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Abstract— We present an approach to evaluate reliability of
supply chain networks (SCNs) using reliability bounds. Lower
reliability bound (LRB) can be computed using the subset
of lower boundary points (LBPs) with the inclusion-exclusion
principle. An algorithm to search for the subset of LBPs is
proposed. An SCN example is given to illustrate the reliability
evaluation of the SCN with the proposed approach.

I. I NTRODUCTION

Improving the performance of supply chain networks
(SCNs) is important to meet the needs of the customers in
today’s competitive market place. Starting from raw materials,
products have to be processed through various facilities before
they are shipped to customers. These facilities are considered
to be members in SCNs. Erenguc et al.[1] analyze three
distinct stages in SCNs. The first stage consists of suppliers
of raw materials, fabricated parts, service parts and any other
supplies to the manufacturing stage. The direct inputs from
suppliers are transformed into the final product/service in this
manufacturing process that might consist of several plants. The
final stage is the distribution network that generates the final
demand for the product/service which consists of customers,
distributors, product dealers, etc. The efficiency of an SCN can
be evaluated using SCN performance measures. As presented
in Beamon [2], flexibility is a qualitative performance measure
that is used to evaluate the degree to which the SCN can
respond to random fluctuations in the demand pattern. The
available capacity of an SCN is one of the performance
measures for flexibility [3]. Network reliability can be used
to model and evaluate an SCN when the ability to which an
SCN can respond to a specific level of demand at a certain time
is of interest. When capacities of an SCN facilities are integer
variable and random over time with given probabilities, the
multistate network reliability model should be used to evaluate
the SCN because the model considers the multistate behavior
of the facilities.

The reliability evaluation of a multistate network is NP-hard
[4]. The complete enumeration method is the initial approach
to solve this problem as presented by several authors [5],
[6], [7], [8]. The method relate all possible combinations of
component states to a system state and it is computationally
expensive. Several authors have presented some approaches
to evaluate reliability in terms of the multistate minimal path

sets that are known as lower boundary points[7] (LBPs) ord-
MPs [9], [10], [11], [12]. Exact reliability value of a particular
state can be computed using inclusion-exclusion principle if all
LBPs of the state are known[7], [13]. Using some of the LBPs,
reliability bounds can be obtained by the inclusion-exclusion
principle[14]. Lin[10] and Lin et al.[15] proposed methods to
find LBPs by solving sets of inequalities developed by the
binary minimal path sets and the other system requirements.
The implicit enumeration method is used to solve the sets of
inequalities to obtain LBP-candidates. The LBP-candidates are
compared to each other and the candidates that are greater than
others are eliminated. After the comparison process, LBPs are
obtained. However, all binary minimal paths have to be known
in advance, since the sets of inequalities cannot be set up prop-
erly without knowing all binary minimal paths. Unfortunately,
searching for binary minimal paths is an NP-hard problem.
Ramirez-Marquez and Coit[16] also proposed an algorithm
to search for potential LBPs using the information sharing
approach. The potential LBPs are listed and the number of the
potential LBPs exponentially grows as the number of arcs and
the arcs states increase. Some of the potential LBPs listed are
not feasible and the comparison process is required at the end.
After using many computational efforts, these two algorithms
try to reduce the search space and give all of the LBPs at the
end of the comparison process.

For a large network with many LBPs, the inclusion-
exclusion principle may not be efficient to compute the exact
reliability, and it may even consume more computational
efforts than the enumeration method. Using the inclusion-
exclusion principle, a subset of LBPs can be used to compute
lower reliability bounds(LRB) as presented in Hudson and
Kapur[14]. An LBP is added to the subset and the probability
of the subset is computed to get LRB. The exact reliability is
obtained after all LBPs are added into the subset. The sequence
of LRBs acquired is strictly monotonically increasing and the
LRBs are always between 0 and 1. At a certain number of
LBPs, computing reliability bounds gives partial information
about the reliability value with less computational effort.

An SCN is a large network that is formed from complex
interactions among its facilities. Computing the exact relia-
bility value of an SCN can be tiresome and computationally
expensive. This paper presents a fast algorithm to find some of



the LBPs for the computation of LRB. An example to evaluate
a simple SCN using this algorithm is presented in this paper.

