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A. The scaling hypothesis

The scaling hypothesis for thermodynamic functions is
made in the form of a statement about one particular
thermodynamic potential, generally chosen to be the
Gibbs potential per spin, G(H ,T)!G(H ,!). One form
of the hypothesis is the statement (see, e.g., Stanley,
1971) that asymptotically close to the critical point,
Gs(H ,!), the singular part of G(H ,!), is a generalized
homogeneous function (GHF). Thus the scaling hypoth-
esis may be expressed as a relatively compact statement
that asymptotically close to the critical point, there exist
two numbers, aH and aT (termed the field and tempera-
ture scaling powers) such that for all positive " ,
Gs(H ,!) obeys the functional equation:

Gs#"aHH ,"aT!$!"Gs#H ,!$. (1)

B. Exponent relations: The scaling laws

The predictions of the scaling hypothesis are simply
the properties of GHFs: (i) Legendre transforms of
GHFs are also GHFs, so all thermodynamic potentials
are GHFs. (ii) Derivatives of GHFs are also GHFs.
Since every thermodynamic function is expressible as
some derivative of some thermodynamic potential, it
follows that the singular part of every thermodynamic
function is asymptotically a GHF.

Two useful facts are worth noting:
(a) The critical-point exponent for any function is sim-

ply given by the ratio of the scaling power of the func-
tion to the scaling power of the path variable along
which the critical point is approached:

arbitrary exponent!
a function

apath
. (2)

Thus one can ‘‘write down by inspection’’ expressions
for any critical-point exponent. Equation (2) holds gen-
erally, and proves useful in practice. For the special case
of a uniaxial ferromagnet, we have

apath!! aH strong path %T!Tc ,H!0& ,

aT weak path %H!0",T!Tc
"& .

(3)

From property (ii), it follows that

a function!! 1#aH for M̄'#(G/(H $T ,

1#aT for S̄'#(G/(T $H .
(4a)

Similarly, from the definitions for the susceptibility
and specific heat, we have

a function!! 1#2aH for )̄T'#(2G/(H2$T ,

1#2aT for C̄H'#(2G/(T2$H .
(4b)

(b) Since each critical-point exponent is directly ex-
pressible in terms of aH and aT , it follows that one can
eliminate these two unknown scaling powers from the
expressions for three different exponents, and thereby
obtain a family of equalities called scaling laws.

To illustrate the utility of facts (a) and (b), we note
from Eqs. (3) and (4b) that

#*!!
1#2aT

aT
, (5a)

+!
1#aH

aT
, (5b)

and

#,!!
1#2aH

aT
. (5c)

We thus have three equations and two unknowns. Elimi-
nating aH and aT , we find

*!$2+$,!!2, (6)

which is the Rushbrooke inequality *!$2+$,-2 in
the form of an equality. Defining . through M/H., it
follows that

.#1!
aM

aH
!

1#aH

aH
. (7)

Eliminating aH and aT from Eqs. (5a), (5b), and (7), we
obtain the Griffiths equality

*!$+#.$1 $!2. (8)

Similarly, Eqs. (5b), (5c), and (7) give the Widom equal-
ity

,!!+#.#1 $. (9)

Thus one hallmark of the scaling approach is a family
of three-exponent equalities—called scaling laws—of
which Eqs. (6), (8), and (9) are but examples. In general,
it suffices to determine two exponents since these will in
general fix the scaling powers aH and aT , which in turn
may be used to obtain the exponents for any thermody-
namic function.

C. Equation of state and scaling functions

Next we discuss a second hallmark of the scaling ap-
proach, the equation of state. The scaling hypothesis of
Eq. (1) constrains the form of a thermodynamic poten-
tial, near the critical point, so this constraint must have
implications for quantities derived from that potential,
such as the equation of state.

