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Abstract— A Bayesian hierarchical model is proposed for
integrating multi-resolution metrology data. It includes a Gaus-
sian process model for low-resolution data, an optimization
procedure to align multi-resolution datasets and a neighborhood
linkage model connecting data of different resolutions. Improve-
ments over alternative methods are demonstrated using multi-
resolution measurements of a milled part.

1. INTRODUCTION

To ensure dimensional quality of manufactured products,
a crucial step is to take metrology data (i.e. coordinate
measurements) of the geometric features and then to check
their compliance with tolerance specifications. Traditionally,
a Coordinate Measuring Machine (CMM) with a touch probe
(Fig. 1(a)) is used due to its accuracy and versatility in
measuring complicated geometries. Lately, a CMM with
optical/laser sensor probe (Fig. 1(b)) (hereinafter OCMM)
has been introduced to industry practice as a complement,
sometimes a replacement, of the CMM. An OCMM takes
measurements by forming an image consisting of reflected
laser light from the part surface while a CMM uses a touch
probe to retrieve measurements.

The resolution of an OCMM is typically much lower than
that of a CMM. By resolution, we refer to the smallest
spatial distance that a measuring device can distinguish. A
high-resolution device can distinguish two closely positioned
points and pick up fine spatial features on a product surface. It
therefore attains a higher accuracy (i.e., a smaller bias) and a
better precision (i.e., a smaller variability) in its measurements
than its low-resolution counterpart. According to Shen et al.
(2000), a CMM could have a resolution as fine as 0.5 microns,
while an OCMM typically has a resolution on the order of 10
microns. Even though the high-resolution CMM is capable of
measuring surfaces at much finer scales, doing so is very time-
consuming. Common practice is to take measurements of a
few locations scattered over the product surface. The OCMM
has the advantage of being able to scan the entire surface
of a product into a dense dataset and can do so much faster
than a mechanical CMM, but each measurement is of a lower
resolution (i.e., associated with high degree of inaccuracy and
uncertainty). As such, when both metrology devices are used,
one would have a large set of low-resolution data and a much
smaller set of high-resolution data. The scattered points (dark)
and the densely arranged points (grey) in Fig. 1 illustrate the
multi-resolution metrology data.

The datasets of different resolutions complement each other
in the information needed to reconstruct the surface, which
is usually done by predicting the coordinates of unmeasured
locations on the same part. An integrated analysis should
be able to produce better results, combining strengths across
multiple sources. Our research is to devise a method taking
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Fig. 1. Multi-resolution data from CMM and OCMM

full advantage of both datasets and making good predictions
of the product surface.

There is a unique problem, however, in data integration for
metrology applications: misalignment between data points of
different resolutions. When using two metrology devices to
measure the same part, it is often not clear how the data
points in the two datasets correspond to each other. Even if
the part is measured on a single measuring platform carrying
both a touch and a laser probe, independent calibration is
usually needed for each probe, resulting in a misalignment.
This paper introduces a two-step procedure to handle the
misaligned datasets. Firstly, an optimization procedure is
used to roughly align multi-resolution datasets. Secondly,
a neighborhood linkage model is proposed to handle the
remaining small misalignment.

The paper is structured as follows. Section 2 reviews the ex-
isting work relevant to our research effort. Section 3 presents
three important components in the proposed Bayesian hier-
archical model: a low-resolution data model, an optimization
procedure to roughly align the multi-resolution datasets, and
a neighborhood linkage model. Section 4 discusses choices of
prior distributions for model parameters and derives Bayesian
inference. Section 5 demonstrates the improvement of the
proposed method over a number of alternative methods.
Section 6 summarizes the paper.

2. RELATED WORK

Using multiple-resolution metrology devices is a relatively
new idea. Thus, research reported on the data integration
problem is limited. There have been reports of CMMs carry-
ing multiple types of sensors (Chen and Lin 1997; Shen et
al. 2000), which include a touch probe and a vision system.
The vision system was first used to locate the object and
to generate a rough product contour; then a sampling plan
was established based on the product contour so that a touch
probe could measure the product with little human interaction.



