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Abstract – We propose the classification-based control 

(C
2
) charts that take advantage of available out-of-

control observations to improve the detection efficiency 

of multivariate process monitoring.  The proposed 

charts combine a classification algorithm with a 

traditional control chart technique.  The predicted 

probabilities of class from the classification results are 

used as chart statistics.  
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1. Introduction 

A number of studies have been devoted to developing 

multivariate control charts that are effective in terms of 

quickly detecting both small and large shifts of a mean 

vector while maintaining low false alarm rates 

(Bersimis et al. 2006; MacGregor and Kourti, 1995).  

The most widely used multivariate control chart is 

Hotelling's T
2
 control chart (Hotelling, 1947). 

Hotelling's T
2
 control charts (T

2
 charts) are efficient for 

monitoring a multivariate process because all process 

variables can be simultaneously monitored in a single 

chart that plots the T
2
 statistics, computed from 

𝑇2 =  𝐱 − 𝐱  T𝐒−1 𝐱 − 𝐱  , where 𝐱  and 𝐒 are a sample 

mean vector and a sample covariance matrix.  For 

monitoring new observations, the corresponding T
2
 

statistic of each new observation is calculated based on 

𝐱  and 𝐒 estimated from in-control historical 

observations.  If the T
2
 statistic of the observation is 

statistically large, then this observation is considered to 

be out of control.  In other words, the status of new 

observations are determined by measuring how far 

these observations are from the scaled-mean estimated 

from in-control observations.  Traditional control 

charts, including T
2
 charts assume that the in-control 

group is the only population and can be used for 

measuring the degree of abnormality of new 

observations.  This assumption has restricted the 

applicability of many multivariate statistical methods 

that can take advantage of available out-of-control data.  

In reality, there always are out-of-control data. Despite 

the clear fact that efficiency can be improved if the 

additional information is used, little effort has been 

made to use this information to develop control charts 

(Jiang and Tsui, 2008; Testik and Runger, 2006). 
 

Recently, Hwang et al. (2007) firstly attempted to 

convert the classical control chart problem into a 

supervised classification problem.  They proposed to 

generate the out-of-control data from independent 

uniform distributions where the parameters are 

estimated by the maximum and minimum values of 

each variable plus/minus one standard deviation.  The 

combination of the in-control and out-of-control data 

allows the application of two-class supervised 

classification methods.  This approach has been shown 

to be useful when the relationships between the process 

variables are highly nonlinear and the process variables 

are a mix of continuous and categorical.  However, 

because the out-of-control data generated from uniform 

distributions are scattered randomly across both the out-

of-control and in-control the regions, the accuracy of 

the out-of-control label is somewhat questionable.  Hu 

et al. (2007) extended the idea of Hwang et al. (2007) 

and obtained the control boundary using process 

knowledge on the specific faults. This study suggested 

to simulate the out-of-control data based on the specific 

shift direction. 
 

In the present study we extend previous works (Hwang 

et al. 2007; Hu et al. 2007) and propose a classification-

based control (C
2
) chart that takes advantage of 

available out-of-control data.  The proposed C
2
 chart 

provides a single graphical chart by plotting a new 

(univariate) chart statistic called “probability of class 

(PoC).”  PoC is based on the probability that an 

observation belongs to the class.  Moreover, by 

adjusting the control limit, one can readily control type 

I and type II error rates.  It should be mentioned that Hu 

et al. (2007) also briefly discussed the possibility of 

using the estimated probability of out of control (one of 

the PoCs) from the classification method for monitoring 

a process.  However, they did not clearly indicate that 

PoC can be used as a chart statistic for a multivariate 

control chart.  We believe that this is an important SPC 

component of multivariate control charts that enable 

use of a univariate statistic to simultaneously monitor 

multiple process variables in a single graphical chart.  

Further, their study did not fully explore a capability to 

establish the control limit that indicates out-of-control 

observations. 
 

Unlike the previous work that utilized artificially-

generated out-of-control data (Hwang et al. 2007; Hu et 

al. 2007), the proposed C
2
 chart assumes that out-of-

control data are available (although there are few) and 

takes advantage of them.  We believe this is a 

reasonable assumption because we do not live in a zero-
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defect world, and a real process always experiences 

change that can lead to out-of-control observations.  

