analogies with previous quests for
answers, and our free-wheeling imagination. The inquiries are
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initiated, tested, rejected or retained much faster than would be
possible if each step had to be given a label with the name of a
theorem or axiom.
And suddenly, things seem to fit together. We think we have our
proof. As we look for the shortest road to justify our conclusion,
we formulate connections and carefully string together theorems,
hoping to end up with a formal solution. We may also realize
that we didn’t quite get it right and may have to start over again
with our messy exploration, but this time with a heightened insight and a better chance of getting it right the second time
around.
Many geometry students find this understanding of the process
extremely liberating. It sets them free to cast a wide, creative
web of inquiry. And their final proof is much shorter. It is no
longer like a recording of that messy inquiry; it is no longer like
a random walk in the woods where paths cross many times before the exit is found.
In our quest to leave no child behind, there may be a tendency to
teach to the neat shelves of our first illustration instead of to the
real brain. We may equate knowledge with some formulation of
those simple truths. We may get better test results in the short
term but also fail to patiently teach the thinking process without
which mathematical knowledge is essentially useless. We may
break down processes into simple steps that we number; we may
ask students to list those steps as they explain their thinking. But
is it then really their thinking? Or are we imposing a uniformity
that is essentially the opposite of thinking? When we ask students to show their work, are we not really asking them to show
our work, our steps, not theirs? I, too, want to give clear explanations; I, too, want students who can explain their thinking to
others. But there is danger in requiring the two explanations,
mine and the students’, to be the same.
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Recognizing and perhaps highlighting for the class the sliver of
truth we discover in the sometimes clumsy or incomplete explanations offered by students may demand imagination on the part
of the teacher and some indulgence as we are talking of concepts
and modes of thinking that students find difficult to put into
words. “What is an umbrella?” we ask a student. We expect a
description of the contraption. The student answers: “An umbrella is, when it rains, we open it up to keep dry.” The child knows
what an umbrella is. We can acknowledge that knowledge before
we probe for the more descriptive answer we were seeking.
Mathematics cannot be limited to a single neurological pathway
flashing through the brain, the same for all on any given topic.
There is mathematical life one level below conscious logic and
deliberate procedures. The better activities seek to develop students’ ability to tap that dimension of their brains, as do the
better interactions between teacher and students.
Also, very different sets of neurons are activated according to
whether we store information as memorization of discrete facts
or as active thinking and part of a broader pattern. The neural
pathways and connections must be very different between knowing that ‘8 + 4 = 12’ because it has been committed to rote
memory and knowing the fact as a thinking activity that sees ‘8 +
4’ as 2 steps from 8 to 10 and 2 more steps to 12 on a vertical
number-line. Using rote memorization, each fact is its own separate challenge, and there are a hundred of those addition and
subtraction facts. In contrast, the other approach uses the same
thinking pattern for ‘8 + 6’ as for ‘8 + 4’ but with the need to
move up 4 steps to 14 instead of 2 steps to 12. There is more to
knowing ‘8 + 4’ as 12 than the mere knowledge. Knowledge is
not a binary process: either you know or you don’t. How
knowledge is stored, processed, and retrieved must have significantly different implications. It must have different abilities to
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grow the brain of the learner. There is knowledge, and there is
the quality of the knowledge.
Knowing how to multiply two binomials by memorizing FOIL
or by visualizing bubbles connecting every term in the first parenthesis to every term in the second must also be achieved by
two very different sets of neurological connections. The second
approach using bubbles must be much more similar to the connections triggered by seeing real life situations that can be solved
by applying the distributive property, thus making it easier to
transfer the knowledge from math to real world situations.
Our brains also have an inborn need to make sense of things. We
see three or four strokes of the pen on paper and we see a face.
We have no choice but to see that face and would find it difficult
to persuade ourselves that these are just a few random lines. We
need to build on that urge to make sense and preserve it in our
students. It is the source of curiosity. It is eagerness to learn. It is
taking pleasure in the learning process. We find it in the early
grades but often see it gradually morph into inattention, boredom, and frustration. Learning from discovery, learning as a
thinking process that grows the brain, learning from questions,
connections and a reliance on understanding, learning from an
experience of small successes, all contribute to keeping this enthusiasm alive.
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“We recommend Edric Cane’s book, Teaching to Intuition, as an
excellent source for how mathematics should be learned. This is
mainly for elementary mathematics, but the principles hold true
for all levels.”
This was posted by Fred Krogh, Principal Mathematician (ret.) at
NASA’s Jet Propulsion Laboratory, Pasadena, on the home page
of the website that made available to industry and research the
sophisticated mathematics developed at JPL over 30 years of
planetary exploration. Responsible for the site, Fred Krogh was
credited with developing the “accurate, flexible, and fast” numerical integration algorithm used by NASA to navigate its
planetary spacecraft since the 1970s. His signal contributions to
space exploration led NASA to name a mini-planet beyond Pluto
after him.
