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We would like to take this opportunity to express our gratitude to the INFORMS Optimiza-
tion Society Young Researchers Prize Committee, which was chaired by Katya Scheinberg and
included Yongpei Guan, Fatma Kilinç-Karzan, and Andrea Lodi. It has been a truly great honor
to receive this prize.

1 Overview

The prize was awarded for the work in [3], which has now appeared in Mathematics of Operations
Research and in [9, Chap. 4]. This work focuses on the computation of lower bounds on the optimal
value p∗ of a polynomial optimization problem

inf
x∈Rn

p(x)

s.t. gi(x) ≥ 0, i = 1, . . . , m.
(1)

Here, p, g1, . . . , gm : Rn → R are multivariate polynomials with rational coefficients. Polynomial
optimization problems (POPs) appear in a variety of applications throughout operations research,
engineering, and applied mathematics [13, 7, 10, 4], but are intractable to solve in general. In-
deed, simply testing whether p∗ ≤ k for a given scalar k is strongly NP-hard already when p is a
quadratic polynomial and g1, . . . , gm are linear, or when p is a quartic polynomial and there are no
constraints [15, 14]. It is therefore of interest to compare the quality of a candidate (likely subopti-
mal) feasible solution against a reasonable lower bound on p∗. Ideally, one would like to produce
an increasing sequence (or “hierarchy”) of lower bounds {lr} on p∗, with the property that, for
each fixed r, the time required to compute lr scales polynomially with respect to the size of the
coefficients of p, g1, . . . , gm and that lr → p∗ as r → ∞.

In the early 2000s, the discovery of some new connections between convex optimization and
algebraic geometry led to a breakthrough in polynomial optimization, instigated by researchers
such as Lasserre [12] and Parrilo [17]. The key concept was to use algebraic certificates of positivity
of polynomials (or “Positivstellensätze”) to obtain hierarchies of lower bounds on polynomial op-
timization problems. Under minor technical assumptions, these hierarchies converge to the opti-
mal value of the POP, thus solving the POP globally, without requiring any structural assumptions
such as convexity. The Positivstellensätze used as building blocks for these hierarchies (derived by
Stengle [24], Schmüdgen [23], and Putinar [20] in the second half of the 20th century) algebraically
certify positivity of a given polynomial over an arbitrary closed basic semialgebraic set.1 These
celebrated theorems are nontrivial follow-ups to results from the 1920s which resolved Hilbert’s
17th problem. This question concerned algebraic certificates of global positivity of polynomials,
i.e., positivity of polynomials over all of the Euclidean space. Independently of the set over which
positivity is certified (an arbitrary basic semialgebraic set or the whole of the Euclidean space), the
aforementioned algebraic certificates of positivity always involve “sum of squares” polynomials.
This implies, as it turns out, that the task of finding these certificates requires the use of semidefinite
programming.

Our work in [3] was motivated by the following two basic questions:

• Question 1: To derive a converging hierarchy of lower bounds for POPs, is it necessary to
use certificates of positivity of polynomials over arbitrary basic semialgebraic sets as it is
done in the literature, or would the much simpler (and much more classical) certificates of
global positivity suffice?

1We recall that a closed basic semialgebraic set is a subset of the Euclidean space defined by a finite number of
polynomial inequalities. This is exactly the feasible set of (1).
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• Question 2: Can one dispense with semidefinite programming (or more generally convex
optimization) when constructing converging hierarchies of lower bounds for polynomial
optimization problems?

We present a summary of the answers we found to these two questions in Section 3. To place
our results in context for a broader audience, we start in Section 2 by giving a brief overview of
Positivstellensätze and sum of squares hierarchies. The mathematics in both of these sections is
kept at a high level by design. The reader interested in more detail is referred to [3].

2 Positivstellensätze and sum of squares hierarchies

Positivstellensätze are algebraic identities that certify infeasibility of a set of polynomial inequal-
ities, or equivalently2, positivity of a polynomial on a closed basic semialgebraic set. They can be
used to prove lower bounds on the optimal value of POPs. Indeed, if we denote the feasible set of
(1) by S and its optimal value again by p∗, then we have

p∗ = sup
γ∈R

γ

s.t. p(x)− γ ≥ 0, ∀x ∈ S.
(2)

Hence if γ is strictly smaller than p∗, we have that p(x)− γ > 0 on S, a fact that can be certified
using Positivstellensätze. At a conceptual level, hierarchies that provide lower bounds on (1) are
constructed thus: we fix the “size of the certificate” at each level of the hierarchy and search for the
largest γ such that the Positivstellensätze at hand can certify positivity of p(x)− γ over S with a
certificate of this size. As the sequence progresses, we increase the size of the certificates allowed,
hence obtaining increasingly accurate lower bounds on (1).