In this approach, the data from different sources were used
sequentially. The high-resolution measurements (from the
touch probe) simply overwrote the low-resolution ones. So
this line of research is aimed at improving the efficiency
of a measurement procedure, while ours is about integrating
information from different sources for better predictions.

Sophisticated methodologies have been developed for the
problem of synthesizing spatial data collected at different
scales and resolutions (Ferreira et al. 2005), or for the
problem of calibrating computer simulation models of dif-
ferent accuracies (Kennedy and O’Hagan 2000, 2001; Qian
and Wu 2006, Reese et al. 2004). These methods have a
single-resolution model (typically, for the low-resolution/low-
accuracy data) and a linkage model to connect the data at
different resolutions. The linkage model assumes that each
high-resolution response can be predicted by the correspond-
ing low-resolution one after a scale change and a location
shift.

However, the misalignment problem has not been discussed
in the aforementioned statistical literature. For computer sim-
ulations, the inputs to different simulations are deterministic.
For spatial statistics models, the inputs are geographical
locations which can be easily aligned. Thus, the misalign-
ment problem has not been a serious issue in the previous
investigation.

This paper presents a methodology for integrating multi-
resolution metrology data. It includes three key components:
a low-resolution data model, an optimization procedure to
align data at different resolutions and a neighborhood linkage
model. The low-resolution data model is a Gaussian process
(GP) model, similar to the low-accuracy data model in
Qian and Wu (2006), except that it has an additional term
to represent random measurement errors. The second and
third components address the misalignment problem in this
metrology application.

3. HIERARCHICAL MODEL FOR INTEGRATING
MULTI-RESOLUTION METROLOGY DATA

Fig. 2 shows the overall structure of the proposed Bayesian
hierarchical model. This section provides details for the three
components of the hierarchical model.
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Fig. 2. Overall framework of the proposed Bayesian hierarchical model

3.1 Low-resolution data model

Xia et al. (2007) presents a GP model for a manufactured
part. This GP model is adopted for the low-resolution data in
this research.

Consider the two-dimensional circular-shaped part in Fig.
3, as an example, to explain how the coordinate measurements
of a manufactured product are taken. The spatial coordi-
nate used by a metrology device is denoted by (u, v, w).
Nowadays, a metrology device is controlled by a computer.
The device takes an input location through the computer
interface from an operator, denoted by xi = (ui, vi, wi)T ;
then it directs the touch or laser probe to travel in a certain
direction, denoted by pi, to the object under measurement;
finally it retrieves the coordinate information, denoted by ai.
The directional vector pi, associated with each measurement
taken, can be calculated by the computer automatically.
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 Fig. 3. Demonstration for Gaussian process modeling

There are additional complexities involved due to manu-
facturing and fixturing errors. Fig. 3 shows three contours of
the round part, of which the solid line represents the actual
surface, and the other two contours are explained below.
Before a metrology device performs the actual measuring
task, it first undergoes a soft-fixturing process (Hulting 1995).
The soft-fixturing process is to take a few measurements from
the actual surface and decide where the part is located. Since
the actual dimension and shape of the part are unknown at
the moment, the machine must decide the center of the part
assuming a perfectly round shape and also using the design
value of the radius, r0. This soft-fixturing process produces an
imaginary part having the designed geometry and value and
serving as the reference for the subsequent measuring process.
It is denoted by the dotted line and often called the nominal
geometry. When the metrology device takes an input position
xi, it considers this point to be on the nominal geometry.
When the measuring action took place, the response that a
machine returns, ai, is on the actual surface, from which
a laser beam is reflected or by which a probe is stopped.
The response ai is typically a vector, for example, for a
three dimensional feature, ai = (aui, avi, awi)T . Using it as
the response leads to a multivariate GP model. In order to
simplify the response, Xia et al. (2007) chooses to project
the value of ai onto the measuring direction pi. Then, the
resulting response y(xi) ≡ aT

i pi becomes univariate.
Xia et al. (2007) uses a GP model for single-resolution data
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as follows
yl(xi) = ηl(xi) + εl(xi), i = 1, . . . ,ml. (1)

Here we associate an “l” with each term because the model
is used for the low-resolution data, although the same model
can be used for the high-resolution data as well. In equation
(1), yl(xi) is the i-th low resolution observation, ml is the
number of the low-resolution observations, εl(·) is the random
error, dominated by measurement noises and modeled as i.i.d.
N(0, σ2

l ), and ηl(·) is the low-resolution version of the actual
surface. Please note that ηl(·) is not exactly the true surface
because being in low resolution, the measurements provide
a “blurred” view, rather than a sharp reflection, of the actual
surface. When using a high-resolution device, its counterpart
ηh(·) would be different since it can capture finer features
that may be missed in ηl(·).