At the heart of Fred Krogh’s interest in Teaching to Intuition is
that it presents mathematical knowledge as a thinking activity as
opposed to an accumulation of memorized truths. It entrusts
knowledge itself to our understanding that mathematics makes
sense. This allows us to own the knowledge on a deeper level, an
intuitive level. Referring to his own learning experience as a student, Fred Krogh wrote me, saying, “I was lucky in that I could
see the kind of things you write about, and thought math was
easy since you never had to memorize anything!” Some practical
suggestions made by Fred Krogh are included in this updated
version of the book.
I mention this because Teaching to Intuition was not written with
those rare students in mind who, like Krogh, fly through the curriculum because they understand and, essentially, teach
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themselves, but it is good to know that its approach appeals to
them as well as others. It was written to meet much more basic
needs, and Fred Krogh’s unexpected recognition makes it clear
that we do not seek to address these needs by dumbing down or
taking short-cuts. Quite the opposite. We think that even those
less inclined to math can only catch on to math if it is presented
right from the start as a thinking activity.
I would like to see Teaching to Intuition help more students
comfortably move up to those higher-level courses that STEM
professions require. I would also like the approach to help students find it easier to apply mathematics to the simple
circumstances of their lives. There is too often a contrast, sometimes, indeed, an immense gap, between the intricacies of what
is taught in class and the ability to use even simple arithmetic in
circumstances of ordinary life. I would hope that teaching to students’ intuition could help overcome this deficiency.
But, beyond those who do well or reasonably well, a major concern of Teaching to Intuition is with those at the very opposite
end of the spectrum, those who don’t like math, are not good at
it, and essentially never catch on. They are found in all socioeconomic circumstances but predominantly in low-income and
minority populations. There, the significant disparity in
achievement of so many is one dimension of the larger problem
of inequity that we are urgently encouraged to address.
Where there is inequity, that disparity in achievement is exacerbated by any number of circumstances that make every aspect of
learning more difficult. Teachers are mostly powerless to address
the root causes of these inequities. But, developed with these
students constantly in mind, Teaching to Intuition focusses on
the one thing that teachers can control. It redefines mathematical
knowledge and its acquisition in ways that meet the special
needs of these students. It proposes simple tools and approaches
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that can help translate concerns about equity into action and results. Teaching to Intuition wants to affect often dismal statistics.
As Lead Teacher in a large, mostly minority high school in the
Los Angeles Unified School District, I encountered the reality of
the achievement gap on a daily basis. One instance stands out for
me:
A High School senior, one of those students we push through
hoops they are not ready to master, was at the board finishing an
algebra problem. The last step required him to simplify a fraction, which meant dividing 14 by 2.
He suggested 6.
Maybe my face gave a hint.
He counter-offered with an 8.
This was a math class; I’m a nice guy.
We compromised and agreed on the average.
But then it struck me: what had not been learned in the early
grades had remained for that student a constant extra burden over
12 years of frustrating and mostly fruitless efforts to make sense
of mathematics. Everything was made a little bit more difficult
by the basic facts and other essential topics and mental perspectives that he had not learned in the early years. Clearly, he had
scant useable mathematical knowledge to show for those 12
years of schooling. With such a weak foundational knowledge,
can we really believe that he could ever put to good use the algebra I was teaching? He had nothing to show to justify the amount
of time, frustration, perhaps even humiliation, spent on math
classes.
He had never caught on to math. Math had not been re-imagined
in ways that would have allowed that student to get a decent
start. There are thousands, millions, similar to him among our
students and the adults they become. Speaking as a teacher, I
don’t blame them. I apologize to them. My experience and my
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strong conviction are that they are all capable of doing better.
They all deserve to do better. It is a matter of dignity. It is a matter of equity.
We want children to catch on right from the start so as to never
let the vicious circle of inadequacy and frustration begin and
feed on itself. This is why we pay so much attention in Teaching
to Intuition to the very early grades. Lack of knowledge on one
level makes it more difficult to assimilate the material in the next
grade, compounding the challenge even as the same circumstances make it still more difficult to address a growing gap.
Beyond mathematical knowledge proper, the vicious circle of
failure applies to the brain itself and its ability to learn and grow.
The conviction that you are not good at math is a self-fulfilling
prophesy. Without the constant encouragement of visible progress and success, the frustrated mind shuts off its desire and
ability to learn. Failure breeds failure as much as success breeds
success. Teaching to Intuition proposes very simple tools and
strategies that make it easier to take those crucial first steps on
the road to knowledge and the experience of success. Math as a
thinking activity wakes up the mind, teaches thinking as it teaches facts, and makes knowledge useable.
The traditional horizontal number-line may be good enough for
those growing up in an environment able to encourage and supplement the learning process. A vertical line, on the other hand,
speaks directly to children’s understanding of ‘more’ and ‘less’.
