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ABSTRACT 

Suppose that we have to make a decision in real time where 
we have to choose between a number of alternative ways of 
operating a system. A performance measure is available for 
comparing the alternatives. We also have a simulation 
model and can make runs of this to estimate the 
performance measure, but not all alternatives can be 
examined because there is a strict limit to the time available 
for simulations. A balance is needed between making a few 
long runs in which the performance measure is accurately 
estimated but only for a few alternatives, and making a large 
number of short runs but with the performance measure 
poorly estimated. We analyse how the run length should be 
selected to ensure that an alternative  with a good 
performance measure will be found with high probability. 
We give a real example arising in the provision of fire 
service emergency cover. 

1 INTRODUCTION 

We consider the use of discrete event simulation in 
situations where quick decision making is needed for a 
combinatorially hard problem. Such decisions may need to 
be taken frequently, so their number can, in time, be large. 
But each decision is a ‘one-off’ reaction to a random event, 
and so each can be studied independently. The simulation 
model has to be discrete-event based to properly capture 
the logical complexity of the behaviour of the system. 
Simulation run-time is therefore likely to be long and be a 
serious issue. 
 An example of such a situation occurs in air 
traffic management. The Eurocontrol Central Flow 
Management Unit (EUROCONTROL CFMU, 2002) 
manages slot allocation using near real-time simulation. A 
possible additional application here is the delay-sharing 
problem discussed by Boesel (2003). 
 Military engagements (Wrigley and Taylor, 2003) 
are another area of potential application. 

 In this article we consider fire service emergency 
cover. (See also Yang et al. 2004). 
 In all of these examples, successful system 
operation requires separate rapid decisions to be taken. 
 We point out the effectiveness of using simulation 
as the basis for a decision tool that can be used in problems 
of this kind. However the main purpose of this article is to 
discuss a specific problem that such simulation based real-
time decision-making gives rise to. 
 We consider the situation where we wish to 
compare the consequences of a potentially large number of 
different decision choices, but where the need to make a 
rapid decision means that n,  the number of runs that can be 
made of the simulation model, has to be kept small. 
 The statistical issues have not really been fully 
considered from this viewpoint of simulation real-time 
decision-making before. In the literature, the application of 
ranking and selection to guarantee the quality of good 
solutions in stochastic optimization as discussed by 
Pichitlamken and Nelson (2001), Boesel et al. (2003), and 
Kim and Nelsom (2006), is close to the kind of situation we 
have in mind. 
 However our problem is possibly more related to 
the optimal computer budget allocation problem (OCBA) 
discussed by Chen (2002) but with the need to decide on the 
fraction of possible alternatives that should be examined. 
 In the next section we describe an example in more 
detail, and in Section 3 we formulate a statistical model for 
studying the problem. Section 4 gives examples of typical 
calculations using the model. 

2 AN EXAMPLE 

2.1 Fire Service Emergency Cover 

We describe a genuine example of the problem involving 
the construction of a DES model of fire service emergency 
cover (FSEC) provided by regional fire brigades in the UK. 
The work involves the active participation and financial 
support of a UK Government department, formerly the 
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Office of the Deputy Prime Minister (ODPM), but recently 
reconstituted as the Department of Communities and Local 
Government (DCLG). 
 Regional Fire Brigades in the UK already possess 
a very sophisticated tool for gathering and analysing 
incident data in a very comprehensive way. This 
information is used for planning and to provide operational 
statistics to the UK Government. It is realised by brigade 
management that the data could be used to inform day to 
day management decisions. Indeed a probabilistic model 
has previously been developed and is in current use to 
assess the impact of possible changes in operational policy. 
This model runs very slowly (typically up to half an hour 
for one run representing a year) and is used only for 
planning purposes and not for real-time decision taking. 

2.2 The Model 

The author of this abstract was commissioned to 
investigate whether it would be possible to develop a 
simulation model that would run sufficiently fast to be 
used not simply for off-line planning purposes, but to 
evaluate risk in real time. Such a model might then be 
deployed as an operational tool to provide real-time advice 
to brigade officers in responding to actual incidents. 

