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One more example: learn (& optimize) performance in 
machine learning as a function of tuning parameters

[Gramacy, 
Lee 2008] 
[Gramacy 

2020]

[Snoek et 
al 2012, 

2015; 
Garnett 

2023]
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know about the 
underlying function? 

A (statistical) model 
that can generate 
functions and data 
of interest

x data 
f(x) best guess 
f(x) 95% interval

x

y

x

y

x
x x

x
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Multivariate Gaussian

5



• M=2, bivariate Gaussian:  
• With                     and

Multivariate Gaussian
<latexit sha1_base64="JpMVlXVESrMjE0oNHkGDcVw8/f4="></latexit>

K = �2


1 ⇢
⇢ 1

�
correlation

<latexit sha1_base64="dhBUFBuFEnyNzqJv7UAI3vH31uw=">AAACGXicbZDLSsNAFIYnXmu9VV26GSxCC6UkRarLohtBkAr2AklaJtNpO3QmCTMTIYS8hhtfxY0LRVzqyrdx0nahrT8MfPznHOac3wsZlco0v42V1bX1jc3cVn57Z3dvv3Bw2JZBJDBp4YAFoushSRj1SUtRxUg3FARxj5GON7nK6p0HIiQN/HsVh8TlaOTTIcVIaatfMO24l5SsclqBGdTKqdtzVBBCR1IOHY7UGCOW3KYlh0cVeFPuF4pm1ZwKLoM1hyKYq9kvfDqDAEec+AozJKVtmaFyEyQUxYykeSeSJER4gkbE1ugjTqSbTC9L4al2BnAYCP18Bafu74kEcSlj7unObFW5WMvM/2p2pIYXbkL9MFLEx7OPhhGDKoBZTHBABcGKxRoQFlTvCvEYCYSVDjOvQ7AWT16Gdq1q1av1u7Ni43IeRw4cgxNQAhY4Bw1wDZqgBTB4BM/gFbwZT8aL8W58zFpXjPnMEfgj4+sHliSe0Q==</latexit>

[y(1), y(2)]> ⇠ N (µ,K)
<latexit sha1_base64="9zx1uN4GGSLPyaRFFJU32/GxXtc=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAgupCQi1Y1QdOOygn1AEstkOmmHziPMTAol9E/cuFDErX/izr9x2mahrQcuHM65l3vviVNGtfG8b2dldW19Y7O0Vd7e2d3bdw8OW1pmCpMmlkyqTow0YVSQpqGGkU6qCOIxI+14eDf12yOiNJXi0YxTEnHUFzShGBkrdV035Bm8gYF37kVPoZFp1614VW8GuEz8glRAgUbX/Qp7EmecCIMZ0jrwvdREOVKGYkYm5TDTJEV4iPoksFQgTnSUzy6fwFOr9GAilS1h4Ez9PZEjrvWYx7aTIzPQi95U/M8LMpNcRzkVaWaIwPNFScagkXAaA+xRRbBhY0sQVtTeCvEAKYSNDatsQ/AXX14mrYuqX6vWHi4r9dsijhI4BifgDPjgCtTBPWiAJsBgBJ7BK3hzcufFeXc+5q0rTjFzBP7A+fwBoBiSYg==</latexit>

µ = [0, 0]>
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Multivariate Gaussian
<latexit sha1_base64="JpMVlXVESrMjE0oNHkGDcVw8/f4="></latexit>

K = �2


1 ⇢
⇢ 1

�
correlation

1 2

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)
<latexit sha1_base64="74CI/x2CUvL+0D6YAJ5MWtRUgeU=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9ktUj0WvXisYD+gXUs2zbah2WxIssKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5geRMG9f9dtbWNza3tgs7xd29/YPD0tFxW8eJIrRFYh6rboA15UzQlmGG065UFEcBp51gcjvzO09UaRaLB5NK6kd4JFjICDZW6qSPWaV2MR2Uym7VnQOtEi8nZcjRHJS++sOYJBEVhnCsdc9zpfEzrAwjnE6L/URTickEj2jPUoEjqv1sfu4UnVtliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyraELzll1dJu1b16tX6/WW5cZPHUYBTOIMKeHAFDbiDJrSAwASe4RXeHOm8OO/Ox6J1zclnTuAPnM8fnYKPHQ==</latexit>

y(2)