II. N OMENCLATURE AND ASSUMPTIONS

A network G = (N ,A) consists of a finite set of nodes
N and a set of arcsA. Nodes and arcs are numbered as
N = {1, 2, . . . , m} andA = {1, 2, . . . , n}. To avoid any
confusion, we usei and j to refer to a node and an arc
respectively. The sets of nodes and arcs can be also written
asN = {i1, i2, . . . , im} andA = {j1, j2, . . . , jn}. Each arc
j ∈ A is assigned to a pair(i, i′) ∈ N ×N , and we use the
notation j ∼ (i, i′). The arcj is said to be incident to the
initial node i and the terminal nodei′ in which the nodesi
andi′ are said to be adjacent to each other. For a two terminal
network, we assigni1 and im to be a source node and a sink
node respectively.

For a fixed order of arcs,ξ = {ξ1, ξ2, . . . , ξn} can be
regarded as a vector of flow in whichξj denotes a quantity
of material flowing in the arcj. ξj an integer value which
ranges over a capacity interval[0, cj ]. The flow conservation
law states that the total flow intoi must be equal to the total
flow out of i and the flow is said to be conserved at nodei
for all i ∈ N −{s, t}. A flow ξ in G is feasible ifξj ∈ [0, cj ]
for all j ∈ A and satisfies the flow conservation law.

A path in a network can be defined as a way of
passing from one node to another through a succession
of arcs. A path P in a network G can be consid-
ered as a finite sequencei1st , j1st , i2nd , j2nd , . . . , ikth , jkth

, ik+1th , . . . , jr−1th , irth (r > 0), where eachi is a node,j is
an arc, andjkth ∼ (ikth , ik+1th). This can be indicated by the
notation:P : i1st → irth where i1st is the initial node ofP
and irth is the terminal node.

In this paper, we consider a two-terminal network with one
source nodes and one sink nodet. The SCN performance
under consideration is the capacity of an SCN that is the
maximal amount of quantity (maximal flow) which the SCN
can carry from the source node to the sink node with respect
to capacities at all facilities. This problem is equivalent to the
famous well-known max flow problem ,whose the objective
is to maximize the flow froms to t in which the flow is
conserved at all nodes buts and t, and the flow is feasible
with respect to capacities at all arcs. The maximal flow is the
net amount flowing froms to t which equals to the amount
of flow departing ats and arriving tot. We consider an SCN
network consisting of perfectly reliable nodes and multistate
arcs. The state of an arc corresponds to the capacity of the
facility that is assumed to take on non-negative integer random
variable with a known distribution. The capacities of arcs are
statistically independent to each other. The maximum capacity
(maximum state) of arcj is denoted bymj . A component state
vectorx = {x1, x2, . . . , xn} indicates the current states of all
arcs in a network, wherexj denotes the current state of arc
j, xj ∈ [0,mj ]. The state of a network is determined by the
maximal amount of flow that can be sent froms to t under the
capacities of arcs inx. The structure functionφ(x) yields the
state of a network underx, φ ∈ {0, . . . ,M} whereM is the

maximum capacity (maximum state) of the network. We define
an equivalence classSk as a set of component state vectors
that havek as the network capacity,Sk = {x|φ(x) = k},
for k = 0, 1, . . . , M . Let Sn be the component state space,
Sn= {0, 1, . . . , m1} × {0, 1, . . . , m2} × . . .× {0, 1, . . . ,mn},
we haveSn =

⋃M
k=0 Sk.

A vectorx is said to be greater than a vectory (x > y), if
xj ≥ yj andxj > yj for at least onej of all j ∈ {1, . . . , n}. A
vectorx is said to be less than a vectory ( x < y), if xj ≤ yj

andxj < yj for at least onej of all j ∈ {1, . . . , n}. A vector
x is said to be alower boundary point of statek (LBP of state
k) if φ(x) ≥ k andy < x implies thanφ(y) < k.

III. M ODEL FORMULATIONS AND PRELIMINARIES

The algorithm presented in this paper is developed using the
idea from the grand improvement procedure (Dinic-Karzanov
approach) as presented in Rockafellar[17] to find the minimal
improvement paths for the required flow. In this section,
we first describe the multirouting algorithm and the minimal
improvement paths algorithm (MIP algorithm). Next, we show
that the MIP algorithm can be used to find LBPs of a multistate
network.