2.3 The ‘Cover-Moves’ Problem 

An operational problem of particular interest is the Cover-
Moves Problem. This occurs when a fire brigade responds 
to a large incident (one that needs a large, say 8 or more, 
number of fire appliances to attend). The incident 
controller then usually repositions a small number of 
vehicles not involved in the large incident in what are 
called cover-moves, to try to minimize risk in the 
remainder of the region. Here risk can be clearly defined, 
either as the expected fatality rate in the region, or as an 
overall cost that takes into account both costed expected 
fatalities and brigade operating costs. 
 The choice of a worthwhile combination of cover-
moves is a good example of a problem in stochastic 
combinatorial optimization. It is not usually possible, 
certainly in real time, to identify the best solution. The real 
question is whether a worthwhile operational solution can 
be found. 
 The strict (policy driven) operating requirement 
for the cover-moves problem is that a solution has to be 
found within one minute of the notification of occurrence 
of a large incident. 

We consider the kind of cover-moves solution 
achievable. In one example of a typical large incident, 
consideration was given to selecting 3 vehicles for cover-
moves out of 16 available vehicles located in 11 stations. 
The 3 vehicles were to be sent to 3 out of the 6 stations that 
had supplied vehicles to attend the large incident. A simple 
combinatorial calculation shows that there are 25800 

distinct cover-move combinations possible. In fact for 
operational reasons only 230 combinations needed to be 
considered in this situation. Figure 1 shows the EDF of the 
fatality counts corresponding to all 230 cover-move 
combinations in this case. Each run simulated an entire 
year’s operation under the conditions of the large incident. 
The entire set of runs took nearly 10 minutes, so this EDF 
could not have been produced within the one minute 
stipulation. 

The EDF was calculated using fairly extended run 
lengths and so might be regarded as providing a fairly 
reliable estimate of the distribution of the expected fatality 
rate for the 230 different possible cover-move combinations. 
If this EDF were available (but not knowing fatality rates 
corresponding to individual cover-move combinations), it 
would possible to give a precise assessment of the 
probability that the best of a given number of cover-move 
combinations randomly selected for examination by 
simulation, lies in the top 5% (as measured by lowest risk), 
say, of all the possible combinations. 
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Figure 1: Distribution of Fatalities Count for 230 Cover-
Move Choices. 

 
 
However we are not able to construct this EDF under 

the real time requirement of doing this within a minute, even 
assuming that individual runs simulating one year each are 
long enough. In the next section we give a more precise 
formulation of the problem that takes into account the 
uncertainty (because of finite run length) of estimating the 
expected fatality count, and how this affects the choice of 
the best run length to use. 

3 STATISTICAL MODEL OF THE PROBLEM 

We can formulate the simulation run length problem as 
follows. Let K be the number of alternative decisions under 
consideration. Let the true performance measure of the 
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system operating under the ith alternative be Xi. We 
consider the situation where we select alternatives at 
random. The performance X of a randomly selected 
alternative is therefore a random variable taking values in 
the set {Xi}. Suppose that the total time available for 
carrying out simulation runs is T and that  n < K simulation 
runs are to be made each of length t = T/n. 

For the ith simulation run let the observed 
performance measure be 

 
 niXY iii ..., ,2,1  , =+++= ��� . (1) 

 
All the terms on the right: niX ii ..., ,2,1  ,  ,  , =��  are 
assumed to be mutually independent random variables. 

We assume that the performance measure, Xi, is a rate 
quantity (averaged over time) so that it is independent of 
the run length t. Moreover its variability stems purely from 
the random process of selecting alternatives to investigate, 
and not from simulation variability. 

The term �  is a common mean that it enables us to 
take 
 0)( =iXE . (2) 
 
We write the variance of Xi as 
 
 niXVar i ..., ,2,1     , )( 2 == � . (3) 
 
The quantity i�  is an ‘error’ term with mean zero and 
variance 
 niTntVar i ..., ,2,1     ,/ / )( 22 === ��� . (4) 
 
The term �  is also a random variable with mean zero and 
variance 
 TnttVar / / )]([ 22 ��� == . (5) 
 