However, if out-of-control information is unknown, 

phase I analysis can be performed on the historical data 

set prior to the C
2
 chart.  Observations that exceed the 

control limit of the T
2
 chart established by the historical 

data are successively removed and can be labeled as 

out-of-control.  It is true that these removed 

observations may not fully represent the out-of-control 

patterns. However, these are obviously different from 

in-control observations and thus can be labeled 

differently from in-control observations.  It should be 

noted that the main intention of this paper is not to 

compare the performance between the C
2
 charts and 

traditional multivariate control charts (e.g., T
2
 charts) 

because it is somewhat obvious that the performance 

can be improved using additional information (out-of-

control information). The main purpose is to develop a 

new control chart technique that takes advantage of 

available out-control data and explain the relationship 

between the decision boundary (control boundary) from 

classification methods and the control limit in the 

multivariate control charts. 
 

2. Classification-Based Control (C
2
) Charts 

Various types of statistics can be used to construct 

control charts, where a statistic is defined as any 

measurable function of the sample.  In the univariate 

process, the values of the sample average and the values 

of the sample range (the difference between the largest 

and smallest observations) are used as the chart 

statistics to construct the 𝑋  and R charts, respectively.  

In the multivariate process, the T
2
 statistic (described in 

Section 1) is used to construct the T
2
 chart.  

Aforementioned control charts belong to Shewhart 

control chart.  For the example of non-Shewhart control 

chart, the exponentially weighted moving average chart 

uses an exponentially weighted moving average as the 

chart statistic (Lucas and Saccucci, 1990). 
 

The proposed C
2
 chart would be constructed by plotting 

a new monitoring statistic called “Probability of Class 

(PoC).” PoC can be defined as a predicted probability 

that an observation belongs to a certain class estimated 

from the supervised classification model.  Let “PoC-In” 

be the probability that an observation belongs to the in-

control class and “PoC-Out” be the probability that an 

observations belongs to the out-of-control class.  Either 

PoC-In or PoC-Out can be used as the chart statistic for 

the C
2
 chart.  Note that any classification methods can 

be used in the construction of C
2
 charts as long as they 

provide the predicted PoC.  These methods include 

linear discriminant analysis, k-nearest neighbors, 

logistic regression, and classification trees, etc.  Note 

that the C
2
 chart is a distribution-free procedure by 

when nonparametric classification models are 

employed.  The next two subsections illustrate C
2
charts 

based on two classification methods that are widely 

used in practice. 
 

2.1. C
2
 charts Based on Linear Discriminant 

Analysis 

We first illustrate the C
2 

chart based on the linear 

discriminant analysis (LDA) model.  LDA can be 

performed by using the discriminant function (Johnson 

and Wichern, 2002).  Let 𝑓(𝐱|𝜔𝑖) be the conditional 

probability density function (pdf) for a random variable 

𝐱T = [𝑥1 , 𝑥2 ,… , 𝑥𝑝 ] given class i, and let 𝑃(𝜔𝑖) be the 

prior probability of class i.  According to Bayes' 

theorem, the pdf of the posterior distribution can be 

approximated by 
 

  𝑓(𝜔𝑖|𝐱) ∝ 𝑓(𝐱|𝜔𝑖)𝑃(𝜔𝑖) , (1) 
 

LDA assumes 𝑓(𝐱) follows the p-dimensional 

multivariate normal distribution, which is 
 

  𝑓 𝐱 =
1

 2𝜋 𝑝/2 𝚺 1/2
𝑒−

1

2
 𝐱−𝛍 T𝚺−1(𝐱−𝛍)

 , (2) 

 

where 𝛍 is the mean vector and 𝚺 is the 𝑝 × 𝑝 

covariance matrix.  By taking a log of (1) and applying 

(2), the following log-likelihood function is obtained: 
 

 ln𝑓 𝜔𝑖 𝐱 = −
1

2
 𝐱 − 𝐱 𝑖 

T𝐒−1 𝐱 − 𝐱 𝑖 −
𝑝

2
ln2𝜋 − 

 
1

2
ln 𝐒i + 𝜋𝑖 , (3) 

 

where 𝐱 𝑖 , 𝐒i, 𝜋i  are the estimators of population mean 𝛍 

and covariance matrix 𝚺, and the numbers of 

observations in class i (estimated from the training 

data).  From (3) by omitting the terms that are 

independent of i, the linear discriminant function 

becomes 

 𝜂𝜔 𝑖
(𝐱) = −

1

2
 𝐱 − 𝐱 𝑖 

T𝐒−1 𝐱 − 𝐱 𝑖 + 𝜋𝑖  , (4) 

 

where 𝜂𝜔 𝑖
 is the probability that an observation belongs 

to class i. The LDA-C
2
 chart plots 𝜂𝜔 𝑖

, a PoC statistic, 

of each observation over sample number or time. 
 