Consider, for example, the M(H ,T) equation of state
of a uniaxial ferromagnet near the critical point %H
!0,T!Tc& . On differentiating Eq. (1) with respect to
H , we find

M#"aHH ,"aT!$!"1#aHM#H ,!$. (10)

Since Eq. (10) is valid for all positive values of " , it must
certainly hold for the particular choice "!H#1/aH.
Hence

MH!M#1,!H$!F #1 $#!H$, (11a)

where
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power) vs a scaled ! (! divided by H to some different
power).

The predictions of the scaling hypothesis are sup-
ported by a wide range of experimental work, and also
by numerous calculations on model systems such as the
n-vector model. Moreover, the general principles of
scale invariance used here have proved useful in inter-
preting a number of other phenomena, ranging from
elementary-particle physics (Jackiw, 1972) to galaxy
structure (Peebles, 1980).

B. Universality

The second theme goes by the rather pretentious
name ‘‘universality.’’ It was found empirically that one
could form an analog of the Mendeleev table if one par-
titions all critical systems into ‘‘universality classes.’’ The
concept of universality classes of critical behavior was
first clearly put forth by Kadanoff, at the 1970 Enrico
Fermi Summer School, based on earlier work of a large
number of workers including Griffiths, Jasnow and Wor-
tis, Fisher, Stanley, and others.

Consider, e.g., experimental M-H-T data on five di-
verse magnetic materials near their respective critical
points (Fig. 1). The fact that data for each collapse onto
a scaling function supports the scaling hypotheses, while
the fact that the scaling function is the same (apart from
two material-dependent scale factors) for all five diverse
materials is truly remarkable. This apparent universality
of critical behavior motivates the following question:
‘‘Which features of this microscopic interparticle force are
important for determining critical-point exponents and
scaling functions, and which are unimportant?’’

Two systems with the same values of critical-point ex-
ponents and scaling functions are said to belong to the
same universality class. Thus the fact that the exponents
and scaling functions in Fig. 1 are the same for all five
materials implies they all belong to the same universality
class.

C. Renormalization

The third theme stems from Wilson’s essential idea
that the critical point can be mapped onto a fixed point
of a suitably chosen transformation on the system’s
Hamiltonian (see the recent reviews: Goldenfeld, 1994;
Cardy, 1996; Lesne, 1998). This resulting ‘‘renormaliza-
tion group’’ description has (i) provided a foundation
for understanding the themes of scaling and universality,
(ii) provided a calculational tool permitting one to ob-
tain numerical estimates for the various critical-point ex-
ponents, and (iii) provided us with altogether new con-
cepts not anticipated previously.

One altogether new concept that has emerged from
renormalization is the idea of upper and lower marginal
dimensionalities d! and d" (see the review of Als-
Nielsen and Birgeneau, 1977). For d#d! , the classical
theory provides an adequate description of critical-point
exponents and scaling functions, whereas for d$d! , the
classical theory breaks down in the immediate vicinity of
the critical point because statistical fluctuations ne-
glected in the classical theory become important. The
case d%d! must be treated with great care; usually, the
classical theory ‘‘almost’’ holds, and the modifications
take the form of weakly singular corrections.

For d$d" , fluctuations are so strong that the system
cannot sustain long-range order for any T#0. For d"

$d$d! , we do not know exactly the properties of sys-
tems (in most cases) except when n approaches infinity,
where n will be introduced below as the spin dimension.
One can, however, develop expansions in terms of the
parameters (d!"d), (d"d"), and 1/n (see, e.g., the
reviews of Fisher, 1974; and Brézin and Wadia, 1993).

In the remainder of this brief overview, we shall at-
tempt to define somewhat more precisely the concepts
underlying the three themes of scaling, universality, and
renormalization without sacrificing the stated purpose,
that of a colloquium-level presentation.

IV. WHAT IS SCALING?

I offer here a very brief introduction to the spirit and
scope of the scaling approach to phase transitions and
critical phenomena using, for the sake of concreteness, a
simple system: the Ising magnet. Further, we discuss
only the simplest static property, the order parameter,
and the two response functions CH and "T . The rich
subject of dynamic scaling is beyond our scope here
(see, e.g., the authoritative review of Hohenberg and
Halperin, 1977).

