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Maintenance and Renewal (MR) is crucial to guarantee the

reliability, availability, and safety of a railway network.

 Railway assets/components:

o Tracks, switches and crossings.

o Signaling system: safety and telecommunication equipment.

o Catenary systems: energy supply installations.

o Vehicle

o Bridges and tunnels.

Introduction

Figure 2. Track geometry measurements
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 Tamping conducted to restore track geometry irregularities, could 

be corrective or preventive.

Grinding: the process to maintain a predetermined profile on the 

head of the rail in order to maximize rail life and minimize rolling 

resistance reducing wheel wear and improving fuel economy.

 Renewal: replacing the current track.

Track maintenance tasks
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Maintenance tasks and renewal mostly studied separately.

 Renewal has been studied mostly from economical perspective

 Uncertainties in the maintenance effect have not been studied

 Dependence and relation between different maintenance tasks 

requires joint optimization of maintenance and renewal

Motivation
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 Joint Optimization of track maintenance and renewal.

 Decisions Variables:

Mathematical Programming Model

𝑥𝑖𝑗
𝑡 1 if maintenance action/renewal j is performed in segment i at 

period t

𝑤𝑖
𝑡 Quality index time t

𝜎𝑖
𝑡 TQI value of segment i at time t 
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Objective Function:

Maxσ𝑖=1
𝐼 σ𝑡=1

𝑇 𝛼𝑡𝑤𝑖
𝑡𝜋𝑖

 Initialization and set up constraints:

𝑤𝑖
𝑡0 = 𝑊𝑖

0 ∀𝑖𝜖𝐼 , ∀𝑡𝜖𝑇 (2)

σ𝑗=1
𝐽

𝑥𝑖𝑗
𝑡 ≤ 𝐿 ∀𝑖𝜖𝐼 , ∀𝑡𝜖𝑇 (3)


𝑡=1

𝑇

𝑥𝑖𝑗
𝑡 ≥ |𝐼 𝑖 |𝑥𝑖𝑗

𝑡 ∀𝑖𝜖𝐼 , ∀𝑗𝜖𝐽 (4)

𝑦1𝑗
𝑡 ≥ 𝑥1𝑗

𝑡 ∀𝑗𝜖𝐽 , ∀𝑡𝜖𝑇 (5)

𝑦𝑖𝑗
𝑡 ≥ 𝑥𝑖𝑗

𝑡 − 𝑥𝑖−1𝑗
𝑡 ∀𝑗𝜖𝐽 , ∀𝑡𝜖𝑇, ∀𝑖𝜖𝐼 , 𝑖 > 1 (6)
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Budget, resource and time constraint

σ𝑖=1
𝐼 σ𝑗=1

𝐽
(𝑐𝑖𝑗

𝑡 𝑥𝑖𝑗
𝑡 + 𝐹𝑗𝑦𝑖𝑗

𝑡 + 𝑃𝑠𝑖𝑗
𝑡 ) ≤ 𝐵𝑡 ∀𝑡𝜖𝑇 (6)


𝑡=1

𝑇

𝑥𝑖𝑗
𝑡 ≤ 𝑁𝑖𝑗 ∀𝑖𝜖𝐼 , ∀𝑗𝜖𝐽 (8)


𝑖=1

𝐼

𝑏𝑘𝑗𝑥𝑖𝑗
𝑡 ≤ 𝐴𝐾

𝑡 ∀𝑗𝜖𝐽 , ∀𝑡𝜖𝑇, ∀𝑘𝜖𝐾 (9)


𝑖=1

𝐼

𝑅𝑗𝑥𝑖𝑗
𝑡 ≤ 𝑔𝑡 ∀𝑖𝜖𝐼 , ∀𝑡𝜖𝑇 (10)
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Threshold constraints:

Suppression constraint:

𝜔𝑖
𝑡 ≤ 𝑤𝑎2 ∀𝑖𝜖𝐼 , ∀𝑡𝜖𝑇 (12)

𝑤𝑖
𝑡 ≤ 𝑤𝑎𝑥𝑖1

𝑡 ∀𝑖𝜖𝐼 , ∀𝑡𝜖𝑇 (13)