<latexit sha1_base64="9zx1uN4GGSLPyaRFFJU32/GxXtc=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAgupCQi1Y1QdOOygn1AEstkOmmHziPMTAol9E/cuFDErX/izr9x2mahrQcuHM65l3vviVNGtfG8b2dldW19Y7O0Vd7e2d3bdw8OW1pmCpMmlkyqTow0YVSQpqGGkU6qCOIxI+14eDf12yOiNJXi0YxTEnHUFzShGBkrdV035Bm8gYF37kVPoZFp1614VW8GuEz8glRAgUbX/Qp7EmecCIMZ0jrwvdREOVKGYkYm5TDTJEV4iPoksFQgTnSUzy6fwFOr9GAilS1h4Ez9PZEjrvWYx7aTIzPQi95U/M8LMpNcRzkVaWaIwPNFScagkXAaA+xRRbBhY0sQVtTeCvEAKYSNDatsQ/AXX14mrYuqX6vWHi4r9dsijhI4BifgDPjgCtTBPWiAJsBgBJ7BK3hzcufFeXc+5q0rTjFzBP7A+fwBoBiSYg==</latexit>

µ = [0, 0]>

• M=2, bivariate Gaussian:  
• With                     and

<latexit sha1_base64="dhBUFBuFEnyNzqJv7UAI3vH31uw=">AAACGXicbZDLSsNAFIYnXmu9VV26GSxCC6UkRarLohtBkAr2AklaJtNpO3QmCTMTIYS8hhtfxY0LRVzqyrdx0nahrT8MfPznHOac3wsZlco0v42V1bX1jc3cVn57Z3dvv3Bw2JZBJDBp4YAFoushSRj1SUtRxUg3FARxj5GON7nK6p0HIiQN/HsVh8TlaOTTIcVIaatfMO24l5SsclqBGdTKqdtzVBBCR1IOHY7UGCOW3KYlh0cVeFPuF4pm1ZwKLoM1hyKYq9kvfDqDAEec+AozJKVtmaFyEyQUxYykeSeSJER4gkbE1ugjTqSbTC9L4al2BnAYCP18Bafu74kEcSlj7unObFW5WMvM/2p2pIYXbkL9MFLEx7OPhhGDKoBZTHBABcGKxRoQFlTvCvEYCYSVDjOvQ7AWT16Gdq1q1av1u7Ni43IeRw4cgxNQAhY4Bw1wDZqgBTB4BM/gFbwZT8aL8W58zFpXjPnMEfgj4+sHliSe0Q==</latexit>

[y(1), y(2)]> ⇠ N (µ,K)
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<latexit sha1_base64="JpMVlXVESrMjE0oNHkGDcVw8/f4="></latexit>

K = �2


1 ⇢
⇢ 1

�
correlation

1 2

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)
<latexit sha1_base64="74CI/x2CUvL+0D6YAJ5MWtRUgeU=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9ktUj0WvXisYD+gXUs2zbah2WxIssKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5geRMG9f9dtbWNza3tgs7xd29/YPD0tFxW8eJIrRFYh6rboA15UzQlmGG065UFEcBp51gcjvzO09UaRaLB5NK6kd4JFjICDZW6qSPWaV2MR2Uym7VnQOtEi8nZcjRHJS++sOYJBEVhnCsdc9zpfEzrAwjnE6L/URTickEj2jPUoEjqv1sfu4UnVtliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyraELzll1dJu1b16tX6/WW5cZPHUYBTOIMKeHAFDbiDJrSAwASe4RXeHOm8OO/Ox6J1zclnTuAPnM8fnYKPHQ==</latexit>

y(2)