FIG. 1. Experimental MHT data on five different magnetic
materials plotted in scaled form. The five materials are CrBr3 ,
EuO, Ni, YIG, and Pd3Fe. None of these materials is an ide-
alized ferromagnet: CrBr3 has considerable lattice anisotropy,
EuO has significant second-neighbor interactions. Ni is an
itinerant-electron ferromagnet, YIG is a ferrimagnet, and
Pd3Fe is a ferromagnetic alloy. Nonetheless, the data for all
materials collapse onto a single scaling function, which is that
calculated for the d%3 Heisenberg model [after Milošević and
Stanley (1976)].
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MH!
M

H "1!aH#/aH
"

M

H1/$
, (11b)

and

%H!
%

HaT /aH
"

%

H1/& (11c)

are termed the scaled magnetization and scaled tempera-
ture, while the function F (1)(x)"M(1,x) defined in Eq.
(11a) is called a scaling function.

In Fig. 1, the scaled magnetization MH is plotted
against the scaled temperature %H , and the entire family
of M(H"const,T) curves ‘‘collapse’’ onto a single func-
tion. This scaling function F (1)(H)"M(1,%H) evidently
is the magnetization function in fixed nonzero magnetic
field.

V. WHAT IS UNIVERSALITY?

Empirically, one finds that all systems in nature be-
long to one of a comparatively small number of such
universality classes. Two specific microscopic interaction
Hamiltonians appear almost sufficient to encompass the
universality classes necessary for static critical phenom-
ena.

The first of these is the Q-state Potts model (Potts,
1952; Wu, 1982). One assumes that each spin i can be in
one of Q possible discrete orientations ' i (' i
"1,2, . . . ,Q). If two neighboring spins i and j are in the
same orientation, then they contribute an amount !J to
the total energy of a configuration. If i and j are in dif-
ferent orientations, they contribute nothing. Thus the
interaction Hamiltonian is [Fig. 2(a)]

H"d ,s #"!J(
)ij*

$"' i ,' j#, (12a)

where $(' i ,' j)"1 if ' i"' j , and is zero otherwise. The
angular brackets in Eq. (12a) indicate that the summa-
tion is over all pairs of nearest-neighbor sites )ij*. The
interaction energy of a pair of neighboring parallel spins
is !J , so that if J#0, the system should order ferromag-
netically at T"0.

The second such model is the n-vector model (Stan-
ley, 1968), characterized by spins capable of taking on a
continuum of states [Fig. 2(b)]. The Hamiltonian for the
n-vector model is

H"d ,n #"!J(
)ij*

S! i•S! j . (12b)

Here, the spin S! i!(Si1 ,Si2 , . . . ,Sin) is an
n-dimensional unit vector with (+"1

n Si+
2 "1, and S! i inter-

acts isotropically with spin S! j localized on site j . Two
parameters in the n-vector model are the system dimen-
sionality d and the spin dimensionality n. The parameter
n is sometimes called the order-parameter symmetry
number; both d and n determine the universality class of
a system for static exponents.

Both the Potts and n-vector hierarchies are generali-
zation of the simple Ising model of a uniaxial ferromag-
net. This is indicated schematically in Fig. 2(c), in which
the Potts hierarchy is depicted as a north-south ‘‘Metro
line,’’ while the n-vector hierarchy appears as an east-
west line. The various stops along the respective Metro
lines are labeled by the appropriate value of s and n .
The two Metro lines have a correspondence at the Ising
model, where Q"2 and n"1.

Along the north-south Metro line (the Q-state hierar-
chy), Kasteleyn and Fortuin showed that the limit Q
"1 reduces to the random percolation problem, which
may be relevant to the onset of gelation (Stauffer and
Aharony, 1992; Bunde and Havlin, 1996). Stephen dem-
onstrated that the limit Q"0 corresponds to a type of
treelike percolation, while Aharony and Müller showed
that the case Q"3 has been demonstrated to be of rel-
evance in interpreting experimental data on structural
phase transitions and on absorbed monolayer systems.

