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Interacting Markov chains, or diffusions, on a sparse graph G = (V, E):

Xu(k +1) = F(Xy(k), (k) & (k + 1)), k € No,
dX,(t) = b(Xo(t), () dt + o (X (t), 1o (2)) Wi (2), t>0,

where 1, (k) is the neighborhood empirical measure given by

,Uv(k ( Z 6X

uENv(G)

and N,(G) :={u € V: (u,v) € E} denotes the neighborhood of v.
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Interacting Markov chains, or diffusions, on a sparse graph G = (V, E):

Xu(k +1) = F(Xy(k), (k) & (k + 1)), k € No,
dX,(t) = b(Xo(t), () dt + o (X (t), 1o (2)) Wi (2), t>0,

Results to discuss:
(a) 2nd order Markov random fields — local-field equations
(b) Correlation decay — convergence of empirical measures

(c) Dense graphs with heterogeneous limits — graphon particle systems
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2nd-order Markov random fields

Definition: A family of random variables (Y, ),c¢ is a 2nd-order Markov random field if

(YV)VEA 1 (YV)VGB | (YV)veiﬂA,

for all sets A, B C V with BN (AUJ?A) = ().

Example:

® @ @ L L @ L
Notation: For a set A of vertices in a graph G = (V/, E), define
Boundary: 0A={ue V :d(u,A) =1},

Double-boundary: 9?A = {u € V : d(u, A) = 1,2} = AU I(AU DA).
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2nd-order Markov random fields

Theorem (Lacker-Ramanan-W. '25)
Assume the initial states (X,(0)),cv form a second-order MRF. For each time t, the particle
trajectories (Xy[k])vev form a second-order MRF. Here x[k] = (x(0), x(1), ..., x(k)).
This is sharp: in general, for kK > 1,
o (Xy[k])vev is not a first-order MRF.
e (X,(k))ev is not a MRF of any order.
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2nd-order Markov random fields

Why? We need to condition on the paths of two nodes in the middle to cut off the influence
between A and B.

A 9%2A B
time k+1 @ ® @ @ @ @ o
time k [ L @ L L L @

time k—1 @ ® ® ® @ @ ®
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Correlation decay

Theorem (Lacker-Ramanan-W. '23)

Under suitable conditions, there exists c: Ng — R with lim,_,o c(n) = 0 such that

|Cov(fi(Xa,[T]): L(Xa, [T < (JA1] + |A2]) c(dG (A1, A2))
for all functions fi, f» that are 1-Lipschitz and bounded by 1.

Essential for proofs of convergence of empirical measures.
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Correlation decay

Argue via coupling: COV(XAl,XA2) = E[XA1XA2] — E[XAl]E[XAQ]

A1 Ao
o @ L J L @ @ @ @

Will construct Y and Z such that
@ Y and Z are independent;
oY <xiyz

o E|Ys, — Xa,| and E|Z4, — Xa,| decay as dg(A1, A2) grows.
Then

E[XAlez] - E[XAl]]E[XAz] = IE[)<Al)<f42] - E[YAlezl < CE| YAl - XA1| + C]E|ZA2 - XA2|'

8/12



Correlation decay

Replace some of the driving Brownian motion W by independent copies W:

A1 : Az
X with dW,(t) e—e—e—e e —e—e—e X with dW,(t)

Y with dW,(t) e—e—e—e e —e—e—® Y withdW,(t)

Z with dW,(t) ©&—e—e—e o —e—o—e ZwithdW,(t)
By construction: Y and Z are independent; Y 9 x £ 7. Similar to Picard iteration estimates:

max_ E[|IX, - Y, [2,] < C/ max  E[|[X, - Y, |2,] ds
vid(v,A1)<k vid(v,A1)<k+1 ’

= maxE [IX0 = Yoll2e] <(Ct)/L, L= Tds(A1,A2)/2].
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Dense graphs — graphon

Particles with heterogeneous interaction {7 € [0, 1] corresponding to G: [0, 1?2 —[0,1]

XP(t) = x0 + / 53 XN(E). X)) s + V(o).

Example: Half-graph and its limit.

Limit of half-graphs in the
cut norm || - ||o-

(Lovasz '12)

Vi)

The cut metric is weak: ||G||o < |G|/, < ||G||1,, but convenient for convergence of graphs.

E.g., G, = Erdés—Rényi(n,3) = G =5 in || - |5 but not in L, since |Gn(u, v) — G(u, v)| = 3.
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Dense graphs — graphon

We expect and can show

t 1 n
XP() =0+ [ 37 €gbXP(s). X7 () ds + By (1)
j=1

— xu(t)=x0+/0 /[01] [ BX(5).X) Gl ) o) b s + Bifr)

pve = L(X,(t)), vel0,1].

Theorem (Bayraktar-Chakraborty-W. '23)

1 ¢ !
Under conditions, p" := = Z(Sxp — = / L(Xy) du in P(Cq) in probability as n — oco.
n < ! 0
i=1
No continuity of the limiting graph G is needed.
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Dense graphs — graphon

Graphon particle systems are also analyzed for ...
@ jump processes
o SIR model with heterogeneous connection

e JSQ-d with dispatchers and servers connected via heterogeneous bipartite graphs
@ games
@ control problems

@ etc.
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