A. Multirouting algorithm

Using this algorithm, nodes in a network are classified to
be in a sequence of setsN0,N1, . . . ,Nk−1,Nk,Nk+1, . . . ,Nr

wherek denotes the number of arcs that are needed so that
a nodei can be reached froms, andr denotes the maximum
number of arcs so thatt can be reached froms. In other words,

Nk = {i ∈ N|i can be reached froms usingk arcs} (1)

Note thatN0 = {s} andNr = {t} for a two-terminal network.
For eachi ∈ Nk, we denoteΘk(i) as a set of arcs that gives
all the possible ways by whichi can be reached from nodes
i′ ∈ Nk−1.

Θk(i) = {j ∈ A|j ∼ (i′, i) for i ∈ Nk and i′ ∈ Nk−1}. (2)

We can reach the sink node from the source node using
at most r arcs, and the path must pass consecutive nodes
in N0,N1, . . . ,Nk using arcs inΘ1(i)[i ∈ N1], Θ2(i)[i ∈
N2], . . . , Θk(i)[i ∈ Nk] for k < r. The path is considered to
be one of theΘ-paths. A multiroutingΘ represents a whole
family of all Θ-paths.

The multirouting algorithm that yieldsNk for k = 0, . . . , r,
andΘk(i) for all i ∈ Nk is given as follows:
Initialize: SetN0 = {s}, k = 0, and Θk = ∅ for all k =
0, . . . , r
Step 1 If Nk = {t}, TERMINATE [the multirouting Θ is
obtained]. Else letN ′ = Nk and go toStep 2.
Step 2Let T be a set of the first element inN ′. If T = {t},
go to Step 4. Else go toStep 3.
Step 3Let S ← T ∪N0 ∪ . . . ∪Nk−1.

If there is an arcj ∼ (i, i∗) such thati ∈ T and i∗ ∈
N −S, and there is an arcj ∼ (i′, i) such thati′ ∈ Nk−1

and i ∈ Nk for T 6= s.



- Let Θk+1(i) ← Θk+1 ∪ j where i is the terminal
node ofj and i is not in S.

- UpdateNk+1 ← Nk+1 ∪ i and go toStep 4.
Else go toStep 4.

Step 4UpdateN ′ ← N ′ − T . If N ′ 6= ∅ go to Step 2. Else
let k ← k + 1 and go toStep 1.

B. Minimal improvement paths (MIP) algorithm

The MIP algorithm is used totrace back a way from
the sink node to the source node by way of the multi-
routing Θ that is generated along with a sequence of sets
N0,N1, . . . ,Nk, . . . ,Nr obtained from the multirouting algo-
rithm. We consider the amount departing at nodei as supplies
that i can send to others. We define the demands ati as
the amount thati needs from other nodes to be conserved.
Let ηi indicate demands at nodei in which ηi = 0 for any
conserved node based on the conservation law. We consider a
two-terminal network in which the source nodes can provide
unlimited supplies,ηs = −∞, and the sink nodet has
unlimited demands,ηt = ∞.

The algorithm begins with trying to satisfy the demands
at t (t ∈ Nr) as much as possible through any possible
arcs with capacity constraints from any nodes adjacent to
t (nodes inNr−1). The nodes that supply tot then need
some supplies from their adjacent nodes (nodes inNr−2)
to be conserved. This can be viewed as the demands att
are transmitted through its adjacent nodes until the demands
reach s. After the demands reachs, there might be some
nodes that are not conserved after the transmitting demands
process. Then, the excess demands at any unconserved nodes
in Nk are rejected to any of their adjacent nodes inNk+1

where the rejecting demands process begins with the nodes
closest tos. After that, the demands are retransmitted from
Nk+1 throughNk down to N0 by any possible arcs with
excess capacities. If the demands that are retransmitted create
any excess demands at the nodes inNk, the demands are
again rejected. This procedure is repeated until the termination
condition is satisfied. The algorithm terminates upon reaching
Nr (necessarily fromNr−1), when no additional demands can
be transmitted fromNr to Nr−1 and all the nodes in the sets
N0,N1, . . . ,Nr−1 are conserved except ats and t.

