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Bayesian Ensemble Risk Prediction
Inter- and intra-tumor heterogeneity pose great challenges
to cancer diagnosis, prognosis, and therapeutic implemen-
tation. Advances in high-throughput data generation tech-
nologies provide opportunities to catalogue diverse molecular
alterations in tumors which is critical to the practice of pre-
cision medicine. Machine learning methods have potential
to decipher key patterns in cancer prognosis.
Bayesian ensemble learning methods such as Bayesian ad-
ditive regression trees (BART) have the capability to de-
velop highly effective prognostic models of cancer through
their flexibility in adapting to covariate interactions and
nonlinearities. We build upon such methods by develop-
ing an ensemble-averaging approach for predicting survival
outcomes. Our approach generates risk scores by averaging
over a collection of Bayesian tree-based ensemble models.
The advantages of this novel approach is that it allows for
more robust risk prediction in higher dimension, automatic
uncertainty quantification of risk scores, and hypothesis eval-
uation.

Data Structure

• Let T be patient failure time and C be censoring time. For
each patient i, we observe response Yi = min{Ti, Ci}, event
indicator δi = 1{Yi ≤ Ci}, and a p-dimensional vector of
baseline covariates zi, where i = 1, . . . , n.

•We consider K different “candidate” design matrices
X1, . . . ,XK. The ith row of the n× pk matrix Xk is denoted
by xki . Each row of Xk is obtained by transforming and/or
taking a subset of zi.

•Each candidate design matrix Xk can be thought of as repre-
senting a model or hypothesis of interest where the hypothesis
is that the covariates in Xk are the key variables explaining
differences in patient outcomes.

Tree-based Accelerated Failure Time
(AFT) Models

•To describe patient survival, we consider the following semi-
parametric AFT model with true model index A:

log Ti =
K∑
k=1

1{A = k}mk(xki ) + σε, ε ∼ N(0, 1). (1)

If A = k, then patient failure times follow an AFT model with
regression function mk(·) and covariates xki .

• For each patient i, a higher value of the posterior mean of
m(zi) = ∑K

k=1 1{A = k}mk(xki ) implies a lower risk value.
•Each mk(·) is modeled non-parametrically using a Bayesian
sum-of-trees model (BART). That is, mk(·) is given by

mk(xki ) =
H∑
h=1

nh∑
j=1

µhjD
k
jh,

where Dk
jh = 1 if xki belongs to the jth terminal node of the

hth decision tree (see Figure 1 for a depiction of a single tree
with nh = 3 terminal nodes) and Dk

jh = 0 otherwise.

•To fit model (1), we evaluate the posterior distribution
p{mk(·)|y, δ, A = k} for each mk(·) (k = 1, . . . , K) as de-
scribed in [2] and then compute the posterior probability of
each model (eq. (2)).

Figure 1: A single tree with 3 terminal nodes from BART.

Approximating Posterior Model
Probabilities

•Posterior model probabilities are key for model comparison
and model-averaged risk estimates. These are defined as:

wk = Pr(A = k|y, δ), k = 1, . . . , K. (2)
•Because direct computation of wk is challenging, we approxi-
mate wk by combining a data augmentation scheme (eq. (3))
with solving a quadratic programming problem (eq. (5)).

• Data augmentation: Let v denote the “complete data” which
includes both observed and unobserved failure times Ti. For
any (k, j), we can compute

Bkj =
∫
Pr(A = k|v, σ)p(v, σ|δ,y, A = j)dvdσ. (3)

• If B is the matrix whose (k, j) element is Bkj and w =
(w1, . . . , wK), it can be shown that

(B− I)w = 0. (4)
•To find a probability vector ŵ that approximately satisfies (4),
we let ŵ be the solution to the following quadratic program-
ming problem

min wT (B− I)T (B− I)w s.t. w ≥ 0,
∑
k

wk = 1. (5)

Model-Averaged Estimates of Risk

The prime uses of the approximate posterior probabilities ŵk
obtained from solving (5) are:
(1) Generating model-averaged estimates of risk

E{m(x)|y, δ} ≈
K∑
k=1

ŵkE{m(x)|y, δ, A = k}.