It helps them make sense of the relative value of numbers and of
their connections in operations and number-problems. I have
learned from students themselves its power to break a barrier to
understanding that seemed insurmountable. The itsy-bitsy spider
uses that vertical line to teach essential addition facts in ways
that develop thinking abilities rather than contributing, right
from the start, to minds clogged with an endless collection of
memorized facts.
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The bubbles we suggest provide a visual support for a perspective that can be achieved without them, but not with the same
immediacy. Combined, bubbles and the vertical line help children in first and second grade get a better grasp of addition facts
and later eliminate adding and subtracting with negative numbers
from the list of serious obstacles to a smooth transition into algebra. Not bad for two simple tools.
Beginning with first graders, we want students to recognize the
rhythm of addition problems: “…dollars …dollars …dollars” or
“…books…books…books.” We present that ‘same name’ requirement as a rule of mathematics. Children practice the pattern
which creates a mental environment better able to recognize it
and welcome it in the constraints of place value, the more challenging rules for adding fractions, some requirements of algebra,
and an approach to making sense of division problems. The pattern creates a connection that makes each example easier to
master. We exploited it in our chapter on fractions when, with
High School seniors still challenged by ‘7/10 − 1/10’ and ‘1/2 +
1/4’, we suggest teaching these students by just asking four questions:
What’s 7 dollars minus 1 dollar?
So what’s 7 tenths minus 1 tenth?
Why isn’t it just as easy to add 1/2 + 1/4?
So what do you need to do?
These four simple questions waken up understanding. They
prompt for the thinking that needs to take place. Used appropriately, they allow students to teach themselves. They replace a
reliance on rules these students had never mastered in 10 years
of schooling with knowledge retrieved as a thinking activity.
These questions are typical of what teaching to intuition tries to
achieve.
These are just a few examples of an approach to knowing math
which allows the learning process to take hold. The approach can
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later be applied to very different topics and at levels not considered here.
A crucial switch occurs in our approach to teaching, learning,
and knowing math when we recognize and fully take into account the futility of mathematical knowledge unrelated to active,
creative thinking. Teaching to intuition, on the other hand, develops number-sense as intentionally and forcefully as it teaches
facts and processes. Teaching is no longer perceived as communicating the knowledge but as facilitating its discovery. The
approach builds knowledge as something that students own,
something that exists and is remembered as a direct consequence
of the logical requirements of their own brain, not as something
imposed from the outside. It affects the quality of the knowledge.
Teaching in this perspective allows students to learn more and
gives greater validity and usefulness to the knowledge they acquire.
For students who find math easy, the approach confirms their
insight and allows them to thrive. For those who find math more
difficult, the challenge is not met by resorting to dead-end procedural knowledge but by finding strategies that teach math as
essentially a thinking activity. Some may take more time than
others to catch on and take off, but what they learn gives them a
good start in math, opens the doors to real progress, and puts
what they know at the service of a thinking mind. All students
can achieve a critical mass of skills and understanding that allows them to welcome mathematics as a dimension of how they
see and interact with the world. There is equity in wanting that as
a basic requirement for all students and all adults.
Everyone bears the cost of inequitable outcomes, not just those
personally affected. In a competitive world environment, the
burden of so many among us never connecting with math weighs
on the economic future of the whole nation. Addressing the need
for greater equity is a responsibility that bears even on teachers
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whose students are doing quite well with math as it is currently
taught. The change in perspective that can alleviate the achievement gap needs to be implemented in schools of education. It
needs to affect number-lines on classroom walls. It needs to help
re-write textbooks that all will use. The changes that equity demands cannot occur only where inequitable outcomes are
prevalent. It is every teacher’s business and can be welcomed,
developed, and pioneered even where it may not be as urgently
needed.
I come back to the ambitious theme of the 2020 National Council of Teachers of Math conference quoted in the introduction:
Re-imagining Mathematics. It implies a recognition that significant change is needed and a willingness to welcome that change.
It has to include a commitment to greater equity.
With Teaching to Intuition, I put one teacher’s reflections and
experiences, my own, limited though these may be, in the hands
of other teachers with a diverse range of experiences, skills, and
creative abilities, teachers in vastly different work and life situations. There, the simple tools, practical strategies, and more
general habits of mind I propose can be further tested, improved,
rejected for some, and expanded upon beyond the examples included here.
✽ ✽ ✽ ✽ ✽
As teachers teach, they learn from student responses. So students, too, have their say at evaluating and improving our
suggestions. They are the ultimate judges. What happens to them
is the ultimate test. Classrooms and wherever teachers, tutors, or
parents interact with students, these are the settings where
change will take place if it is to take place at all. My deep hope is
that it will, and that Teaching to Intuition will make its contribution as teachers travel on the challenging journey to re-imagining
mathematics and addressing equity.
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