Simulated data were generated to illustrate the C
2
 chart.  

First, we generated 540 in-control and 60 out-of-control 

observations (with mean shifted by one standard 

deviation) from a bivariate normal distribution as 

training (phase I) data. These data were used to 

establish the control limits for future monitoring.  Note 

that only in-control observations were used to construct 

the control limit for the T
2
 chart, while both in-control 

and out-of-control observations were used for the LDA- 

C
2
 chart.  Next, we generated 400 additional 

observations (first 360 are in-control and last 40 are out 

of control) as testing (phase II) data.  PoC-Out and T
2
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statistics were calculated and plotted respectively on (a) 

the LDA- C
2
 chart and (b) the T

2
-chart in Figure 1. 

 

 
 (a) LDA-C2 chart (b) T2 chart 

Figure 1: (a) The LDA-C2 chart and (b) the T2 chart from 

a bivariate normal distribution. 
 

 
Figure 2: Control boundaries from LDA-C2 chart and the 

T2 chart from a bivariate normal distribution. 
 

In order to clearly understand how the control limits 

can be established and adjusted, we show the two-

dimensional plots of the original values, displaying the 

control boundaries corresponding to the LDA-C
2
 and T

2
 

charts (Figure 2).  In T
2
 charts, the elliptical contours of 

a bivariate normal distribution were obtained by the 

following equation: 
 

  𝐱 − 𝐱 𝑖 
T𝐒−1 𝐱 − 𝐱 𝑖 =

𝑝 𝑛+1 (𝑛−1)

𝑛(𝑛−𝑝)
𝐹𝛼 ,𝑝 ,𝑛−𝑝 , (6) 

 

where p and n are the numbers of variables and 

observations, respectively, and 𝐹α ,𝑝 ,𝑛−𝑝  is an F 

distribution with p and (n – p) degrees of freedom.  The 

size of the contour depends on 𝛼 on the right hand side 

of (6).  Hence, by changing 𝛼, one can adjust the 

control boundary (or control limit).  Figure 2 displays 

two elliptical contours in which the corresponding 𝛼 

values are 0.1 and 0.05. 
 

In LDA-C
2
 charts, control boundaries are established by 

the following linear equation: 
 

  𝐱 1 − 𝐱 2 
T𝐒𝑝

−1𝑥 −  𝐱 1 − 𝐱 2 
T𝐒𝑝

−1 𝐱 1 − 𝐱 2   

 + ln  
𝜋1

𝜋2
 + ln  

𝛾(1|2)

𝛾(2|1)
 = 0, (7) 

 

where 𝐱 1 and 𝜋1 are the sample mean and the 

probability that an observation comes from class 1.  

Likewise, 𝐱 2 and 𝜋2 are obtained from class 2.  𝐒𝑝  is 

the pooled covariance on the assumption that the two 

populations have the same covariance matrix.  𝛾(1|2) 

represents the misclassification cost when an 

observation from class 2 (out-of-control class) is 

incorrectly classified as class 1 (in-control class).  𝛾(2|1) 

represents the misclassification cost when an 

observation from class 1 (in-control class) is incorrectly 

classified as class 2 (out-of-control class).  The control 

boundary can be adjusted by specifying the 

misclassification cost. Thus, misclassification cost 

plays the same role as 𝛼 in T
2
 control charts.  Figure 2 

shows that how the control boundaries in the C
2
 chart 

are adjusted by 𝛾(1|2).  By adjusting 𝛾(1|2)from 0.5 to 

0.2, more out-of-control points are detected.  A higher 

level of 𝛾(1|2) increases false positives and yields a 

larger type I error rate, but decreases the type II error 

rate. 
 

2.2. C
2
 Charts Based on a k-Nearest Neighbors 

Algorithm 

The control boundary of the LDA-C
2
 chart is 

established based on a normality assumption.  