Upon termination, we obtainξj that contains the required
quantity at each arc which maximizes the network capacity un-
der given limited capacities at all arcs as incj for j = 1, . . . , n.
If we reduceξj for j = 1, . . . , n by any amount, the network
capacity will be reduced. We denoteξ = {ξ1, ξ2, . . . , ξn} as
“the minimal improvement paths vector (MIP vector)” where
we can useξ at once to make a major improvement in the
flow modification procedure to get a maximal flow under
limited capacities at all arcs. To record the amount of demands
transmitted to any nodei′ in the order of arrival, we define
Rk(i′) as a set of recording pairs(α, j) at i′ for j ∼ (i′, i)
in which α is the demands transmitted toi′ ∈ Nk−1 from
i ∈ Nk.

The formal description of the MIP algorithm as described
previously is given as follows.

Initialize: Setξj = 0 for all j ∈ A. k = r (wherer is obtained
from the multirouting algorithm). Letηs = −∞, ηt = ∞,
and ηi = 0 for all i ∈ N and i 6= s, t. Set Rk(i′) = ∅ for
k = 0, . . . , r − 1 and i′ ∈ N .
Step 1 [Transmitting the demands]

1.1 Let N ′ = Nk. If there existsi ∈ N ′ such thatηi > 0,
then letΘ′ = Θk(i) (from multirouting algorithm) and
go to Step 1.2. Else go toStep 1.3.

1.2 If there existsj′ ∈ Θ′ such thatj′ ∼ (i′, i) for i′ ∈ Nk−1

andξj < cj , calculateα = min{cj′−ξj′ , ηi}, and update
ξj′ ← ξj′ + α, ηi′ ← ηi′ + α and ηi ← ηi − α. Let
Rk(i′) ← Rk(i′) ∪ {(α, j′)} and return toStep 1.1.
Else go toStep 1.3.

1.3 Let k ← k − 1. If k 6= 0, then repeatStep 1.1. Else go
to Step 2[Nk = N0].

Step 2[Inspecting for the unconserved node]

2.1 Let k = 1.
2.2 LetN ′ = Nk.
2.3 If there existsi′ ∈ N ′ such thatηi′ > 0 for all i′ 6= t

and there existsj ∼ (i′, i) such thati ∈ Nk+1, then go
to Step 3. Else go toStep 2.4.

2.4 Let k ← k+1. If k 6= r, then repeatStep 2.2. Else(k =
r) TERMINATE [the maximal flowξ is obtained].

Step 3[Rejecting the demands]

3.1 Take the last element inRk+1(i′), (α, j).
3.2 For j ∼ (i′, i), calculateβ = min{α, ηi′} and update

ξj ← ξj − β, ηi′ ← ηi′ − β andηi ← ηi + β.
3.3 If β = ηi′ , then replace(α, j) ← (α − β, j) back to

Rk(i′) and labeli′ as blocked. Go toStep 4. Else[β =
α], delete(α, j) from Rk+1(i′) and go toStep 4.

Step 4[Retransmitting the demands]

4.1 If there existsi such thatηi > 0 for i 6= s and i ∈ N•
where• ≤ k, then go toStep 4.3. Else letk ← k + 1
and go toStep 2.2.

4.2 If there existsj′ such thatj′ ∼ (i′, i) for i′ ∈ N•−1,
ξj′ < cj′ , and i′ is not “blocked”, then calculateα =
min{cj′ − ξj′ , ηi}. Updateξj′ ← ξj′ +α, ηi′ ← ηi′ +α,
andηi ← ηi−α. Let Rk(i′) = Rk(i′)∪{(α, j′)}. Repeat
Step 4.2. Else go toStep 2.

C. Preliminaries

Let G• be a network associated with a given component state
vector • = {•1, •2, . . . , •n}. The quantity•j is the quantity
of material allowed to flow in an arcj that is the capacity
at arc j for all j ∈ {1, . . . , n}. When the MIP algorithm is
implemented,ξj is limited in a certain range asξj ∈ [0, •j ]
that is•j = cj .

Lemma 1:For any component state vectory > x where
the max flow ofGy equalsGx, if ξ is the MIP vector of the
networkGx obtained by the MIP algorithm,ξ is also the MIP
vector of the networkGy.

Lemma 2:Let ξ be the MIP vector ofGx obtained from the
MIP algorithm. For any vectory < ξ, the max flow ofGy is
less than the max flow ofGx.



Theorem 1:If ξ is the MIP vector ofGx obtained from the
MIP algorithm andφ(x) = k, then ξ is one of the LBPs of
statek.
Proof: For any vectory < ξ, the max flow ofGy is less than
Gx by Lemma 2. Therefore,φ(y) < k. For any vectorz > ξ,
φ(z) ≥ k for any vectorz > ξ by Lemma 1.