<latexit sha1_base64="9zx1uN4GGSLPyaRFFJU32/GxXtc=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAgupCQi1Y1QdOOygn1AEstkOmmHziPMTAol9E/cuFDErX/izr9x2mahrQcuHM65l3vviVNGtfG8b2dldW19Y7O0Vd7e2d3bdw8OW1pmCpMmlkyqTow0YVSQpqGGkU6qCOIxI+14eDf12yOiNJXi0YxTEnHUFzShGBkrdV035Bm8gYF37kVPoZFp1614VW8GuEz8glRAgUbX/Qp7EmecCIMZ0jrwvdREOVKGYkYm5TDTJEV4iPoksFQgTnSUzy6fwFOr9GAilS1h4Ez9PZEjrvWYx7aTIzPQi95U/M8LMpNcRzkVaWaIwPNFScagkXAaA+xRRbBhY0sQVtTeCvEAKYSNDatsQ/AXX14mrYuqX6vWHi4r9dsijhI4BifgDPjgCtTBPWiAJsBgBJ7BK3hzcufFeXc+5q0rTjFzBP7A+fwBoBiSYg==</latexit>

µ = [0, 0]>

• M=2, bivariate Gaussian:  
• With                     and

<latexit sha1_base64="dhBUFBuFEnyNzqJv7UAI3vH31uw=">AAACGXicbZDLSsNAFIYnXmu9VV26GSxCC6UkRarLohtBkAr2AklaJtNpO3QmCTMTIYS8hhtfxY0LRVzqyrdx0nahrT8MfPznHOac3wsZlco0v42V1bX1jc3cVn57Z3dvv3Bw2JZBJDBp4YAFoushSRj1SUtRxUg3FARxj5GON7nK6p0HIiQN/HsVh8TlaOTTIcVIaatfMO24l5SsclqBGdTKqdtzVBBCR1IOHY7UGCOW3KYlh0cVeFPuF4pm1ZwKLoM1hyKYq9kvfDqDAEec+AozJKVtmaFyEyQUxYykeSeSJER4gkbE1ugjTqSbTC9L4al2BnAYCP18Bafu74kEcSlj7unObFW5WMvM/2p2pIYXbkL9MFLEx7OPhhGDKoBZTHBABcGKxRoQFlTvCvEYCYSVDjOvQ7AWT16Gdq1q1av1u7Ni43IeRw4cgxNQAhY4Bw1wDZqgBTB4BM/gFbwZT8aL8W58zFpXjPnMEfgj4+sHliSe0Q==</latexit>

[y(1), y(2)]> ⇠ N (µ,K)

Multivariate Gaussian using locations
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Multivariate Gaussian using locations
<latexit sha1_base64="JpMVlXVESrMjE0oNHkGDcVw8/f4="></latexit>

K = �2


1 ⇢
⇢ 1

�
correlation

1 2

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)
<latexit sha1_base64="74CI/x2CUvL+0D6YAJ5MWtRUgeU=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9ktUj0WvXisYD+gXUs2zbah2WxIssKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5geRMG9f9dtbWNza3tgs7xd29/YPD0tFxW8eJIrRFYh6rboA15UzQlmGG065UFEcBp51gcjvzO09UaRaLB5NK6kd4JFjICDZW6qSPWaV2MR2Uym7VnQOtEi8nZcjRHJS++sOYJBEVhnCsdc9zpfEzrAwjnE6L/URTickEj2jPUoEjqv1sfu4UnVtliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyraELzll1dJu1b16tX6/WW5cZPHUYBTOIMKeHAFDbiDJrSAwASe4RXeHOm8OO/Ox6J1zclnTuAPnM8fnYKPHQ==</latexit>

y(2)

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)
<latexit sha1_base64="74CI/x2CUvL+0D6YAJ5MWtRUgeU=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9ktUj0WvXisYD+gXUs2zbah2WxIssKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5geRMG9f9dtbWNza3tgs7xd29/YPD0tFxW8eJIrRFYh6rboA15UzQlmGG065UFEcBp51gcjvzO09UaRaLB5NK6kd4JFjICDZW6qSPWaV2MR2Uym7VnQOtEi8nZcjRHJS++sOYJBEVhnCsdc9zpfEzrAwjnE6L/URTickEj2jPUoEjqv1sfu4UnVtliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyraELzll1dJu1b16tX6/WW5cZPHUYBTOIMKeHAFDbiDJrSAwASe4RXeHOm8OO/Ox6J1zclnTuAPnM8fnYKPHQ==</latexit>

y(2)