The east-west Metro line, though newer, has probably
been studied more extensively than the north-south line;
hence we shall discuss the east-west line first. For n"1,
the spins Si are one-dimensional unit vectors which take
on the values $1. Equation (12b), H(d ,1), is the Ising
Hamiltonian, which has proved extremely useful in in-
terpreting the properties of the liquid-gas critical point
(Levelt Sengers et al., 1977). This case also corresponds
to the uniaxial ferromagnet introduced previously.

FIG. 2. Schematic illustrations of the possible orientations of
the spins in (a) the s-state Potts model, and (b) the n-vector
model. Note that the two models coincide when Q"2 and n
"1. (c) North-south and east-west ‘‘Metro lines.’’
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p!!pb. (15)

C. Fixed points of the renormalization transformation

The actual choice of the function Rb(p) varies, of
course, from one problem to the other. However the
remaining steps to be followed after selecting a suitable
Rb(p) are essentially the same for all problems. First,
we note [Fig. 3(c)] that on carrying out the renormaliza-
tion transformation, the new correlation length !!(p!) is
smaller than the original correlation length !(p) by a
factor of b :

!!"p!#!b"1!"p #. (16)

Next we consider the effect of carrying out successive
Kadanoff-cell transformations with our one-dimensional
example. Suppose the system starts out at an initial pa-
rameter value p!p0!0.9, as shown schematically in Fig.
4. After a single renormalization transformation, the
value of p becomes p0!!Rb(p0)!0.81 by Eq. (15). The
transformed system is farther from the critical point, and

hence !!(p!) is smaller—just as we noted in Fig. 3(c). If
we now perform a renormalization transformation on
the transformed system, we have p0"!Rb$Rb(p0)%
!(p0!)2!0.64. The doubly-transformed system is now
farther still from the critical point.

Thus the effect of successive Kadanoff-cell transfor-
mations for the example at hand is to take the system
away from its critical point. An important exception to
this statement is the following: if a system is initially at
its critical point (e.g., if p0!pc!1), then !!& and
hence !!, by Eq. (16), is also infinite. A necessary but
not sufficient condition that this occur is for p! to equal
p . The values of p for which p!!p are termed the fixed
points p* of the transformation Rb(p),

Rb"p*#!p*. (17)

Thus, by obtaining all the fixed points of a given renor-
malization transformation Rb(p), we should be able to
obtain the critical point. For the example of one-
dimension percolation, Rb(p)!pb and there are two
fixed points. One is p*!0 and the other is p*!1. In-
deed, we recognize the critical point, pc!1, as one of the
two fixed points.

Now if the system is initially at a value p!p0 , which
is close to the p*!1 fixed point, then under the renor-
malization transformation it is carried to a value of p0! ,
which is farther from that fixed point. We may say a
fixed point is unstable for the ‘‘relevant’’ scaling field u
!(p"pc). Conversely, if p0 is close to the p*!0 fixed
point, then it is carried to a value p0! that is still closer to
that fixed point; we term such a fixed point stable. Thus
for the example at hand, there is one unstable fixed
point, p*!1, and one stable fixed point, p*!0.

We often indicate the results of successive renormal-
ization transformations schematically by means of a
simple flow diagram, as is shown in Fig. 4(b). The arrows
in the flow diagram indicate the effect of successive
renormalization on the system’s parameters. Note that
the ‘‘flow’’ under successive transformations is from the
unstable fixed point toward the stable fixed point. In the
example treated here, there is only one parameter p and

FIG. 3. The Kadanoff-cell transformation applied to the ex-
ample of one-dimensional percolation. The site level in (a) is
characterized by a single parameter p—the probability of a site
being occupied. The cell level in (b) is characterized by the
parameter p!—the probability of a cell being occupied. The
relation between the two parameters, p and p!, is given by the
renormalization transformation R(p) of Eqs. (14) and (15).
Also shown are successive Kadanoff-cell transformations. Af-
ter each transformation, the correlation length !(p) is halved.
The corresponding value of occupation probability is reduced
to p!!pb!p2, thus taking the system ‘‘farther away’’ from the
critical point p!pc!1. Occupied sites and cells are shown
solid, while empty sites and cells are open.