The low-resolution surface ηl(·) is modeled as a Gaussian
process with the mean component, f(xi,βl)T pi, and the co-
variance function cov(ηl(xi), ηl(xj)) = κ2

l R(xi,xj), where
κ2

l and R(xi,xj) are the variance and the correlation func-
tion, respectively. Here f(·,βl) is another imaginary geome-
try, illustrated by the dashed line in Fig. 3. For convenience,
we will refer to it as the dashed-line geometry later. This
geometry is different from the nominal geometry (the dotted
line) by possible dimensional errors (due to the manufacturing
errors) and location differences (due to the soft-fixturing
errors). For this reason, the dashed-line geometry incorporates
the dimensional errors of the manufactured part. For the round
part, r is the actual radius of the part and it could be different
from the designed radius r0. The differences between the
solid-line surface and the dashed-line geometry are the form
errors of manufacturing. Fig. 3 exaggerates this difference
for the purpose of illustration. Typically, the actual solid-line
surface follows very closely the dashed-line geometry and the
deviations are no more than a few hundreds of microns.

The closeness between the dashed-line geometry and the
actual surface motivates using f(·, βl) as the mean component
for the GP model. The function format of f(·, βl) is known
from the design process of the part. So the dashed-line geom-
etry is simply parameterized by βl, including the dimension
and location parameters. For the round part example in Fig.
3, βl = (r, u1, v1), where (u1, v1) are the coordinates of
the part’s center. Accordingly, f(xi,βl) is the point on the
dashed-line geometry corresponding to xi on the nominal
geometry. A three-step procedure to compute the f(xi, βl)
for a general geometry is available in Xia et al. (2007).

The correlation function R(xi,xj) is modeled as the prod-
uct of Gaussian correlation functions

R(xi,xj) =
d∏

k=1

exp{−νk(xki − xkj)2} (2)

where d is the dimension of the input variables, i.e., xi =
(x1i, . . . , xdi), and ν = (ν1, . . . , νd) are the scale parameters
controlling how fast the correlation decays as the between-
input distance increases in each dimension. For the metrology
applications, d = 1, 2, or 3. For this GP model, we summarize
the model parameters in θl = (βl, κ

2
l , σ

2
l , ν).

Denote by Xl = (x1, . . . ,xml
)T the location matrix

where low-resolution observations are made, by ηl =

(ηl(x1), . . . , ηl(xml
))T the low-resolution surface, and by

yl = (yl(x1), . . . , yl(xml
))T the low-resolution data. Con-

ditioned on θl, the joint distribution of ηl and yl follows

p(ηl,yl|θl) = N

([
g(Xl,βl)
g(Xl,βl)

]
,

[
κ2

l Rl κ2
l Rl

κ2
l R

T
l Σl

])
,

(3)
where g(Xl,βl) is an ml × 1 column vector such that
its i-th element is g(xi, βl) = f(xi, βl)T pi; Rl is an
ml×ml correlation matrix whose (i, j)-th element is defined
according to (2); and Σl = κ2

l Rl + σ2
l I.

Using the above joint distribution, we can attain a distri-
bution of ηl conditioned on the observations of yl as

p(ηl|yl,θl) = N(g(Xl,βl)− κ2
l RlΣl(yl − g(Xl, βl)),

κ2
l Rl − κ4

l RlΣlRT
l ). (4)

This equation indicates that ηl can also be considered as a
filtered version of the low-resolution data, which are free
of the random measurement errors. Later, the filtered low-
resolution ηl(xi), instead of the unfiltered yl(xi), will be used
when establishing a link with the high-resolution data.