D. Proposed algorithm

The rationale behind the algorithm is to reduce the search
space by using the MIP algorithm to search for LBPs. Then,
we eliminate all vectors that are greater than LBPs from the
search space. For any statek, we first identify a vectorx in
statek (φ(x) = k) and use the MIP algorithm to search for
the LBP to levelk as described in Theorem 1. Letwk =
{wk

1 , wk
2 , . . . , wk

nk
} be a set of all LBPs of statek. The LBPs

obtained fromx can be written aswk
(x) ∈ wk. By Theorem

1, we havewk
(x) ≤ x. Any vectors that are greater thanwk

(x)

can be eliminated from the search space. Each LBP of any
statek cannot be compared as less than or greater than each
other. Let us consider the situation that we can find any two
vectors,x andy, that cannot be compared but are both in the
same statek (φ(x) = φ(y) = k). Then, we can use the MIP
algorithm to search for two different LBPs usingx andy. We
name such vectors,x andy, as “seed vectors.” If we can find
the seed vectors that are in statek, we can apply the MIP
algorithm to the vectors to obtain different LBPs of statek as
described previously.

Seed vectors can be obtained by using the prior knowledge
on binary minimal cuts. From the maximal flow-minimal cut
theorem, the value of the maximal flow of a network is equal
to the capacity of the minimal cut-set in the network [18].
At the beginning of the proposed algorithm, we identify all
combinations of the states of the arcs in a given minimal cut.
These combinations should give us the required amount of
maximal flow (the state of the network). We obtain the seed
vectors by using these combinations as capacities of the arcs
in the minimal cut and we set the maximum capacity for all
arcsj that are not in the minimal cut. Given the seed vectors,
the MIP algorithm is used to find LBPs. The vectors that are
greater than the identified seed vectors are eliminated from the
search space at this stage. We may use more than one minimal
cut to eliminate more vectors from the search space.

For any statek, we denote a seed vectorx that is obtained
as described previously. Upon implementing the minimal im-
provement paths algorithm, an MIP vectorξ can be obtained.
By Theorem 1, we show that the MIP vectorξ obtained is one
of the LBPs of statek if φ(ξ) = k. Sinceξ is the MIP vector,
the capacities of any minimal cuts are equal. Therefore, the
capacity ofξ (the state ofξ) can be obtained by finding the
capacity of any minimal cuts. By Lemma 1, any vectors that
are greater than the LBPs are also eliminated from the search
space at this stage.

Note that we use only two binary minimal cuts in this
algorithm. More binary minimal cuts can be used to get more
seed vectors. The proposed algorithm is presented as follows.

Step 1 [Identification of seed vectors] LetC be a set of all
binary minimal cuts of a network. ForC,C ′ ∈ C, identify all
combinations of statexj such that

∑
j∈C xj = k and represent

each combination usingu(iu) = {u(iu)
1 , . . . , u

(iu)
j , . . . , u

(iu)
n }

for j ∈ A andiu is from 1 to the maximum number of possible
combinations where

u
(iu)
j =

{
xj for all j ∈ C
0 otherwise.

(3)

Identify all combinations of state xj such that∑
j∈C′ xj = k and represent each combination using

v(iv) = {v(iv)
1 , . . . , v

(iv)
j , . . . , v

(iv)
n } for j ∈ A and iv is from

1 to the maximum number of possible combinations where

v
(iv)
j =

{
xj for all j ∈ C ′

0 otherwise.
(4)

Identify all combinations ofu(iu) and v(iv) and, for each
combination, definew(iw) = {w(iw)

1 , . . . , w
(iw)
j , . . . , w

(iw)
n }

for j ∈ A and iw is from 1 to the maximum number of
possible combinations where

w
(iw)
j =





u
(iu)
j for all j ∈ C

v
(iv)
j for all j ∈ C ′

mj otherwise.

(5)

We define a matrixW consisting ofn columns that has a
vectorw(iw) on its iw-th row.
Step 2 [Implementation of the MIP algorithm to obtain LBPs
of Sk] Initialize i′w = 1

2.1 If i′w > max iw, TERMINATE [LBPs of Sk are con-
tained inW]. Else go to Step 2.2.

2.2 If w(i′w) > w(iw) for any iw < i′w then eliminatew(i′w)

and return to Step 2.1. Else implement the MIP algorithm
to obtainξ.