<latexit sha1_base64="TpztQBCl9Drg7lYuaosbGwulccc=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BItQL2W3SPVY9OKxgv2Adi3ZNNuGZrNLkhXL0h/hxYMiXv093vw3pu0etPXBwOO9GWbm+bHg2jjON8qtrW9sbuW3Czu7e/sHxcOjlo4SRVmTRiJSHZ9oJrhkTcONYJ1YMRL6grX98c3Mbz8ypXkk780kZl5IhpIHnBJjpfbTQ1qunk/7xZJTcebAq8TNSAkyNPrFr94goknIpKGCaN11ndh4KVGGU8GmhV6iWUzomAxZ11JJQqa9dH7uFJ9ZZYCDSNmSBs/V3xMpCbWehL7tDIkZ6WVvJv7ndRMTXHkpl3FimKSLRUEisInw7Hc84IpRIyaWEKq4vRXTEVGEGptQwYbgLr+8SlrVilur1O4uSvXrLI48nMAplMGFS6jDLTSgCRTG8Ayv8IZi9ILe0ceiNYeymWP4A/T5A5v4jxw=</latexit>

x(2)
<latexit sha1_base64="zEbmCYtQD5pvlxUAihWUpp0wg3U=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BLx4jmAckMcxOepMhs7PLzKwYlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXeXHwuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzdRvPqLSPJL3ZhxjN6QDyQPOqLFS8+khLXlnk16h6JbdGcgy8TJShAy1XuGr049YEqI0TFCt254bm25KleFM4CTfSTTGlI3oANuWShqi7qazcyfk1Cp9EkTKljRkpv6eSGmo9Tj0bWdIzVAvelPxP6+dmOCqm3IZJwYlmy8KEkFMRKa/kz5XyIwYW0KZ4vZWwoZUUWZsQnkbgrf48jJpnJe9Srlyd1GsXmdx5OAYTqAEHlxCFW6hBnVgMIJneIU3J3ZenHfnY9664mQzR/AHzucPmnKPGw==</latexit>

x(1)

<latexit sha1_base64="9zx1uN4GGSLPyaRFFJU32/GxXtc=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAgupCQi1Y1QdOOygn1AEstkOmmHziPMTAol9E/cuFDErX/izr9x2mahrQcuHM65l3vviVNGtfG8b2dldW19Y7O0Vd7e2d3bdw8OW1pmCpMmlkyqTow0YVSQpqGGkU6qCOIxI+14eDf12yOiNJXi0YxTEnHUFzShGBkrdV035Bm8gYF37kVPoZFp1614VW8GuEz8glRAgUbX/Qp7EmecCIMZ0jrwvdREOVKGYkYm5TDTJEV4iPoksFQgTnSUzy6fwFOr9GAilS1h4Ez9PZEjrvWYx7aTIzPQi95U/M8LMpNcRzkVaWaIwPNFScagkXAaA+xRRbBhY0sQVtTeCvEAKYSNDatsQ/AXX14mrYuqX6vWHi4r9dsijhI4BifgDPjgCtTBPWiAJsBgBJ7BK3hzcufFeXc+5q0rTjFzBP7A+fwBoBiSYg==</latexit>

µ = [0, 0]>

• M=2, bivariate Gaussian:  
• With                     and

<latexit sha1_base64="dhBUFBuFEnyNzqJv7UAI3vH31uw=">AAACGXicbZDLSsNAFIYnXmu9VV26GSxCC6UkRarLohtBkAr2AklaJtNpO3QmCTMTIYS8hhtfxY0LRVzqyrdx0nahrT8MfPznHOac3wsZlco0v42V1bX1jc3cVn57Z3dvv3Bw2JZBJDBp4YAFoushSRj1SUtRxUg3FARxj5GON7nK6p0HIiQN/HsVh8TlaOTTIcVIaatfMO24l5SsclqBGdTKqdtzVBBCR1IOHY7UGCOW3KYlh0cVeFPuF4pm1ZwKLoM1hyKYq9kvfDqDAEec+AozJKVtmaFyEyQUxYykeSeSJER4gkbE1ugjTqSbTC9L4al2BnAYCP18Bafu74kEcSlj7unObFW5WMvM/2p2pIYXbkL9MFLEx7OPhhGDKoBZTHBABcGKxRoQFlTvCvEYCYSVDjOvQ7AWT16Gdq1q1av1u7Ni43IeRw4cgxNQAhY4Bw1wDZqgBTB4BM/gFbwZT8aL8W58zFpXjPnMEfgj4+sHliSe0Q==</latexit>