3.2 Alignment procedure for multi-resolution data
Given a set of low-resolution data (before projection onto

p), Dl = {al
i : i = 1, . . . , ml}, and a set of high-resolution

data, Dh = {ah
j : j = 1, . . . ,mh}, where mh << ml, the

question is to find the alignment between the data points of
the two datasets.

Since the multi-resolution data are the measurements of
the same object, the same surface patterns manifested in
both datasets can help find the alignment between the data
points. We formulate the alignment problem in the following
optimization. The formulation below seeks to minimize the
sum of the squared distances between the corresponding
points in the two datasets after the best possible rigid body
transformation:
min

match
min

tu,tv,tw
ρu,ρv,ρw

∑

j=1:mh

i=match(j)

‖ H(ρu, ρv, ρw)al
i + t− ah

j ‖2 (5)

s.t. H(ρu, ρv, ρw) =


cρucρv cρusρvsρw − sρucρw cρusρvcρw + sρusρw

sρucρv sρusρvsρw + cρucρw sρusρvcρw − cρusρw

−sρv cρvsρw cρvcρw


 ,

ρu, ρv, ρw ∈ [0, 2π),

t = (tu, tv, tw)T ,

tu, tv, tw ∈ R,

match is any permutation of mhelements of {1, . . . , ml},
where cρ = cos(ρ), sρ = sin(ρ), ‖ · ‖ denotes the Euclidean
norm, ρu, ρv, ρw are the rotation around, and tu, tv, tw are
the translation along, the u-, v- and w-axis, respectively.

The above optimization problem is tough to solve because
there are too many possible matches between the two datasets
and exhausting them is almost impossible. Instead, we first
find a set of good candidates for the best match; then pick
the one that gives the smallest objective value of (5). The
heuristic algorithm is outline as below.
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(i). Create a good match: Let the first data point in Dh be
mapped to the first data point in Dl. The second mapping
is decided as follows: calculate the inter-point distance L =
(lu, lv, lw) between the second point and the first point in
Dh, and then select the point in Dl whose distance from the
first point in Dl is L′ = (l′u, l′v, l′w) and ‖ L − L′ ‖2 is the
smallest, as the one corresponding to the second point in Dh.
Repeat for the third point and so on. The resulting mapping
relationship gives us a match, meaning for the j-th point in
Dh, match(j) returns its corresponding point in Dl.

(ii). Create the set of good matches: Let the first data point
in Dh be mapped to the second data point in Dl. Then repeat
the rest of procedure in Step (i) so that we can get the second
match. Keep shifting the mapping between the first data point
in Dh and the point in Dl by one data point at a time, and for
each of them, we can get a match between the two datasets.
Eventually, we have a total of ml matches.

(iii). Select the best match: For each of the ml matches,
solve the inner minimization problem in (5), i.e., find the
rigid body transformation that minimizes the sum of squared
distances between the high-resolution data and the low-
resolution data in that particular match. Select the match that
yields the smallest objective value among all the ml matches.
The mapping relation in this match and its accompanying
rigid body transformation provide the alignment. Apply the
rigid body transformation to the low-resolution data and then
use the mapping relation in this match to determine the data
correspondence in Dh and Dl.

Even though this algorithm cannot guarantee optimality,
extensive simulations have shown that the alignment is typi-
cally within 4 low-resolution data points of the true one.

3.3 Neighborhood linkage model
A neighborhood linkage model is proposed to handle any

small misalignment that might still exist after the alignment
procedure. The model connects each high-resolution data
point to all the low-resolution ηl(·) in its neighborhood.

yh(xj) = α1

∑

i=1,...,ml

K(xj ,xi) ηl(xi) + α0 + e(xj), (6)

where yh(xj) is the univariate high-resolution response
defined in the same way as the low-resolution one, i.e.,
yh(xj) = (ah

j )T pj ; α = (α1, α0) are the scale and location
coefficients, respectively; K(·, ·) is a kernel function; e(·) is
the residual, assumed to be i.i.d. N(0, σ2

e).
In equation (6), we choose a tri-cube kernel function

but generalize it by having different kernel widths λ =
(λ1, . . . , λd) for different directions. The resulting kernel
function is as follows

K(xi,xj) = D

(
d∑

k=1

(
xki − xkj

λk

)2
)

(7)

with D(t) = (1− t3/2)3 if t < 1; or 0 if t ≥ 1. (8)
The size of the neighborhood is controlled by λ, which will
be decided by the data.