Below, we review three of the better-known Positivstellensätze, proven respectively by Sten-
gle [24], Schmüdgen [23], and Putinar [20]. We start with Stengle’s Positivstellensatz, which certi-
fies infeasibility of a set of polynomial inequalities. It is sometimes referred to as “the Positivstel-
lensatz” in related literature as it requires no assumptions. By contrast, Schmüdgen and Putinar’s
theorems can be viewed as refinements of Stengle’s result under additional assumptions. As the
reader will see, all three theorems rely on the concept of sum of squares polynomials. We recall
that a polynomial is a sum of squares (sos) if it can be written as a sum of squares of other polyno-
mials. For example, the polynomial

p(x) = 5x4
1 − 4x3

1x2 + 3x2
1x2

2 − 2x1x2
2 + 5x2

2 (3)

is a sum of squares since it can alternatively be written as

p(x) = (2x2
1 − x1x2 + x2)

2 + (2x2 − x2
1)

2 + 2x2
1x2

2. (4)

A sum of squares decomposition is a way of making nonnegativity of a polynomial apparent. The
question as to when a nonnegative polynomial3 can be written as a sum of squares has a celebrated
history, dating back to groundbreaking work by Hilbert in 1888 [11] which later led to Hilbert’s
17th problem (see Theorem 4 in the next section and and [22]).

2Observe that the set {x ∈ Rn | g1(x) ≥ 0, . . . , gm(x) ≥ 0} is empty if and only if −g1(x) > 0 on the set {x ∈
Rn | g2(x) ≥ 0, . . . , gm(x) ≥ 0}.

3We recall that a polynomial p : Rn → R is said to be nonnegative if p(x) ≥ 0 for all x ∈ Rn.
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Theorem 1 (Stengle’s Positivstellensatz [24]–1974). The closed basic semialgebraic set

S = {x ∈ Rn | g1(x) ≥ 0, . . . , gm(x) ≥ 0}

is empty if and only if there exist sum of squares polynomials s0(x),s1(x),. . ., sm(x), s12(x), s13(x),. . .,
s123...m(x) such that

−1 = s0(x) + ∑
i

si(x)gi(x) + ∑
{i,j}

sij(x)gi(x)gj(x) + . . . + s123...m(x)g1(x) . . . gm(x).

The next two theorems, due to Schmüdgen and Putinar, certify positivity of a polynomial p
over a closed basic semialgebraic set S. They impose additional compactness assumptions com-
paratively to Stengle’s Positivstellensatz.

Theorem 2 (Schmüdgen’s Positivstellensatz [23]–1991). Assume that the set

S = {x ∈ Rn | g1(x) ≥ 0, . . . , gm(x) ≥ 0}

is compact. If a polynomial p is positive on S, then

p(x) = s0(x) + ∑
i

si(x)gi(x) + ∑
{i,j}

sij(x)gi(x)gj(x) + . . . + s123...m(x)g1(x) . . . gm(x),

where s0(x),s1(x),. . ., sm(x), s12(x), s13(x),. . ., s123...m(x) are sums of squares.

Theorem 3 (Putinar’s Positivstellensatz [20]–1993). Let

S = {x ∈ Rn | g1(x) ≥ 0, . . . , gm(x) ≥ 0}

and assume that {g1, . . . , gm} satisfy the Archimedean property, i.e., there exists N ∈ N such that

N −∑
i

x2
i = σ0(x) + σ1(x)g1(x) + . . . + σm(x)gm(x),

where σ1(x), . . . , σm(x) are sums of squares. If a polynomial p is positive on S, then

p(x) = s0(x) + s1(x)g1(x) + . . . + sm(x)gm(x),

where s1(x), . . . , sm(x) are sums of squares.

