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ABSTRACT

Statistical metamodels provide a convenient way of for-
mulating and analysing stochastic variation in simulation
studies. This is certainly the case when a metamodel can
be used that is standard in the sense of taking a statistical
form that has been well studied and whose properties are
well-known. An example arising in input modelling is the
fitting of a gamma model to arrival or service time data.
An example from output analysis is the use of a linear
regression model with normally distributed errors. Such
standard models typically satisfy certain so-called regu-
larity conditions which ensure their use is straightforward,
often only requiring calculations that are explicit and easy to
carry out. However in more complex simulations, especially
where non-linear behaviour is being studied, non-standard
models may be needed that do not satisfy nice regularity
conditions. Such models can have quite unusual properties
that have to be explicitly allowed for in their analysis. This
talk discusses how such models might be classified using
a likelihood based approach, with illustrations drawn both
from input modelling and from output analysis.

1 INTRODUCTION

In parameter estimation and hypothesis testing, likelihood-
based methods are appealing because of their wide appli-
cation and because they are based on an elegant asymptotic
theory. The likelihood function plays a central role; its
behaviour determines the distributional properties of the
statistics of interest. The most commonly encounter sit-
uation is where the likelihood can be assumed to satisfy
certain regularity conditions. The theory is then at its most
satisfying, with, asymptotically at least, estimators and test
statistics that are normally or chi-squared distributed, and
that are efficient in a well defined sense. Such is the position
of this theory and such is its wide applicability, that there is
a tendency to rely on it uncritically, without always check-
ing that it is valid. However there are problems where the

theory does breakdown, sometimes in a spectacular way.
With the growth of computing power, increasingly more
complicated models are being proposed and considered,
where often regularity conditions will not hold.

In this talk we investigate likelihood based methods
of parameter estimation and model fitting for non-standard
situations, and investigate different ways in which regularity
conditions can breakdown. Most statisticians would agree
on what constitutes a regular problem. A number of variants
of regular conditions have appeared in the literature, but the
essentials are much the same. In that regularity conditions
can be set out quite precisely, the range of non-regular
problems looks intimidatingly large as, by definition, it
encompasses all problems that do not satisfy the narrow
specification of regularity. However, it is possible to offer
a systematic study by setting out the main conditions that
a problem must satisfy if it is to be regular, and then by
categorising the most common ways in which each such con-
dition might breakdown. In fact a fairly geometric approach
can be adopted that is not too demanding technically, as
most of the departures from regularity can be most straight-
forwardly described in geometric terms. For an introduction
to non-standard problems in general see Cheng and Traylor
(1995) or Smith (1989).

In this talk we focus simply on a selected number
of specific examples to illustrate how regularity conditions
can break down. It is possible to place these problems in
a general framework, however this will not be done here.
Rather, we present these examples simply to show how
breakdown of regularity conditions can occur in very prac-
tical situations. These examples are therefore not artificially
manufactured, to be dismissed as being esoteric and unlikely
to occur. Instead they have arisen in very practial situations
encountered by the author in the context of the analysis
of both input and output data arising in simulation studies,
occurring because statistical metamodels have been chosen
to describe such data that are just a little more flexible than
the norm, in order to try to extract more information from
the data.
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In the next section we introduce the terminology to
be used, and in Section 3 we present four examples to be
discussed more fully in the talk.

2 TERMINOLOGY

We typically use Y to denote the random variable of interest.
We assume almost exclusively, that Y has a continuous
distributions, with distribution function FY (·; x, θ) which
may depend on a vector of independent variables x and which
will always depend on a vector of unknown parameters θ .
Where the context is clear we often write FY (·; x, θ) simply
as F(·; x, θ). The corresponding density will be denoted by
fY (·; x, θ) or f (·; x, θ). We discuss two very commonly
occurring cases:

(i) Identically distributed samples, with common dis-
tribution F(y; θ), and density f (y; θ).