FIG. 4. Generic idea of a flow diagram, illustrated here for the
pedagogical example of one dimension. (a) Two curves, p!
!p and p!!R2(p)!p2. The fixed points p*!0,1 are given by
the intersection of these two curves; the ‘‘thermal’’ scaling
power aT is related to the slope of Rb(p) at the unstable fixed
point p*!1. Also shown is the effect of successive Kadanoff-
cell transformations, Eq. (15), on a system whose initial value
of the parameter p is p0!0.9. This information is capsulized in
the one-dimensional flow diagram of part (b), which illustrates
the result of Eq. (16)—that each renormalization serves to
halve the correlation length ! .

S363H. Eugene Stanley: Scaling, universality, and renormalization
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Pillar 3: RENORMALIZATION 
GROUP

Kadanoff site-to-cell coarse-
graining successively tames the 
problem of an infinite 
correlation length. 

Example: Q=1 Potts model for 
d=1 (1d percolation)
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Examples of open questions
• What matters in the interaction potential?    

Ex: Lee-Yang lattice gas describes 
EVERY fluid near its critical point 

• What matters for dynamics?   Ex: What 
determines onset of spatially hetero-
geneous dynamics (dyn. heterogeinity)?

• What fixes limits of validity of classic 
“laws”?  Ex: Stokes-Einstein breakdown?

• What determines “switching” of a system? 
Ex: in biology, and economics, there are 
“tipping points” but no mechanical 
switches!
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PUZZLE: 
How does a 
paramagnet “know” 
when to 
spontaneously order  
itself?

ANSWER: 
When the 
exponential decay 
along a 1-d path 
balances the 
exponential increase 
in the number of 
paths.  

v = J/kT = n.n. 
coupling strength
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How can a liquid exist in 1 phase? 
ex: Lennard-Jones potential: 
1 length scale implies 1 liquid phase

Can a liquid exist in 2  phases?
ex: 2-well Lennard-Jones potential:
 2 length scales means 2 liquid phases

Mark Kac: “How does a liquid know when to condense?”

Why local tetrahedral interactions  
lead to 2 different length scales 
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Silicon: Si

Silica: SiO2

Water: H2O

Three ubiquitous substances have in 
common local tetrahedral structure and 
hence more than one length scale in their 
interaction potentials.

Do all 3 show a liquid-liquid transition?

SiO

9



H Eugene Stanley

Figure 2. Schematic dependence on temperature of (a) the isothermal com-
pressibility KT, (b) the constant-pressure specific heat CP, and (c) the thermal
expansivity !P. The behavior of a typical liquid is indicated by the dashed
line, which, very roughly, is an extrapolation of the high-temperature behavior
of liquid water. Note that while the anomalies displayed by liquid water are
apparent above the melting temperature Tm, they become more striking as
one supercools below Tm.

2.2 Why do we care about this anomalous behavior?

To begin with, if we do not understand water we will never understand biology.
That is a major reason to care. Scientifically, water is the prototype complex
fluid. It is not a simple, ‘bag-of-marbles’ liquid, but a ‘bag of tetrahedra’. These
tetrahedra are not only irregularly shaped, but are charged. Two of the arms are
positively-charged, corresponding to the protons on each water molecule, and two
are negatively-charged, corresponding to the lone pairs. In addition to short-range
forces, these ‘charged tetrahedra’ interact with long-range Coulomb forces.