Note that these three Positivstellensätze involve in their expressions sum of squares polyno-
mials of unspecified degree. To construct hierarchies of tractable optimization problems for (2),
we fix this degree: at level r, we search for the largest γ such that positivity of p(x) − γ over S
can be certified using the Positivstellensätze where the degrees of all sos polynomials are taken to
be less than or equal to 2r. The choice of r determines the “size” of the certificate. As r increases,
the lower bounds obtained become increasingly accurate, eventually converging to p∗. The lower
bounds obtained are consequently termed “sum of squares hierarchies”. Solving each level of the
hierarchy is a semidefinite program (SDP) as one can optimize over (or test membership to) the
set of sum of squares polynomials of fixed degree and dimension using semidefinite program-
ming [17, 16, 12]. We remark that the hierarchy obtained from Stengle’s Positivstellensatz was
proposed and analyzed by Parrilo in [17]; the hierarchy obtained from Putinar’s Positivstellensatz
was proposed and analyzed by Lasserre in [12].
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3 The main contributions of [3]

To describe our contributions, we need to first recall a few basic definitions. A form is a homo-
geneous polynomial, i.e., a polynomial whose monomials all have the same degree. We say that
a form f is nonnegative if f (x) ≥ 0, for all x ∈ Rn. We denote the set of forms (resp. nonnega-
tive forms) in n variables and of degree d by Hn,d (resp. Pn,d). A form f is positive definite (pd) if
f (x) > 0, for all nonzero x in Rn (we write f > 0). For y, z ∈ Rn and an n-variate form f , we use
the shorthand f (y2 − z2) to denote f (y2

1 − z2
1, . . . , y2

n − z2
n).

3.1 Contributions to Question 1 (stated in Section 1)

The Stengle, Schmüdgen, and Putinar’s Positivstellensätze which we presented in the previous
section were derived in the latter half of the 20th century and are some of the cornerstone achieve-
ments of modern algebraic geometry. These theorems all certify positivity of a polynomial over
an arbitrary basic semialgebraic set (modulo compactness assumptions). They are very nontrivial
extensions of classical Positivstellensätze from the early 20th century that certify positivity of a
polynomial globally. Perhaps the best-known Positivstellensatz of this type is due to Artin in 1927,
in response to Hilbert’s 17th problem from the year 1900. Artin shows that every nonnegative
polynomial is a sum of squares of rational functions. An equivalent formulation of this statement
is as follows:

Theorem 4 (Artin [6]–1927). For any nonnegative polynomial p, there exists a nonzero sum of squares
polynomial q such that p · q is a sum of squares.

It is straightforward to see that such a polynomial q serves as a direct proof of nonnegativity
of p.

Prior to our paper, all converging hierarchies of lower bounds for POPs in related literature
were based off Positivstellensätze that certify nonnegativity of a polynomial over an arbitrary ba-
sic semialgebraic set. In [3], we showed that under the same usual compactness assumptions, it
suffices to merely have access to a certificate of global nonnegativity (such as the one provided by
Artin) in order to produce a converging hierarchy of lower bounds for general POPs. As a matter
of fact, we showed that even weaker statements that apply only to globally positive (as opposed
to globally nonnegative) homogeneous polynomials are enough to derive converging hierarchies
for POPs. (Examples of such statements are due to Habicht [8], Pólya [18], and Reznick [21].) The
key behind our findings was a “meta theorem” we proved which roughly stated the following:

Any sequence of inner approximations to the cone of positive homogeneous polynomials that is arbitrar-
ily tight can be turned into a converging hierarchy of lower bounds to the optimal value of polynomial
optimization problems with compact feasible sets.

Let us present this meta theorem more formally.

Theorem 5. Let Kr
n,2d be a sequence of sets (indexed by r) of homogeneous polynomials in n variables and

of degree 2d with the following properties:

(a) Kr
n,2d ⊆ Pn,2d, ∀r, and there exists a pd form sn,2d ∈ K0

n,2d.

(b) If p > 0, then ∃r ∈N such that p ∈ Kr
n,2d.

(c) Kr
n,2d ⊆ Kr+1

n,2d, ∀r.
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(d) If p ∈ Kr
n,2d, then ∀ε ∈ [0, 1], p + εsn,d ∈ Kr

n,2d.