However, many process data violate this normality 

assumption.  To address the normality issue, we 

illustrate the construction of the C
2
 chart based on a k-

nearest neighbors (kNN) algorithm, a popularly used 

nonparametric approach.  A kNN algorithm predicts the 

class of an object by analyzing its k nearest neighbors 

within the training data (Hastie et al. 2001, pages 415-

420).  PoC-Out of a testing observation is calculated by 

the proportion of the out-of-control observations among 

the number of k nearest neighborhood observations 

from a training set.  For example, PoC of a testing 

observation with k=3, where only one nearest neighbor 

observation is out of control, is 
1

3
. 

 

In general, let 𝜔𝑛 , n = 1, 2, …, k be the classes of the k 

observations from the training set that are nearest to the 

new testing observation.  The probability that this 

observation belongs to class i, 𝜂𝜔 𝑖
, can be calculated by 

 

 𝜂𝜔 𝑖
=  

𝑰(𝜔 𝑛 =𝑖)

𝑘

𝑘
𝑛=1 , (8) 

 

where I is the indicator function that returns the value 1 

if the argument is true; otherwise 0.  The values of 𝜂𝜔 𝑖
, 

which correspond to PoC, are plotted to construct the 

control chart.  In the kNN algorithm, the size of nearest 

neighbor set, k, affects the performance of the kNN-C
2
 

chart.  One idea is to determine the best k that leads to 

the minimum misclassification rate.  Figure 3 illustrates 

the kNN-C
2
 (k=30) chart based on the same simulated 

data used in the previous section.  The charting 

statistics PoC-Out are computed and plotted. 
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Figure 3: The kNN-C2 chart (k=30) of a sample from a 

bivariate normal distribution 
 

 
 (a) CL=.50 (b) CL=.20 

Figure 4: Control boundaries from a bivariate normal 

distribution 
 

Like LDA-C
2
 charts, control boundaries of kNN-C

2
 

charts can be adjusted by imposing a misclassification 

cost on each class.  This can be explained by: 
 

 𝛾(1|2) =  
𝑰(𝜔  𝑛 =1)

𝑘

𝑘
𝑛=1 , (9) 

 

where 𝛾(1|2) is the misclassification cost when an 

observation from class 2 is incorrectly classified as 

class 1.  Figures 4 (a) and (b) shows that how the 

nonlinear control boundary of kNN is changed by the 

user-specified misclassification rate (or the control 

limit).  The observations that are located in the shaded 

area are detected to be out-of-control.  The kNN-C
2
 

chart can detect more out-of-control observations as the 

control limit is changed from 0.5 to 0.2. 
 

3. Numerical Examples 

3.1. Simulation Scenarios 

A simulation study was conducted to evaluate of the 

performance of C
2
 charts.  For each simulation run, we 

generated an observation with nine variables based on a 

multivariate normal distribution with the mean vector 

𝝁0 and the covariance matrix 𝚺0(arbitrarily chosen).  

On the assumption that the number of out-of-control 

observations is much smaller than in-control 

observations, we assigned 10 percent of the simulated 

data to be out-of-control. To be specific, we generated 

180 in-control and 20 out-of-control data points as the 

training (phase I) set.  We also generated additional 900 

in-control and 100 out-of-control data points as the 

testing (phase II) set to measure the performance of the 

C
2
 chart. To generate the out-of-control data, four types 

of mean shifts (i.e., very small, small, medium, and 

large mean shifts) were considered. Note that we do not 

consider the variance change.  Let 𝝁1 and 𝚺1 be the 

mean and covariance matrix of the out-of-control data.  

The summary of simulation scenarios used to illustrate 

C
2
 charts is described as follows: 

 S1 (very small mean shift): 𝜇1 = 𝜇0 + 0.5𝜎0, 

Σ1 = Σ0, 

 S2 (small mean shift): 𝜇1 = 𝜇0 + 1𝜎0, Σ1 = Σ0, 

 S3 (medium mean shift): 𝜇1 = 𝜇0 + 2𝜎0, Σ1 = Σ0, 

 S4 (large mean shift): 𝜇1 = 𝜇0 + 3𝜎0, Σ1 = Σ0. 

3.2. Effect of Control Limit in C
2
 Charts 

As can be seen from earlier sections, the control limit of 

C
2
 charts can be adjusted by the user-specified 

misclassification cost.  Figure 5 illustrates how actual 

type I and type II error rates are controlled by the 

control limit, indicated in the x-axis.  The average 

values of type I and type II error rates from 100 

simulation runs are presented against the different 

control limits.  We displayed the results for only S1 and 

S2 scenarios because the error rates for S3 and S4 

scenarios are too small to visualize.  It can be seen that 

decreasing the control limit yielded larger type I error 

rates but produced smaller type II error rates. 
 