(ii) Regression models of the form

Y = η(x,ϕ)+ ε (1)

where η(x, ϕ), the regression function, is non-random and
depends on a vector, ϕ, of unknown parameters, whilst ε is a
random error, with distribution Fε(·,ψ), depending also on a
vector, ψ , of unknown parameters. We allow the possibility
that ϕ and ψ may have common components, and denote
by θ = (ϕ, ψ) the vector of all unknown parameters. In
specific examples it will be made clear if η and Fε both
depend on a particular component θi.

In situations like model building, p, the number of
parameters is unknown. In these situations p is to be
regarded as an unknown parameter in its own right.

We denote the parameter space by Θ. The unknown
true parameter value is denoted by θ ∗. It is supposed that
θ ∗ ∈ Θ. Typically Θ = {θ ; θi ∈ Ri, i = 1,2, ..., p } where
the Ri are prescribed possibly non-finite intervals.

A number of non-standard problems occur because Θ
divides into a number of separate regions, Θ =

⋃
i Θi, with

the functional form of FY different in each of the regions.
The prime example is where FY behaves differently in IntΘ,
the interior of Θ, compared with on ∂Θ, the boundary of
Θ.

Suppose that such a parametric model has been selected
in expectation of being a good representation of a given data
sample, but where the parameters are assumed unknown and
so have to be estimated by fitting the model to the data
sample.

A powerful general way of estimating parameters from
data is the method of maximum likelihood (ML). We focus
on this method in the remainder of the paper.

The likelihood is defined as

lik(θ ,y) =
n

∏
i=1

f (yi;xi,θ) (2)

and the loglikelihood as

L(θ ,y) =
n

∑
i=1

log f (yi;xi,θ). (3)

The so-called ML estimates of the parameters are simply
the parameter values which maximize the likelihood (or
equivalently) the loglikelihood:

θ̂ = argmax
θ∈Θ

L(θ ,y). (4)

We mention that the likelihood should properly be
defined in terms of quantities that are probabilities. In the
continuous case a more precise definition is therefore

L(θ ,y) =
n

∑
i=1

logdF(yi;xi,θ). (5)

In standard problems the two forms (3) and (5) are equivalent
as dF(yi;x,θ) can be written as f (yi;x,θ)dyi, and the dyi
then dropped as it does not depend on θ .

However this equivalence does not hold under certain
limiting operations. The two expression are then not equiv-
alent; the more rigorous form overcomes the difficulty in
certain non-standard situations where the loglikelihood (3)
becomes unbounded.

3 EXAMPLES

We give four examples of non-standard behaviour. The first
three are loosely linked in that they are examples of where
the functional form of the likelihood in Int Θ is different
from that on its boundary, ∂Θ.

Example 1 Weibull Embedded Model

This model was discussed by Smith and Naylor (1987) but
without explicit recognition of the nature of the problem of
an embedded model, which we consider here.

Consider the three-parameter Weibull distribution with
density

f (y;θ) =
β
γ

(
y−α

γ

)β−1

exp

(
−

(
y−α

γ

)β
)

(6)

where all three parameters are unknown. The two parameter
version, where α = 0, is well known in life testing and
modeling. The parameter β is a shape parameter, and γ is a
scale parameter. The third parameter α has been proposed
to allow an unknown threshold to be incorporated. When
estimating all three parameters, it is important to examine the
range of each parameter and the complete family of models
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encompassed in the above representation. The ’natural’
parameter space might be considered to be:

Θ = {θ : −∞ < α < ∞,0 < β < ∞,0 < γ < ∞}.

At first sight the situation appears to be straightforward as
there is a well defined, non-degenerate model correspond-
ing to each particular value θ ∈ Θ. However consider the
behaviour of (6) as θ approaches the boundary of Θ. The
boundary models, as each parameter is allowed to tend
to one or other of the limits of its range, can readily be
identified as being degenerate in an obvious way. If γ → 0
the distribution converges to just a probability atom of size
unity located at α. If we let β → 0, we again obtain a
probability atom at α but of size (1− e−1), the rest of the
distribution being improperly distributed with all values of
Y > α becoming equally likely in the sense of f (y1) → 0
and f (y1)/ f (y2)∼ 1 for any fixed y1, y2. Similarly we have
improper distributions if β → ∞ or γ → ∞. Finally, the dis-
tribution becomes degenerate if α →+∞ (respectively −∞)
when, with probability unity, Y = +∞ (respectively −∞).