Consider the polynomial optimization problem in (1) with a compact feasible set and denote its optimal value
by p∗. Let N := n + m + 3 and let D be the smallest even integer larger than or equal to the maximum
degree of p, g1, . . . , gm. Consider the following hierarchy of optimization problems indexed by r:

lr := sup
γ∈R

γ

s.t. fγ(z)−
1
r

sN,2D(z) ∈ Kr
N,2D,

(5)

where fγ is an N-variate form of degree 2D which can be explicitly written down from γ and the coefficients
of p, g1, . . . , gm (see [3, Theorem 2.1] for the exact expression of fγ). Then, lr ≤ p∗ for all r, {lr} is
nondecreasing, and limr→∞ lr = p∗.

In a nutshell, Theorem 5 tell us that any sequence of sets Kr
n,2d satisfying properties (a)-(d)

leads to an explicit hierarchy of optimization problems (i.e., those in (5)) that produces a converg-
ing sequence of lower bounds for polynomial optimization problems. The complexity of such a
hierarchy is exactly determined by the complexity of testing membership to the sets Kr

n,2d.
The first step in the proof of Theorem 5 has to do with the construction of the polynomial fγ

which is a form in n + m + 3 variables. This form is specifically designed for the following prop-
erty to hold:

γ < p∗ ⇐⇒ fγ is positive definite.

Once this is established, membership of fγ(z)− 1
r sN,2D(z) in Kr

N,2D ensures (by property (a)) that
fγ is positive definite. Conversely, it can be shown (by using properties (b)-(d)) that positive
definiteness of fγ can always be certified by membership of fγ(z)− 1

r sN,2D(z) in Kr
N,2D for large

enough r.
There are many possible constructions for the sets Kr

n,2d. For example, in our paper we define
the “Artin cone” of level r to be

Ar
n,2d := {p ∈ Hn,2d | p · q is sos for some nonzero sos form q of degree 2r},

and show that these cones together with sn,2d = (∑n
i=1 x2

i )
d satisfy properties (a)-(d) in Theorem 5.

The fact that property (b) holds, which is the most important property, is a direct consequence of
Artin’s theorem (Theorem 4). It is straightforward to check that membership to the cone Ar

n,2d can
be tested by semidefinite programming. Hence, our converging hierarchy of lower bounds based
on Artin’s theorem is an SDP-based hierarchy.

3.2 Contributions to Question 2 (stated in Section 1)

The converging hierarchies of lower bounds for POPs that have appeared in the algebraic op-
timization literature all rely on solving a convex optimization problem (typically a semidefinite
program) at each level. A main theoretical contribution of [3] is to develop, in contrast, the first
converging hierarchy of lower bounds that is “optimization-free”. We present a new hierarchy
which simply requires, in each level, that two polynomials be multiplied together and that the
coefficients of their product be checked to see if they are nonnegative. This result also gives us
a new Positivstellensatz (see [3, Corollary 4.5]) with a considerably more elementary proof than
the Positivstellensätze of Stengle, Schmüdgen, or Putinar. Our Positivstellensatz has the following
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rather-surprising corollary:

Infeasibility of a system of polynomial equations and inequalities can always be certified by merely mul-
tiplying some polynomials together and checking nonnegativity of the coefficients of their product.

From a theoretical perspective, we find that this statement is interesting even in the case of
linear programming (i.e., POPs where the objective and the constraints are defined by polynomials
of degree one). Indeed, to certify infeasibility of a system of linear inequalities, one typically uses
the Farkas lemma, which necessitates the solution to an auxiliary linear program.

To construct our optimization-free hierarchy, we make use of a classical result of Pólya [18],
which just like Artin’s Positivstellensatz, certifies global nonnegativity of forms. However this
result is restricted to even forms. Recall that a form p is even if each of the variables featuring in
any of its monomials has an even power.

Theorem 6 (Pólya [18]–1928). For any positive definite even form p, there exists r ∈ N such that p(x) ·
(∑i x2

i )
r has nonnegative coefficients.

Observe that nonnegativity of the coefficients of the (even) form p(x) · (∑i x2
i )

r serves as a proof
of its nonnegativity, which in turn implies nonnegativity of p.

Our hierarchy of lower bounds for polynomial optimization is based on the following Posi-
tivstellensatz (see [3, Section 4] for a more detailed version of the statement).