(2) Comparing models k and j via the Bayes factor
BFkj = ŵkπj/ŵjπk,

where πj = P (A = j) is the prior probability of model j.
(3) Quantifying the uncertainty of the risk scores using:

Var{m(z)|y, δ} ≈
K∑
k=1

ŵk[Var{m(z)|y, δ, A = k} + ∆̂2
k]

−E{m(z)|y, δ}2,

where ∆̂k = E{m(z)|y, δ, A = k}.

Simulations in a 3-Model Example
For patient i with covariates x∗i = (x∗i,1, x∗i,2, x∗i,3, x∗i,4, x∗i,5),
the true model is defined as

log Ti = m(x∗i ) + σεi
m(x∗i ) = 2(x∗i,3 − 1/2)2 − 10x∗i,4 + 5x∗i,5 − 5.

Consider the following three models where Model 1 is true
Model 1 : x1

i = (x∗i,1, x∗i,2, x∗i,3, x∗i,4, x∗i,5)
Model 2 : x2

i = (x∗i,2, x∗i,3, x∗i,4)
Model 3 : x3

i = zi, zi ∼ Normal(0, 1).
Approximate posterior model probabilities (ŵ1, ŵ2, ŵ3) (eq.
(5)) as a function of sample size for the three models in the
simulation study are shown in the following figure:
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In simulations, approximated posterior probabilities show
clear evidence in favor of Model 1 for roughly n ≥ 50.

Survival Prediction in the Multi-Site
Validation Lung Cancer Study

Multi-Site Validation Lung Cancer Study. In this
study [1], 441 patients were evaluated at 4 treatment sites
with 60 months of follow-up. For each patient, we have
22, 284 gene expression measurements and the clinical vari-
ables: disease stage, age, and gender. In [1] which reports
on this study, two sites were used as training data on which
several risk prediction models were developed, and the re-
maining two sites were used to validate these risk models.
Model Specification. For model-averaging, we consid-
ered 20 models addressing the broad hypotheses that pa-
tient survival is primarily determined by 1) stage of cancer
at baseline; 2) stage of cancer, age, and gender; 3) stage of
cancer and gene expression measures; 4) only gene expression
measurements; and 5) stage, age, gender, and gene expres-
sion. Note that some of these 5 broad hypotheses contain
multiple models due to different techniques for reducing the
dimension of the genetic covariates.
Validation and Interpretation. Figure 2 shows sur-
vival in the Memorial Sloan-Kettering (MSK) and Dana Far-
ber Cancer Institute (CAN/DF) test sites by estimated risk
class. Patients were stratified into 3 groups based on risk
scores obtained by running our model-averaged BART–AFT
procedure on the training sites. Table 2 shows the top 5
models by posterior model probability. Models incorporat-
ing cancer stage, age, and gender or including these 3 factors
plus key genetic markers were the highest ranked.

Method MSK: c-statistic CAN/DF: c-statistic
BMA-AFTree 0.67 0.71

Method H from [1] 0.59 0.61
Penalized Cox Reg. 0.69 0.67

Table 1: Risk score performance: values of the concordance
statistic (c-statistic) on the two validation sites for 3 methods.
Larger values of the c-statistic suggest better performance.
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Figure 2: K-M plots by model-averaged estimated risk class.

Model Post. Model Prob.
Stage + Age + Gender 0.25

Stage + Age + Gender + top 4 genes 0.23
Stage only 0.19

Stage + top 4 genes 0.17
Stage + Age + Gender + Genes - 2 clust. 0.08

Table 2: Top 5 models by posterior probability. The top 4 genes
were those genes with the highest marginal association with the
outcome in both training sites. In the table, “Genes - 2 clust.”
is a model where gene expression was clustered into two groups
using the partitioning around medoids (PAM) algorithm.

Concluding Remarks

We have developed a novel Bayesian model-averaging approach
to survival prediction called BMA-AFTree which combines a
collection of tree-based AFT models. We believe our approach
generates risk scores that are competitive with other learning
methods. In addition, our approach provides measures of uncer-
tainty and allows for model assessment. Our analysis of the lung
cancer study in [1] suggests that, while survival is to a large ex-
tent driven by cancer stage at baseline, factors such as age and
gender should be included in prognostic models of early-stage
lung cancer. Moreover, inclusion of simple genetic summary
measures can improve risk prediction. In future work, we plan
to apply BMA-AFTree to prediction of survival and to biomarker
discovery in the context of immuno-oncology therapies.
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