These obvious cases might lead one to suppose that all
boundary models are degenerate with none giving a good
fit to non-degenerate data. However this is not the case. If
we let α → −∞, β → ∞ and γ → ∞, in such a way that
μ = α + γ and σ = γ/β remain finite, then we converge
to the extreme value distribution with density

fEXT (y,μ ,σ) = σ−1 exp(w− expw) ,w = (y−μ)/σ .

This distribution is thus a non-degenerate special case, but
is only obtained on the boundary of the parameter space Θ.
Therefore, though most boundary points of Θ correspond
to uninteresting degenerate cases, special models can and
do occur on the boundary. It is then possible that such a
boundary model might be the best fit to the sample, and
this must be allowed for in the estimation procedure. We
call such a boundary model an embedded model.

The next example is also an embedded model but arising
in a regression model.

Example 2 Embedded Linear Regression

Consider the regression function

η(x,θ) =a+bexp(cx). (7)

Expanding the exponential term we have

η(x,θ) =a+bexp(cx) = a+b(1+cx+c2x2/2)+O(bc3x3).

If therefore we let a0 = a+b, a1 = bc, a2 = bc2/2 then

η(x,θ) = a0 +a1x+a2x2 +O(bc3x3), (8)

so that if a → ∞, b →−∞, c → 0, in such a way that a0 and
a1 remain finite we have that η(x,θ)→ a0 +a1x. Thus the
model (7) incorporates the the linear model as a special case,
but only at a non-finite limit of the parameter space. If we
fit (7) to a sample that is nearly linear, then the parameter
estimates become numerically unstable.

This model was discussed by Simonoff and Tsai (1989),
but without a full recognition of the existence of the em-
bedded linear model.

The instability is even more dramatic if we observe that
(7) encompasses both convex and concave models depend-
ing only on the sign of b, or equivalently on the sign of a2
in (8). For a nearly linear convex model, a and b are of
large magnitude, but of opposite sign; whilst a nearly linear
concave model will see the signs reversed. This character-
istic gives rise to the following curious and unsatisfactory
behaviour in numerical search procedures for the best fit to
a data set. Suppose the best fit (using maximum likelihood,
say) is a convex model (i.e. b > 0) with positive overall
slope, i.e. bc > 0. In the half-space b < 0, all fits are concave
and the best fit will be the linear model corresponding to
b → ∞. Now all points on the plane b = 0 in the parameter
space will give a poor fit, as all correspond to the constant
regression model η = a. Thus any search that happens to
start with a point in the ’wrong’ half-space, where b < 0,
will almost invariably move away from b = 0 and have
b → ∞, ending with the linear model as the supposed best
fit.

The model (7) can be used to fit nearly linear models
that may be either convex or concave, provided we take it
in the reparameterised form:

η(x,θ) = α +βγ−1 {exp(γx)−1} (9)

with the (numerical) proviso that we replace γ−1{exp(γx)−
1} with x+ 1

2 γx2 when γ is small.
One way of viewing the problem is to observe that it

arises because setting c = 0 leaves only a + b estimable,
and not a and b separately. Thus, fixing just one parameter
value reduces the number of free parameters from three to
one.This usually referred to as the problem of indeterminacy.
In this case, it is removable by the reparameterization (9).

There is a second indeterminacy in (7) or (9). If we
set b (respectively β ) equal to zero, then c (respectively
γ) vanishes from the regression function, and so is inde-
terminate. Unlike the other indeterminacy, this one is not
removable.

Standard tests of significance of parameter values cannot
be applied when indeterminacy is present. We therefore need
to be able to distinguish and handle both types.
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Example 3 Unbounded Likelihood, Weibull Model

Though we discuss the Weibull model, the problem was
originally pointed out by Hill (1963) in the lognormal model,
where the same difficulty occurs.