Theorem 7 (An optimization-free Positivstellensatz). Let p, g1, . . . , gm be n-variate polynomials and D
be the smallest even integer larger than or equal to their maximum degree. Assume S := {x ∈ Rn| g1(x) ≥
0, . . . , gm(x) ≥ 0} is a compact set. Then p(x) > 0 for all x ∈ S if and only if there exists a nonnegative
integer r such that the form(

f (v2 − w2)− 1
r
(

n+m+3

∑
i=1

(v2
i − w2

i )
2)D +

1
2r
(

n+m+3

∑
i=1

(v4
i + w4

i ))
D

)
·
(

n+m+3

∑
i=1

v2
i +

n+m+3

∑
i=1

w2
i

)r2

(6)

has nonnegative coefficients. Here, f is a form of degree 2D in n + m + 3 variables which can be explicitly
written down from the coefficients of p, g1, . . . , gm (see [3, Corollary 4.5] for the exact expression of f ).

The idea behind the proof of this theorem is roughly the following. The form f := f (z), in
variables (z1, . . . , zn+m+3), is constructed to give us the following equivalence:

p(x) > 0 ∀x ∈ S ⇐⇒ f is positive definite.

The goal then is to apply Pólya’s theorem (Theorem 6) to prove positive definiteness of f . How-
ever, a difficulty is encountered as f is generally not an even form, making Pólya’s theorem not
applicable. To overcome this issue, we make f := f (z) even by doubling its number of variables
and degree via the operation f (v2−w2). This operation preserves nonnegativity of the form f (as
any vector can be written as the difference of two nonnegative vectors) but unfortunately not its
positive definiteness (as f (v2 − w2) vanishes when v = w). This latter issue is dealt with by care-
fully adding two terms to f (v2 − w2) (see the leftmost parenthesis in (6)) to make the sum of the
three terms positive definite in (v, w)−space if and only if f is positive definite in z−space. The
sum of these three terms is then proved to be positive definite via Pólya’s theorem (Theorem 6). To
get the details of the analysis correct, it turned out that we needed to also resort to a quantitative
version of Pólya’s theorem proven by Powers and Reznick [19].
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3.3 LP and SOCP-based hierarchies

Our final contribution in [3] is to design linear programming (LP) and second-order cone pro-
gramming (SOCP)-based converging hierarchies of lower bounds for polynomial optimization
problems; see [3, Section 4.2]. These hierarchies are based on the notions of “dsos” and “sdsos”
polynomials [5], [2], [1]. A polynomial p := p(x) is said to be diagonally-dominant-sum-of-squares
(dsos) if it can be written as p(x) = ∑i αiq2

i (x), for some scalars αi ≥ 0 and some polynomials qi
that each involve at most two monomials with a coefficient of ±1. We say that a polynomial p is
scaled-diagonally-dominant-sum-of-squares (sdsos) if it can be written as p(x) = ∑i q2

i (x), for some
polynomials qi that involve at most two monomials with an arbitrary coefficient. By definition,
we have the implications dsos⇒ sdsos⇒ sos, though optimization over dsos (resp. sdsos) poly-
nomials can be done by LP (resp. SOCP) [5] and hence is more efficient than optimization over sos
polynomials which requires SDP. In [3], we make the simple observation that the multiplier(

n+m+3

∑
i=1

v2
i +

n+m+3

∑
i=1

w2
i

)r2

in (6), and more generally any even form with nonnegative coefficients, is a dsos (and hence also
an sdsos) polynomial. It follows that if we replace this multiplier with a free decision polynomial
which is constrained to be dsos (resp. sdsos), and then require the entire expression in (6) to also
be dsos (resp. sdsos), we obtain an LP-based (resp. SOCP-based) converging hierarchy of lower
bounds for polynomial optimization. The convergence of the resulting two hierarchies is faster
than that of our optimization-free hierarchy, but not as fast as the convergence of the Lasserre [12]
or the Parrilo [17] hierarchies.

3.4 Pictorial summary

The figure below lists five significant Positivstellensätze of the 20th century and their connection
to converging hierarchies of lower bounds for polynomial optimization problems. In a nutshell,
our contribution in [3] was to show that sum of squares hierarchies can be designed using only
Positivstellensätze from the 1920s which merely certify nonnegativity of polynomials globally.
We also showed that the reliance of these hierarchies on convex optimization can be replaced
by the task of multiplying certain fixed polynomials together and checking nonnegativity of the
coefficients of their product.
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