[y(1), y(2)]> ⇠ N (µ,K)
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Multivariate Gaussian using locations
<latexit sha1_base64="JpMVlXVESrMjE0oNHkGDcVw8/f4="></latexit>

K = �2


1 ⇢
⇢ 1

�
correlation

1 2

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)
<latexit sha1_base64="74CI/x2CUvL+0D6YAJ5MWtRUgeU=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9ktUj0WvXisYD+gXUs2zbah2WxIssKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5geRMG9f9dtbWNza3tgs7xd29/YPD0tFxW8eJIrRFYh6rboA15UzQlmGG065UFEcBp51gcjvzO09UaRaLB5NK6kd4JFjICDZW6qSPWaV2MR2Uym7VnQOtEi8nZcjRHJS++sOYJBEVhnCsdc9zpfEzrAwjnE6L/URTickEj2jPUoEjqv1sfu4UnVtliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyraELzll1dJu1b16tX6/WW5cZPHUYBTOIMKeHAFDbiDJrSAwASe4RXeHOm8OO/Ox6J1zclnTuAPnM8fnYKPHQ==</latexit>

y(2)

<latexit sha1_base64="9zx1uN4GGSLPyaRFFJU32/GxXtc=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAgupCQi1Y1QdOOygn1AEstkOmmHziPMTAol9E/cuFDErX/izr9x2mahrQcuHM65l3vviVNGtfG8b2dldW19Y7O0Vd7e2d3bdw8OW1pmCpMmlkyqTow0YVSQpqGGkU6qCOIxI+14eDf12yOiNJXi0YxTEnHUFzShGBkrdV035Bm8gYF37kVPoZFp1614VW8GuEz8glRAgUbX/Qp7EmecCIMZ0jrwvdREOVKGYkYm5TDTJEV4iPoksFQgTnSUzy6fwFOr9GAilS1h4Ez9PZEjrvWYx7aTIzPQi95U/M8LMpNcRzkVaWaIwPNFScagkXAaA+xRRbBhY0sQVtTeCvEAKYSNDatsQ/AXX14mrYuqX6vWHi4r9dsijhI4BifgDPjgCtTBPWiAJsBgBJ7BK3hzcufFeXc+5q0rTjFzBP7A+fwBoBiSYg==</latexit>

µ = [0, 0]>

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)<latexit sha1_base64="74CI/x2CUvL+0D6YAJ5MWtRUgeU=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9ktUj0WvXisYD+gXUs2zbah2WxIssKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5geRMG9f9dtbWNza3tgs7xd29/YPD0tFxW8eJIrRFYh6rboA15UzQlmGG065UFEcBp51gcjvzO09UaRaLB5NK6kd4JFjICDZW6qSPWaV2MR2Uym7VnQOtEi8nZcjRHJS++sOYJBEVhnCsdc9zpfEzrAwjnE6L/URTickEj2jPUoEjqv1sfu4UnVtliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyraELzll1dJu1b16tX6/WW5cZPHUYBTOIMKeHAFDbiDJrSAwASe4RXeHOm8OO/Ox6J1zclnTuAPnM8fnYKPHQ==</latexit>

y(2)

<latexit sha1_base64="TpztQBCl9Drg7lYuaosbGwulccc=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BItQL2W3SPVY9OKxgv2Adi3ZNNuGZrNLkhXL0h/hxYMiXv093vw3pu0etPXBwOO9GWbm+bHg2jjON8qtrW9sbuW3Czu7e/sHxcOjlo4SRVmTRiJSHZ9oJrhkTcONYJ1YMRL6grX98c3Mbz8ypXkk780kZl5IhpIHnBJjpfbTQ1qunk/7xZJTcebAq8TNSAkyNPrFr94goknIpKGCaN11ndh4KVGGU8GmhV6iWUzomAxZ11JJQqa9dH7uFJ9ZZYCDSNmSBs/V3xMpCbWehL7tDIkZ6WVvJv7ndRMTXHkpl3FimKSLRUEisInw7Hc84IpRIyaWEKq4vRXTEVGEGptQwYbgLr+8SlrVilur1O4uSvXrLI48nMAplMGFS6jDLTSgCRTG8Ayv8IZi9ILe0ceiNYeymWP4A/T5A5v4jxw=</latexit>