𝑀 𝑥𝑖𝑗
𝑡 − 1 ≤ ℎ𝑗

𝑡 −𝑤𝑖
𝑡 ≤ 𝑀𝑥𝑖𝑗

𝑡 ∀𝑖𝜖𝐼 , ∀𝜖𝐽, 𝑗

≠ 2, ∀𝑡𝜖𝑇
(14)

𝜎𝑖
1=𝜎𝑖

𝑡0 ∀𝑖𝜖𝐼 (15)

𝜎𝑖
𝑡 = 𝜎𝑖

𝑡−1 + 𝜌𝑖
𝑡 − 𝜃𝑖

𝑡𝑥𝑖2
𝑡 ∀𝑖𝜖𝐼 , ∀𝑡𝜖𝑇 (16)

𝑀 𝑥𝑖2
𝑡 − 1 ≤ 𝜎𝑖

𝑡 − 𝜏𝑡 ≤ 𝑀𝑥𝑖2
𝑡 ∀𝑖𝜖𝐼 , ∀𝑡𝜖𝑇 (17)

σ
𝑡𝑒=1

𝑇𝐸𝑗
𝑥
𝑖𝑗

𝑡+𝑡𝑒𝑗
≤ 𝑡𝑒𝑗 1 − 𝑥𝑖𝑗

𝑡 + 𝑃𝑠𝑖𝑗
𝑡 ∀𝑖𝜖𝐼 , ∀𝑗𝜖𝐽, 𝑗 ≠ 2,

∀𝑡𝜖𝑇, 𝑡 + 𝑡𝑒 < 𝑇
(18)
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Quality index equation:

σ𝑗=1
𝐽

𝑥𝑖𝑗
𝑡 ≥ 2𝑞𝑖𝑗

𝑡 ∀𝑖𝜖𝐼 , ∀𝑡𝜖𝑇 (19)

𝜔𝑖
𝑡 = 𝑤𝑖

𝑡−1 − 𝜆𝑖
𝑡 +

𝑗=2

𝐽

𝛿𝑗𝑥𝑖𝑗
𝑡 + 𝛾𝑖𝑗𝑞𝑖𝑗

𝑡 ∀𝑖𝜖𝐼 , ∀𝑡𝜖𝑇 (20)

𝑤𝑖
𝑡 ≤ 𝜔𝑖

𝑡 ∀𝑖𝜖𝐼 , ∀𝑡𝜖𝑇 (21)
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Modeled the uncertainty in maintenance recovery rate 

through a data-driven robust optimization.

Maintenance recovery rate
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Robust Optimization

Deterministic Optimization Stochastic Optimization

Robust Optimization DR Optimization
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𝑈𝑏𝑜𝑥 = {𝑢|𝑢𝑖
𝐿 ≤ 𝑢𝑖 ≤ 𝑢𝑖

𝑈, ∀𝑖 }
• Pros:  Tractable

• Cons: Very Conservative

 𝑈𝐸𝑙𝑙𝑖𝑝𝑠𝑜𝑖𝑑𝑎𝑙 = 𝑼 𝑼𝑇 σ𝑼 ≤ 1 = 𝑼| σ
𝟏

𝟐 𝑼
𝟐
≤ 𝟏

• Pros: Control Conservatism

• Cons: Nonlinearity

Classic Uncertainty Sets
𝑢2

𝑢1

𝑢2

𝑢1
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 Budget/Gamma Uncertainty:

• Bertsimas and Sim (2003)

• 𝑈𝑏𝑢𝑑𝑔𝑒𝑡𝑒𝑑 = {𝑢𝑖|𝑢𝑖 = ത𝑢 + ∆𝑢𝑖 . 𝑧𝑖 , −1 ≤ 𝑍𝑖 ≤ 1,



𝑖

𝑧𝑖 ≤Г𝑖 , ∀𝑖}

• Pros: Control Conservatism

• Cons: Suitable for independent and symmetric uncertainty

 Polyhedral Uncertainty (see this paper later)

• Bertsimas and Ruiter (2016)

• 𝑈𝑝𝑜𝑙𝑦ℎ𝑒𝑑𝑟𝑎𝑙 = 𝒖 𝒘𝑗
𝑻𝒖 ≤ 𝑣𝑗 , ∀𝑖= 1,… , 𝑠}

• Pros: Flexible structure

• Cons: Difficulty in optimal Polyhedral

Classic Uncertainty sets

𝑢2

𝑢1

𝒘𝑗
𝑻𝒖 = 𝑣𝑗



‘-

15INFORMS, Railroad Maintenance 

 Uncertainty set using machine learning or statistical inference 

methods.