 
 (a) S1 (b) S2 

Figure 5: Type I and II error rates based on the control 

limits of LDA-C2 charts. 
 

3.3. Comparison Between C
2
 Charts and T

2
 Charts 

We compared the average values of type I and type II 

error rates from 100 simulations among LDA-C
2
, kNN-

C
2
, and T

2
 charts.  In general, the performance of 

control charts can be measured by type II error rates 

given similar type I error rates. That is, the control chart 

method that yields a lower type II error rate can be 

considered as a better method.  Figure 6 displays the 

behavior of type I and II error rates of the LDA-C
2
, 

kNN-C
2
, and T

2
 charts. The result shows that the LDA-

C
2
 and kNN-C

2
 charts produced smaller type II error 

rates than the T
2
 chart, given similar type I error rates in 

the S1 and S2 scenarios.  The same patterns were 

obtained from the S3 and S4 scenarios but the results 

are not shown here because the error rates are too small 

to clearly visualize.  It should be noted that our 

simulation data were generated from the multivariate 
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normal distribution and thus, the LDA-C
2
 chart 

produced the better results than the kNN-C
2
, although 

not to a significant degree. 
 

 
 (a) S1 (b) S2 

Figure 6: Behavior of type I and II error rates of the LDA-

C2, kNN-C2, and T2 charts. 
 

3.4. Effect of the Training Set Size 

The size of training set and the proportion of out-of-

control observations in the training set may affect the 

performance of the C
2
 chart.  The simulation was 

conducted using the LDA- C
2
 chart under the small-

mean-shift scenario (S2).  We considered five different 

sizes of the training set (i.e., 200, 400, 600, 800, and 

1000), each with five different proportions of out-of-

control observations (i.e., 0.01, 0.05, 0.10, 0.20, and 

0.30).  The average errors from 100 simulation runs for 

different training sizes and proportions of the out-of-

control observations are displayed in a three-

dimensional contour plot (Figure 7).  
 

 
Figure 7: The contour plot of the type II error rates with 

different sizes of training set and proportions of out-of-

control. 

 

 This contour plot facilitates the interpretation of some 

interesting patterns between the size of training set and 

the proportion of out-of-control observations.  The x- 

and y-axes indicate the size of the training set and the 

proportion of out-of-control observations, respectively.  

The z-axis (the values on the contour plot) indicates the 

type II error rates.  In general, larger training sets with 

higher proportions of out-of-control observations 

yielded smaller type II error rates.    If the proportion of 

out-of-control observations is higher than 0.1, a similar 

type II error rate can be obtained regardless of the size 

of the training set.  In other words, if the proportion of 

out-of-control observations is large enough, which is at 

0.1 in this simulation, the performance of the C
2
 chart is 

not significantly affected by the size of training set. 

Similarly, with a training set of 1000, the C
2
 chart 

produced the same errors regardless of the proportion of 

out-of-control observations.  In this simulation, with 

only 10 out-of-control observations (1%) out of 1000, 

the C
2
 chart works fine.  Overall, this plot can be used 

as a way to determine the size of the training set and the 

proportion of out-of-control observations for achieving 

the targeted performance (e.g., type II error rate). 
 

3.5. Exponentially Weighted C
2
 Charts 

In multivariate processes, T
2
 charts can be easily 

extended to multivariate EWMA control charts (Lowry 

et al., 2001).  Similar to T
2
 charts, one can incorporate 

the exponentially weighted factor (𝜆) into the C
2
 chart 

to improve the performance in detecting small process 

shifts. 

 𝑧𝑡 = 𝜆PoC-Outt + (1 − 𝜆)𝑧𝑡−1, (10) 
 

where 0 < 𝜆 ≤ 1. Note that a smaller value of 𝜆 can 

detect smaller shifts. 
 

Preliminary analysis was performed to demonstrate the 

feasibility of the exponentially weighted LDA-C
2
 (EW-

C
2
) charts.  We compared the EW-C

2
 chart with the 

LDA-C
2
 chart under only the very-small-mean-shift 

(S1) and small-mean-shift scenarios (S2) because we 

are particularly interested here in the performance 

under (very) small process shifts.  In-control and out-

of-control average run length (ARL0 and ARL1), the 

average number of observations needed to signal a 

change was used to measure the performance.  In 

general, we prefer the procedure that yields lower ARL1 

given the similar values of ARL0. Here we arbitrarily 

choose 𝜆 = 0.4 for EW-LDA-C
2
 chart. Table 1 shows 

that the EW-LDA-C
2
 charts yields lower ARL1 than the 

LDA-C
2
 chart in both scenarios (S1 and S2). This 

demonstrates the effectiveness of using the 

exponentially weighted factor in C
2
 charts to improve 

the detection of (very) small process shifts. 
 