2.3 What do we do?

Our approach is based on the fact that water has a tetrahedral local geometry. In
this sense water shares features with other liquids such as silicon (studied in Ban-
galore by Prof. Srikanth Sastry). Because water is both tetrahedral and charged, a
simple Lennard–Jones potential is not su!cient to describe its complexity. One way
to modify the Lennard–Jones potential to provide at least a simplified description

648 Pramana – J. Phys., Vol. 64, No. 5, May 2005

3 of the 64 anomalies: 3 thermodynamic response functions singular
                                                                      (at about 228K = -45 C)

(b) 
Specific          
Heat

(a)Compressibility

(c) Coeff. 
Thermal 
Expansion
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Figure 1: Schematic illustration indicating the various 
phases of liquid water (color-coded) that are found at 
atmospheric pressure. Courtesy of Dr. O. Mishima.

Figure 2: Generalization of Fig. 1 to incorporate a second 
control parameter, the pressure. The colors are the same as 
used in Fig. 1. Courtesy of Dr. O. Mishima.

TRUE! L-L Ph.Tr. Hypothesis 
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How to find a critical point: 
 Different answers for theorist and experimentalist!
  (due to phenomenon of metastability)
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Anomalous Thermodynamic Properties of Supercooled Water

Isothermal 
Compressibility

Specific Heat

TS = 228 K

     = - 45 ˚C

C. A. Angell, et al, JPC 77, 
3092 (1973)

R. J. Speedy, et al, JCP 65, 
851 (1976)

13



MCM-41-S Structure
MCM-41-S is well ordered with 
hexagonal symmetry.

Four MCM-41-S samples, fully hydrated:

MCM-41-S-10, with pore size <10 Å, 

grH2O / grsilica ≈ 40%; 

MCM-41-S-12, with pore size 12 Å, 

grH2O / grsilica ≈ 48%;

MCM-41-S-14, with pore size 14 Å, 

grH2O / grsilica ≈ 50%;

MCM-41-S-18, with pore size 18 Å, 

grH2O / grsilica ≈ 55%. C.-Y. Mou, Taiwan
14



Using specific heat peak (response of entropy) to locate Widom line:
Widom line in MD simulations consistent with Oguni sp.heat experiments

S. Maruyama, K. Wakabayashi, M. Oguni, 
“Thermal Properties of Supercooled 
Water Confined within Silica Gel Pores,” 
AIP conferenceprodeedings 708, 67 
(2004)). 

L. Xu, P. Kumar, S.V. Buldyrev, S.H. 
Chen, P.H. Poole, F. Sciortino, H.E. 
Stanley, PNAS 102,16558 (2005). 

Simulation Experiments

220 240 260 280 300
T (K)
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C
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-1
)

P=0MPa

Sendai 2003
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Mallamace, Chen,  et al 2008 PNAS 
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17
F. Mallamace, Chen, et al, PNAS 2008  

Use  a different response function to locate Widom line:  coefficient thermal expansion
                                 [Response of Density to infinitesimal increase of Temperature]
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Fragile-to-Strong Crossover for Hydrated MCM-41-S-14

Self Diffusion by NMR

α-relaxation time by 
QENS 

A. Faraone et al, JCP 121, 10843 (2004)

F. Mallamace et al., JCP (2006)
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Confirmation of a dynamic crossover in simulations upon crossing the Widom line

“Relation between the Widom Line and the Strong-Fragile Dynamic Crossover in Systems with a Liquid-liquid Phase 
Transition”, L. Xu, P. Kumar, S.V. Buldyrev, S.H. Chen, P.H. Poole, F. Sciortino, H.E. Stanley, PNAS 102,16558 (2005). 

Dynamic crossover seems to be a consequence of structural changes of 
water upon crossing the Widom line !
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Temp. 
Depen
dence 
of Ave. 
Trans. 
Relax. 
Times 
(P = 1 
bar)

A. Faraone, L. Liu, C.-Y. Mou, C.-W. Yen, and S.-H. Chen, “Fragile-to-strong liquid 
transition in deeply supercooled confined water”, J. Chem. Phys. Rapid Commu. 121, 
10843-10846 (2004)

Q: Does Widom line depend on pore size or only on contents of pore?
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THANK YOU!
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