2.3 Check if
∑

j∈C ξj = k and
∑

j∈C′ ξj = k, go to Step
2.4. Else go to Step 2.5.

2.4 ξ is LBP of Sk . Seti′w = i′w + 1 and repeat Step 2.1.
2.5 Eliminatew(i′w) and return to Step 2.1.

IV. RELIABILITY BOUNDS COMPUTATION USING LOWER

BOUNDARY POINTS

Using the inclusion-exclusion principle, Hudson and
Kapur[14] generate a sequence of lower reliability bounds
(LRB) that are monotonically increasing with the value be-
tween 0 and 1. The first member of a sequence of LRB is
computed using one LBP. The rest of the LBPs are added
up one by one to calculate the following members of the
sequence. The final member of the sequence is the exact
reliability value. We apply the Hudson and Kapur’s approach
to compute LRB from the subset of LBPs that is obtained
from the proposed algorithm.

Let Bk
iw

= {x | x ≥ wk
iw
} for iw = 1, 2, . . . , nk wherenk

is number of LBPs to levelk. The reliability of a multistate
network can be defined as the probability that a network
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capacity satisfies a specific demand levelk that is

Rk = Pr[φ(X) ≥ k] = Pr[X ∈
nk⋃

iw=1

Bk
iw

] (6)

We can compute LRB using the subset of LBPs that is obtained
from the proposed algorithm. We define LRBk as the lower
reliability bounds of statek LRBk = Pr[X ∈ Bk

1 ∪ . . . ∪
Bk

iw
∪ . . . ∪ Bk

l ] where l is the number of LBPs obtained
from the proposed algorithm. LRBk can be computed using
the inclusion-exclusion principle as,

LRBk =
l∑

iw=1

(−1)iw+1ΣBiw
(7)

whereΣBk = Σ1≤i1≤i2≤...≤ik≤lPr[Bk
i1
∩ Bk

i2
∩ . . . ∩ Bk

ik
].

V. NUMERICAL EXAMPLE

Consider a SCN containing seven facilities: supplier(i1),
plants(i2, i3), central depot(i4), regional depots(i5, i6) and
demand point(i7). In the network, the supplier sends raw
materials to the plants. The plants produce goods and send
them to the central depot and the two regional depots. The
central depot supplies goods for the two regional depots. The
two regional depots supply goods for the demand point. The
demand point represents all demands required for this type
of goods. We assume that all demands are specified in units
of a single representative commodity. The locations and the
capacity distributions of all facilities are known in which
the capacity of each facility is an integer random variable.
Nodes of the SCN network that represent physical facilities are
assumed to be fully reliable. The capacity at an arc represents
variable capacities of a facility at the initial node of the arc.
The capacity of a facility takes into account the capacity
of the facility manufacturing and shipping process to send
goods to the facility at the terminal node of the arc. The
probabilities that arcs are in different states are shown in Table
I. There are 103,680 component state vectors of the multistate
SCN network. These vectors are categorized into six different
states where the state number indicates the capacity of the
SCN. Given a component state vectorx = {x1, . . . , xn}, the
capacity of the SCN is the max flow of the network where the
capacity of arcj of the network isxj for all j ∈ {1, . . . , n}.
The probabilities for the SCN to be in one of the six different

TABLE I

ARC PROBABILITIES

State j1 j2 j3 j4 j5 j6 j7 j8 j9 j10

0 0.2 0.1 0.1 0.1 0.2 0.2 0.1 0.05 0.1 0.1

1 0.3 0.6 0.4 0.2 0.8 0.8 0.2 0.25 0.2 0.2

2 0.2 0.3 0.5 0.3 0.7 0.7 0.3 0.2

3 0.3 0.4 0.4 0.3

4 0.2

TABLE II

SYSTEM STATE PROBABILITIES

State P [φ(x) = k] Rk = P [φ(x) ≥ k] Number of

k Vectors

0 0.0416 1.000 29,376

1 0.2293 0.9584 40,432

2 0.3671 0.7291 25,314

3 0.2647 0.3621 7,530

4 0.0887 0.0974 986

5 0.0087 0.0087 42

states and the number of vectors in each state are shown in
Table II.