The Weibull model (6) exhibits another problem uncon-
nected with that discussed as Example 1. To be meaningful
α, can only be selected subject to α ≤ y1 as no y can be
less than α . However we are at liberty to allow α → y1.
But the loglikelihood of the model (6) is

L(θ ,y) = n logβ −nβ logγ +(β −1)
n

∑
i=1

log(yi −α)

−
n

∑
i=1

{(yi −α)/γ}β .

and for any β < 1 the term (β − 1) log(y1 −α) → ∞ as
α → y1. Thus L(θ , y) has no finite maximum. This in itself
would not be a problem if we could obtain sensible estimates
for β and γ by first maximising L(θ , y) with respect to β
and γ for fixed α, and then letting α → y1. This does not
work. Let (β̂ (α), γ̂(α)) = argmaxβ ,γ L(α,β ,γ, y). To find
β̂ (α), γ̂(α) we first solve ∂L(θ , y)/∂γ = 0. This gives

γ =
{

∑n
i=1(yi −α)β /n

}1/β
= γ̂(α,β ), say. Substituting of

this into L(θ , y) we can write L(θ , y) = L{α,β , γ̂(α,β )}.
We then find that ∂L{α,β , γ̂(α,β )}/∂β = 0 has solution
β̂ (α)�−n/ log(y1 −α) as α → y1. Use of this expression

in γ̂(α,β ) gives γ̂(α) �
[{

exp(−n)+n−1
n

}1/n
]− log(y1−α)

as

α → y1. Thus β̂ (α)→ 0, γ̂(α)→ 0 as α → y1 and so neither
is consistent.

This is a celebrated problem with a large literature.
There are a number of possible solutions and these are
discussed by Cheng and Traylor (1995), see also Smith
(1989).

Example 4 Mixture Model with Unknown Number of

Components

The final example shows that the non-removable version
of the indeterminate parameter problem and the unbounded
likelihood problem, introduced in Examples 2 and 3, are
not isolated problems, but will be encountered in many
complicated models of practical interest. The problem was
originally noted by Hartigan (1985) in what is just about
the simplest case possible. A Bayesian approach to the
practical problem of estimating the number of components
has been proposed by Richardson and Green (1997), which
appears to be technically demanding. A simpler Bayesian
approach has been discussed by Cheng and Currie (2003).

Consider estimation of the parameters of a continuous
finite mixture model with density

h(y,α, μ, σ) =
k

∑
i=1

αi fi{(y−μi)/σi}/σi,

where components are location-scale type (for example the
normal) with component density functions fi for 1 ≤ i ≤ k,
and where k is not known.

The unbounded likelihood problem occurs here because
the likelihood becomes infinite along certain paths in the
parameter space when σi → 0. As in Example 3, this
leads to an inconsistent maximum likelihood (ML) estimator
of the true vector of parameters. Unlike that of three
parameter models, the finite-mixture case has not been so
fully discussed.

This unboundedness can cause a genuine practical diffi-
culty, as the likelihood function may genuinely have several,
sometimes many, optima corresponding to alternative fits
(see Titterington et al. 1985). Each such local optimum
represents a possible reasonable fit, capable of some practi-
cal explanation. The method of fitting needs to offer some
ranking of the alternatives in order to give an indication of
which are the best fits. However, for ML, the unbounded
likelihood is a potential serious impediment to this, as clearly
there is no way to distinguish between different optima if
they are all infinite.

The second problem occurs when the model being fitted
has k components and this is greater than k∗, the unknown
number of components of the true model. The true value of
αk is then zero making μk and σk indeterminate. The problem
is thus one of parameter indeterminacy as introduced in
Example 3.

The estimators of μk and σk do not have a meaningful
interpretation in this situation. Standard tests of the signif-
icance of parameter estimates do not hold, and can often
be quite misleading.

4 SUMMARY

The four examples presented above give an indication of the
extent and range of non standard metamodels. We have not
discussed how they might and do occur in simulation studies,
and have only hinted at how they can be tackled. In my
talk I will give examples of simulation studies where such
problems have occurred, and will present solution methods
including numerical examples.
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