The model thus assumes a total simulation error of 
i��+  in estimating X, with �  interpretable as the error 

arising from the use of common numbers. 
If the simulation error is zero, so that Xi is actually 

known, then our best choice would be the alternative i0 
corresponding to the smallest Xi. However we do not know 
the true Xi but instead have the observed performance 
measures, Yi. We therefore estimate the best alternative as 

0̂i , corresponding to the smallest, Y(1), in the expectation 
that when the errors i� are small compared to the iX , then 
this will be a good choice. In what follows, for simplicity 
we write X(1) (rather than 

0̂i
X ) for the performance 

measure corresponding to Y(1). 
 We write )(⋅XF , )(⋅YF  and )(⋅�F  for the 
cumulative distribution functions (cdf) of X , Y  and � ; 

and write )(⋅Xf , )(⋅Yf  and )(⋅�f  for their probability 
density functions (pdf). We find that 
 

Pr(X(1) < x) = )(
)1(

xFX  = 

 dyduyFufuyfn
xy

n
YX� �

∞

∞−

−

∞−

−−−− })](1)[()({(1 1
� , (6) 

It should be noted that n enters this formula not only as 
a multiplicative factor but also through the distributional 
dependence of �  on n, which has been suppressed for 
notational simplicity. 

Equation (6) allows us to find the probability, Pa, that 
the selected alternative, 0̂i  (corresponding to Y(1)), is 
actually one of the a alternatives with the smallest 
performance measure. We have 

 
 Pa = )( /)1( KaX xF  (7) 

 
where xa/K  is the quantile 

 
 )(    )/( )(

1
/ aXKa XKaFx == −  (8) 

 
of the distribution of the performance measure X, when this 
is treated as a random variable. 
 The best choice of n is simply that value which 
maximizes Pa, i.e. 

 
 )}.(max{arg /opt )1( KaX xFn =  (9) 

 
This can be found numerically once we know )(⋅XF  
and )(⋅�F . We consider this next. 

4 DETERMINATION OF THE DISTRIBUTIONS 
OF X, �  AND X(1) 

The choice of an appropriate form for the distribution of X is 
an interesting problem in its own right. Assuming that we 
are interested in performance measure minimization, then 
we would be particularly interested in the correct form for 
left tail behaviour. It is possible to give examples of 
problems where a normal distribution would seem 
appropriate, and we shall only consider this case here. 
 The assumption of a normal distribution for that of 
the error components �  and �  in equation (1) seems less 
contentious, and this will be assumed here. 

We shall assume that we can make a set of simulation 
runs off-line in order to estimate the parameters of the 
normal distributions of X and � . Let a set of n runs as given 
in (1) be called a trial and consider a set of m such trials 
with observations 

 
 mjnixy ijjiij ,...,2,1 ,..., ,2,1  , ==+++= ��� . (10) 
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Simple estimates of the parameters are: 

 ��
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where, with no loss of generality, we have taken T = 1. 
Typical estimates from a pilot study of the cover-

moves problem gave: 
 

 0322.0ˆ =� and 000563.0ˆ =� . 
 

The distribution of X(1) and the probability Pa can now 
be calculated. The value of Pa for selected n is given in 
Table 1, for the cover-moves example with a = 10 (and K 
= 230). In this case we see that we could actually have 
made runs sufficiently short to have examined all the 230 
alternatives. Note that even when we examine all 
alternatives, we cannot guarantee selection of one of the 
best a alternatives because we cannot completely eliminate 
all simulation experimental error. 

 
Table 1: Value of Pa, calculated from Equation (7), for 
selected n, when a = 10, K = 230. 

 
n 100 200 500 1000 2000 
Pa 0.969 0.991 0.991 0.978 0.932 

  

5 CONCLUSIONS 

We have given a preliminary analysis of how simulation 
runs should be set up when there is a limit to the time 
available for simulation runs. This problem can arise when 
simulation is used in real time decision making. We have 
shown how the model might be used in practice in Section 
4, and illustrated it with an application to a real problem 
arising in the provision of fire service emergency cover. 

An issue of especial interest which we have not 
discussed, is the form that the distribution of the 
performance measure might take when it is randomly 
sampled. We have only considered the normal model for 
this, but there are theoretical reasons why power law 
distributions may be more appropriate in certain situations. 
It is hoped to discuss this issue elsewhere. 
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