The exact reliability computation for each system state using
the complete enumeration method is tedious due to many
number of component state vectors. Reliability bounds are
considered as alternatives of providing information about how
likely the SCN is in a particular state. Using different number
of minimal cuts, we can compute LRB using LBPs that are
obtained from the proposed algorithm. Table III shows LRBk

for all k ∈ {1, . . . , 5} and number of seed vectors (SV)
obtained from different number of binary minimal cuts used
in the proposed algorithm. The first two minimal cuts used are
{j1, j2} and{j9, j10}. The {j3, j4, j5, j6} and{j5, j6, j7, j8}
are added as the third and fourth minimal cuts respectively.

We use exact reliability value and LRB to compute three
reliability performance measures as shown in Table IV. The
state expectation (E[φ(x)]) gives the expected capacity that the
SCN can carry for given limited capacities at all facilities at a

TABLE III

LOWER RELIABILITY BOUNDS(LRB) AND SEED VECTORS(SV) WITH

DIFFERENT NUMBER OF MINIMAL CUTS

State 2cuts 3 cuts 4 cuts

k LRBk SV No. LRBk SV No. LRBk SV No.

1 0.8860 4 0.9584 16 0.9584 24

2 0.4452 9 0.7239 72 0.7291 162

3 0.1579 12 0.3462 132 0.3621 336

4 0.0608 8 0.0823 88 0.0974 184

5 0.0072 3 0.0072 21 0.0087 24



TABLE IV

RELIABILITY PERFORMANCEMEASURES

Performance Measures E[φ(x)] Var[φ(x)]

Exact Reliability 2.1557 1.0693

LRB from 2 cuts 1.5571 1.0769

LRB from 3 cuts 2.1180 1.0161

LRB from 4 cuts 2.1557 1.0693

TABLE V

COMPUTATIONAL TIME (SECONDS) AND NUMBER OF LBPS

State 1 State 2 State 3 State 4 State 5

2-cuts LRB 0.0313 0.0432 0.0469 0.0313 0.0156

(LBPs No.) (3) (4) (6) (5) (2)

3-cuts LRB 0.0938 82.3281 282.75 0.1719 0.0313

(LBPs No.) (6) (16) (17) (8) (2)

4-cuts LRB 0.1094 1068.2 >> 2440 2.7656 0.0313

(LBPs No.) (6) (18) (23) (13) (3)

particular time. The variance of the state(Var[φ(x)]) gives the
variance of the SCN capacity. when consistent performance of
SCN is critical, the variance is preferred to be less.

We implemented the proposed algorithm in a MATLAB
program and solved the example with a Pentium 4 2.80GHz
with 512 MB of RAM. The program execution time to obtain
the exact reliabilities is 2,440 seconds. This time is used to
generate all possible component state vectors and enumerate
all of the probabilities so that the SCN reliability can be
obtained. Table V shows the computational time for the LRB
computations for different number of minimal cuts. This time
includes time to search for LBPs where seed vectors are given,
and to calculate LRB using the inclusion-exclusion principle.
The number of LBPs that are obtained and used to calculate
each LRB is also shown in the table. Note that 4-cuts LRB
computational time of state is much longer than the complete
enumeration due to the higher number of LBPs.

VI. CONCLUDING REMARKS

We propose an algorithm to search for a subset of lower
boundary points (LBPs) and use them to evaluate reliability
of SCN in terms of lower reliability bounds (LRB). The advan-
tage of our algorithm is to significantly reduce computational
time in order to get partial information on reliability value.
Unlike any existing algorithms, the proposed algorithm gives
the subset of LBPs without any comparison process. The
subset of LBPs is used to compute LRB by the inclusion-
exclusion principle. LRB can be used similarly as the exact
reliability to compute reliability performance measures to
evaluate SCNs. From the results as presented in the SCN
example, 2-cuts LRB can be obtained using extremely short
amount of time, however LRB obtained at some particular
state is not acceptable to estimate the network reliability. The
3-cuts LRB that gives informative reliability bounds can be

obtained with significantly less amount of time compared
to the complete enumeration method. There are also some
limitations of the algorithm. One is the assumption that the
prior knowledge on some of the network binary minimal cuts
is available. Another limitation is that the LRB computational
time might exceed the complete enumeration method when
computing the LRB using the inclusion-exclusion principle
with high number of LBPs.
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