With the linkage model, we can predict the high-resolution
response yh(x0) at an unmeasured location x0. Given the

filtered low-resolution responses ηl and the model parameters
θh = (α, σ2

e , λ), yh(x0) has the following distribution
(yh(x0)|ηl, α, σ2

e ,λ) ∼ N(Fλ(x0)α, σ2
e), (9)

where Fλ(x0) = (
∑

i=1,...,ml
K(x0,xi) ηl(xi), 1).

Denote by Xh = (x1, . . . ,xmh
)T the locations of high-

resolution responses. Equation (9) can be extended to yh =
(yh(x1), . . . , yh(xmh

))T as follows
(yh|ηl, α, σ2

e ,λ) ∼ N(Fλα, σ2
eI), (10)

where Fλ abbreviates Fλ(Xh), an mh×2 matrix whose j-th
row is defined as (

∑
i=1,...,ml

K(xj ,xi) ηl(xi), 1), xi is the
i-th row of Xl and xj is the j-th row of Xh.

4. BAYESIAN PRIORS AND PREDICTION

4.1 Bayesian priors
The parameters in the hierarchical model consist of two

parts: (θl,θh), where θl = (βl, σ
2
l , κ2

l , ν) and θh =
(α, σ2

e ,λ) are the parameters involved in the low-resolution
data model and the neighborhood linkage model, respectively.

Regarding the GP model for the low-resolution data, we
follow the common practice (for example, in Qian and Wu
2006) and use a normal distribution for the mean parameter
βl, inverse-gamma distributions for the variance parameters
(σ2

l , κ2
l ), and gamma distributions for the hyper-parameter ν.

The linkage model is essentially a linear regression model
given the kernel width λ. We choose the noninformative
priors for α and σ2

e to reflect our limited knowledge about
how the multi-resolution metrology data are related. An
accompanying benefit of using the noninformative priors is
that the resulting posterior distributions of α and σ2

e are
in close forms, which helps speed up the computation of
subsequent Bayesian inference. The prior distribution for the
kernel width λ is also chosen to be noninformative so that
the data will decide the kernel width. In addition, we can
reasonably assume that the low-resolution data are equally
spaced in the sampling space. Denote by c the inter-point
distance, and let λ be a discrete distribution taking only values
j × c for j = 1, . . . , λ0. The parameter λ0 is a positive,
typically large, integer. Assuming a discrete distribution for
λ helps simplify the computation of subsequent Bayesian
inference as well.

Furthermore, the joint prior distribution is assumed to be
the product of the prior distributions of individual parameters,
as follows:

p(θ) = p(βl)p(σl)p(κl)p(α)p(σe)p(ν)p(λ) (11)
where
βl ∼ N(µl,Ql); νi ∼ Gamma(a3, b3) for i = 1, . . . , d;

σ2
l ∼ Inv-Gamma(a1, b1); κ2

l ∼ Inv-Gamma(a2, b2);

p(α) ∝ 1; p(σ2
e) ∝ σ−2

e ;
p(λi = j × c) = 1/λ0 for j = 1, . . . , λ0 and i = 1, . . . , d.

The covariance matrix Ql is a diagonal matrix, whose i-th
entity q2

i denotes the variance for the i-th element of βl.
The following discusses how to choose the parameters

of the prior distributions. The βl includes the parameters
accounting for a part’s actual location and dimension. In
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Fig. 3, the dashed-line geometry f(·,βl) deviates slightly in
location from the nominal geometry. The deviation is small
due to the use of the soft-fixturing process. There is also some
difference in dimensions between these two geometries, but it
is small because a manufacturing process normally produces
the required dimension with reasonable accuracy. Treating the
location of the the nominal geometry to be at the origin of
the coordinate system, we can assign the mean component
of the prior distribution of βl as µl = (0, φ∗) where φ∗ is
the nominal dimensions of the part. The variance q2

i can be
determined from a crude least-squares estimation of the part’s
location as well as from the typical manufacturing process
capability (Groover 2004), which summarizes the possible
variability in the manufactured part’s dimensions.