Table 1: Comparison of the LDA-C2 and EW-LDA-C2 

charts in terms of ARL0 and ARL1 

Case LDA-C2 EW-LDA-C2 

Scenarios ARL0 ARL1 ARL0 ARL1 

S1 179.01 9.88 179.16 5.30 

S2 273.36 2.06 270.15 1.34 

 

4. Case Study 

In this section we illustrate C
2
 charts with a real data set 

from a Wisconsin breast cancer study (Asuncion and 

Newman, 2007).  This data set contains 569 

observations, characterized by 30 continuous variables 

and a two-class response variable (375 benign and 212 

malignant).  Without loss of generality, we considered 

the benign observations as in-control and the malignant 
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observations as out-of-control. The performances of the 

LDA-C
2
 and T

2
 control charts are reported in Table 1. 

To avoid the bias problem posed by the different 

choices of the training and testing sets, we used ten-fold 

cross validation to compute the error rates.  The same 

proportion of out-of-control observations was used in 

each round of ten-fold cross validation.  We compared 

the LDA-C
2
 chart with the T

2
 chart in terms of type II 

error rates given a similar type I error rate.  The method 

that gives the lower type II error rate would be 

considered as the better method.  We considered two 

cases, the first being a direct application of class labels 

and the second being the application of the recursive T
2
 

method to generate the labels.  The recursive T
2
 method 

eliminates the abnormal observations from the 

unlabeled data.  In the construction of the LDA-C
2
 

chart, the remaining and eliminated observations 

provide the labels for in-control and out-of-control, 

respectively.  Table 2 shows that the LDA-C
2
 chart 

produced smaller type II error rates than the T
2
 chart in 

both cases, demonstrating the usefulness of C
2
 charts. 

 

Table 2: Type I error rates (𝜶) and type II error rates (𝜷) 

of the LDA-C2 and T2 charts on Wisconsin breast cancer 

data 

Case Method 𝛼 𝛽 

Use class information LDA-C2 .0287 .0426 

T2 .0745 .1232 

Not use class information LDA-C2 .2039 .1660 

T2 .2067 .1991 
 

5. Conclusions 

We have proposed C
2
 charts that combine classification 

method with the traditional control charts.  C
2
 charts 

take advantage of available out-of-control data.  The 

label of out of control can be obtained either directly 

from the data set or from a phase I analysis.  Then PoC 

statistics of individual observations are computed from 

the classification methods and plotted. Further, the 

control limit of the C
2
 chart can be adjusted by the user-

specified misclassification cost. Experiments with 

simulated and real data show the feasibility and the 

effectiveness of the proposed C
2
 chart.  Although the 

main aim of this paper is not to compare the C
2
 chart 

with the traditional multivariate control chart, we found 

that the C
2
 chart outperforms the T

2
 chart, especially in 

the small- and medium-mean-shift cases.  A simulation 

study was conducted to examine the performance (type 

II error rate) of C
2
 charts under various scenarios of the 

size of training set and the proportion of out-of-control 

observations.  The result indicated that a small 

proportion of out-of-control observations is sufficient to 

achieve the desired performance.  The advantage of 

using C
2
 charts is sixfold. 

 C
2
 charts take advantage of available out of 

control data (from phase I study) to improve the 

detection efficiency of monitoring charts. 

 The PoC, a chart statistics of C
2
 charts, is a 

univariate statistic that summarizes all process 

variables.  Hence, C
2
 charts monitor multiple 

variables simultaneously in a single control chart. 

 Because the POC is the probability values, the 

range of C
2
 charts is between 0 and 1. This 

provides better visualization especially in the 

large-mean-shift case. 

 C
2
 charts combined with nonparametric 

classification methods do not require the 

normality assumption. 

 C
2
 charts can handle multivariate process data 

containing both discrete and continuous values. 

 C
2
 charts can readily interpret out-of-control 

signals using many of the procedures that have 

already been developed for variable selection. 
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