 Kernel Density Estimation

• Shang et al, (2017)

Data-driven robust optimization
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 Principal Component Analysis and Kernel Density Estimation:

• Ning and You, (2018)

• Pros: Very flexible 

• Cons: Intractable

Data-driven robust optimization
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 Outer Approximation using a convex hull 

 Outer Approximation OA-2; a tighter approximation

 Outer Approximation 3: Classic uncertainty set + cuts

Proposed Uncertainty set construction methods



‘-

18INFORMS, Railroad Maintenance 

 Used Qhull algorithm to find the 

convex hull

OA-1
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Uncertainty set for OA-1

(𝑥1, 𝑦1)
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𝜔𝑖
𝑡 = 𝑤𝑖

𝑡−1 − 𝜆𝑖
𝑡 +

𝑗=2

𝐽

𝛿𝑗𝑥𝑖𝑗
𝑡 + 𝛾𝑖𝑗𝑞𝑖𝑗

𝑡 ∀𝑖𝜖𝐼 , ∀𝑡𝜖𝑇

Robust Counterpart Model

𝑤𝑖
𝑡−1 − 𝜆𝑖

𝑡 +
𝑗=2

𝐽
ҧ𝛿𝑗𝑥𝑖𝑗

𝑡 + 𝛾𝑖𝑗𝑞𝑖𝑗
𝑡

+

𝑙=1

𝐿

𝜗𝑙𝜇𝑙 ≤ 𝜔𝑖
𝑡

∀𝑖𝜖𝐼 , ∀𝑡𝜖𝑇

− 
𝑙

𝐿

𝜑𝑙 𝜇𝑙 = መ𝛿𝑗𝑥𝑖𝑗
𝑡 ∀𝑖𝜖𝐼 , ∀𝑡𝜖𝑇, 𝑗 = 2,3

𝜇𝑙 ≥ 0
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OA-2

1

2

3
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 Fit a classic uncertainty set

 Choose α% of the as outliers

 Cluster outliers again

 Fit linear regressions to generate some cuts

OA-3
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Robust Counterpart Model for OA-3
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Robust Counterpart Model for OA-3



‘-

25INFORMS, Railroad Maintenance 

Data description

Track Inspection 
Data

2011-2016

Gross Tonnage

Number of Rail Defects

Number of Geo Defects

Segment Laid Date

Last Grinding Date

Service Failure

Geometry Measurements 

Number of Turnouts

Curve Degree
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 Data preparation

Distribution of service failure
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 High rate of service failure

 4100 miles

 About 500 segments

 3 maintenance tasks

 48 periods of time 4 years

Case study network
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Quality Index; 

• Fitted a Cox hazard model 

• Predicted the hazard rate for each segment

• Inverse of the Hazard rate is used as a quality index

Model Parameter estimation
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Uncertainty sets
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Uncertainty set OA-3
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 Gurobi is used to solve the model.

Computation results

Deterministic

Model
OA-1 OA-2 OA-2

CPU Time 5802 7464 11400 8750

Objective Function 26430 25961 25961 26010

Gap% 2% 2% 2% 2%

Level of Conservatism -
Worst 

Case

Worst 

Case
0.03
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OA-3 Conservatism level

CL=0.03

CL=0.06 CL=0.1
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Tamping and grinding frequency
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TQI results for selected segments
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 Data-driven uncertainty modeling results in more reliable and

robust track condition with the same amount of budget

 Level of uncertainty could be adjusted based on the importance of

the segment

 Joint optimization of maintenance task results in quality index

improvement

 Considering features such as suppression time and maintenance

task correlation results in more realistic model

Conclusion
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Questions?