A rough estimate of σ2
l and κ2

l can be obtained by calculat-
ing the variance of the deviations between the low-resolution
responses yl and the nominal geometry. This estimate can
help set the parameters in the inverse-gamma distributions for
σ2

l and κ2
l . The chosen prior for each νi is Gamma(.1, .1),

actually a noninformative prior.

4.2 Bayesian prediction
The multi-resolution data integration is to predict the

response yh(x0) at the input location x0, given the data yh

and yl. Given the prior distribution as in (11), the predictive
distribution is as follows (proof is omitted for limited space)

p(yh(x0)|yl,yh) =
∫

θl

p(yh(x0)|ηl,yh)·

p(ηl|θl,yl)p(θl|yl)dθl, (12)
where p(ηl|θl,yl) is given in equation (4), p(θl|yl) ∝ p(θl)·
p(yl|θl), and
p(yh(x0)|ηl,yh) =∑

λ1=c,2c,...,λ0c

...
λd=c,2c,...,λ0c

p(yh(x0)|yh, ηl,λ)p(λ|yh,ηl), (13)

in which
(yh(x0)|yh,ηl,λ) ∼ tmh−2(Fλ(x0)α̂,

s2(1 + Fλ(x0)(FT
λFλ)−1Fλ(x0)T )),

p(λ|yh, ηl) ∝ |FT
λFλ|− 1

2

[
(yh − Fλα̂)T (yh − Fλα̂)

2

]−mh
2 +1

,

Fλ and Fλ(x0) are defined in (10) and (9),

α̂ = (FT
λFλ)−1FT

λyh, and

s2 =
1

mh − 2
(yh − Fλα̂)T (yh − Fλα̂).

The integration of θl in (12) needs to be carried out nu-
merically. A Markov chain Monte Carlo (MCMC) algorithm
to approximate p(yh(x0)|yl,yh) is given as follows:
(i). Generate (θ(1)

l ,θ
(2)
l , . . . , θ

(n)
l ) from the posterior distribu-

tion p(θl|yl) using slice sampling scheme, which was proved
to be effective for GP models (Banerjee et al. 2004).
(ii). Approximate p(yh(x0)|yl,yh) by

p(ŷh(x0)|yl,yh) =
1
n

n∑

i=1

p(yh(x0)|ηl,yh)p(ηl|θ(i)
l ,yl),

where p(yh(x0)|ηl,yh) and p(ηl|θ(i)
l ,yl) are given in (13)

and (4), respectively.

5. MEASURING A MILLED SINE-WAVE PART

This section presents an example on integrating the two-
resolution measurements of a sine-wave part (as illustrated in
Fig. 1) taken by a CMM and an OCMM, respectively.

The size of the part is 101 mm × 101 mm × 51 mm,
and its top surface is machined to be in a sine-wave
shape by milling processes. The nominal geometry is w =
φ1 sin(2π(φ2 + u)/φ3), where φ = (φ1, φ2, φ3) are the
dimension parameters– the amplitude, phase and wavelength,
respectively.

Two metrology devices are used to measure this sine-wave
surface: a Sheffield Discovery II D-8 CMM with a TB 20
touch probe and a LDI Surveyor DS-2020 OCMM with a RPS
150 laser probe. The CMM and the OCMM have resolutions
of roughly 5 microns and 50 microns, respectively. Moreover,
the CMM and the OCMM have their own measuring plat-
forms so that the part is repositioned before being measured
on the second machine.

Using the OCMM results in a low-resolution dataset of
ml = 1, 560 (= 40×39) points, which are equally spaced over
the surface with approximately a 1.27 mm inter-point distance
in both u and v axes. We also use the CMM to measure
the same surface, providing a high-resolution dataset of also
1,560 points. The 1,560 high-resolution data are reserved as
the representation of the “true” surface and will be used as a
benchmark for assessing prediction quality.

Consider two cases where the high-resolution observations
are of size mh = 20 and 40, respectively. These observations
are chosen via Latin hypercube sampling from the 1,560
high-resolution data. For each case, the proposed Bayesian
hierarchical model is used to predict the part surface at
locations where only low-resolution observations are avail-
able. The resulting predictions are compared with three other
approaches: the observed low-resolution data, the predictions
using the mh high-resolution data alone (also based on a GP
model), and the predictions from the same Bayesian model
but without aligning the data first.
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Fig. 4. Integrated prediction reduces bias and uncertainty

Fig. 4 shows the prediction results for one location on the
part to illustrate the benefit of integrating multi-resolution
data. In Fig. 4, the “true” value (a black solid line) is actually
a reserved high-resolution measurement. The grey solid curve
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denotes the integrated predictive distribution using the multi-
resolution data and the grey line in the middle is the pre-
dicted median. The dashed-dotted line denotes the observed
low-resolution data. For this particular point, the integrated
predicted median coincides with the “true” value and is
much improved from the low-resolution data. The dashed line
and the dashed curve denote the predicted median and the
predictive distribution using the mh high-resolution data. It
is clear that the predictive distribution using multi-resolution
data results in a much narrower distribution (i.e., a smaller
uncertainty) than the distribution using the high-resolution
data alone. The integrated prediction clearly produces the
best prediction, less biased and with reduced uncertainty. Fig.
4 does not include the multi-resolution prediction without
alignment because the predictive value is far out of the range
of the figure.

TABLE I. Comparison of the predictions for the sine-wave surface

Mean Squared Error (MSE) (mm2)
prediction using data of

data amount low-resol. high-resol. multi-resol. multi-resol.
(mh/ml) w. alignment w.o. alignment
20/1560 1.0826E-3 5.1845E-3 6.2819E-4 1.2971
40/1560 1.0404E-3 8.7797E-4 5.7024E-4 2.1397

Table I summarizes the MSEs of the predictions when us-
ing all the aforementioned methods. For both high-resolution
data sizes (mh = 20 or 40), the proposed method shows sig-
nificant improvements from using the low-resolution observa-
tions. When mh = 20 and ml = 1560, the proposed method
improves the prediction of low-resolution data by 41.97%.
When mh = 40 and ml = 1560, the proposed method
improves the prediction of low-resolution data by 45.19%.
We notice that when the size of the high-resolution data
increases from 20 to 40, the prediction using the proposed
method improved but not much. The reason might be that the
extra 20 high-resolution data are still too scarce to make an
significant improvement. We also observe that the predictions
using the high-resolution data alone perform worse than the
low-resolution data, probably because the high-resolution data
are too scarce. The last column has the predictions from
the Bayesian hierarchical model without using the alignment
procedure. The MSE values are three magnitudes larger than
those when conducting the alignment and it emphasizes the
need for alignment in multi-resolution data integration.

Recall that we assign a discrete uniform distribution for
the prior distribution of the kernel width λ. So the posterior
inference on λ largely reflects the information from the
data. Fig. 5 shows the marginal posterior distributions of the
kernel widths in u- and v-axis, respectively. The kernel width
along the u-axis is 1.27 mm, meaning only the nearest low-
resolution data point in u-direction has a strong connection
with each high-resolution data point. But for the v-axis, the
kernel width equals to 5.08 mm (= 4×1.27) with the highest
probability, and it has a much bigger variability than that in
u-axis. This makes good sense for the sine-wave surface in
Fig. 1, which is easier to be aligned along the u-direction
than along the v-direction because of a much larger surface
variability in u-axis than in v-axis.
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Fig. 5. Posterior marginal distributions of kernel widths in u- and v-axis

6. SUMMARY

This paper proposes a Bayesian hierarchical model for
integrating multi-resolution metrology data. First, a Gaussian
process model is used as the low-resolution data model; then,
an efficient optimization procedure is developed to align the
data of different resolutions; finally, a neighborhood linkage
model is built to improve the abundant yet less accurate low-
resolution information with the high-resolution data. In terms
of predicting a product surface with high accuracy and low
uncertainty, our comparisons demonstrate that the proposed
method makes significant improvements over methods that
use only a single-resolution dataset and over integrated meth-
ods that do not align the multi-resolution data.
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