x(2)
<latexit sha1_base64="zEbmCYtQD5pvlxUAihWUpp0wg3U=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BLx4jmAckMcxOepMhs7PLzKwYlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXeXHwuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzdRvPqLSPJL3ZhxjN6QDyQPOqLFS8+khLXlnk16h6JbdGcgy8TJShAy1XuGr049YEqI0TFCt254bm25KleFM4CTfSTTGlI3oANuWShqi7qazcyfk1Cp9EkTKljRkpv6eSGmo9Tj0bWdIzVAvelPxP6+dmOCqm3IZJwYlmy8KEkFMRKa/kz5XyIwYW0KZ4vZWwoZUUWZsQnkbgrf48jJpnJe9Srlyd1GsXmdx5OAYTqAEHlxCFW6hBnVgMIJneIU3J3ZenHfnY9664mQzR/AHzucPmnKPGw==</latexit>

x(1)

• M=2, bivariate Gaussian:  
• With                     and

<latexit sha1_base64="dhBUFBuFEnyNzqJv7UAI3vH31uw=">AAACGXicbZDLSsNAFIYnXmu9VV26GSxCC6UkRarLohtBkAr2AklaJtNpO3QmCTMTIYS8hhtfxY0LRVzqyrdx0nahrT8MfPznHOac3wsZlco0v42V1bX1jc3cVn57Z3dvv3Bw2JZBJDBp4YAFoushSRj1SUtRxUg3FARxj5GON7nK6p0HIiQN/HsVh8TlaOTTIcVIaatfMO24l5SsclqBGdTKqdtzVBBCR1IOHY7UGCOW3KYlh0cVeFPuF4pm1ZwKLoM1hyKYq9kvfDqDAEec+AozJKVtmaFyEyQUxYykeSeSJER4gkbE1ugjTqSbTC9L4al2BnAYCP18Bafu74kEcSlj7unObFW5WMvM/2p2pIYXbkL9MFLEx7OPhhGDKoBZTHBABcGKxRoQFlTvCvEYCYSVDjOvQ7AWT16Gdq1q1av1u7Ni43IeRw4cgxNQAhY4Bw1wDZqgBTB4BM/gFbwZT8aL8W58zFpXjPnMEfgj4+sHliSe0Q==</latexit>

[y(1), y(2)]> ⇠ N (µ,K)

5



Multivariate Gaussian using locations
<latexit sha1_base64="JpMVlXVESrMjE0oNHkGDcVw8/f4="></latexit>

K = �2


1 ⇢
⇢ 1

�
correlation

1 2

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)
<latexit sha1_base64="74CI/x2CUvL+0D6YAJ5MWtRUgeU=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9ktUj0WvXisYD+gXUs2zbah2WxIssKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5geRMG9f9dtbWNza3tgs7xd29/YPD0tFxW8eJIrRFYh6rboA15UzQlmGG065UFEcBp51gcjvzO09UaRaLB5NK6kd4JFjICDZW6qSPWaV2MR2Uym7VnQOtEi8nZcjRHJS++sOYJBEVhnCsdc9zpfEzrAwjnE6L/URTickEj2jPUoEjqv1sfu4UnVtliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyraELzll1dJu1b16tX6/WW5cZPHUYBTOIMKeHAFDbiDJrSAwASe4RXeHOm8OO/Ox6J1zclnTuAPnM8fnYKPHQ==</latexit>

y(2)

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)
<latexit sha1_base64="74CI/x2CUvL+0D6YAJ5MWtRUgeU=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9ktUj0WvXisYD+gXUs2zbah2WxIssKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5geRMG9f9dtbWNza3tgs7xd29/YPD0tFxW8eJIrRFYh6rboA15UzQlmGG065UFEcBp51gcjvzO09UaRaLB5NK6kd4JFjICDZW6qSPWaV2MR2Uym7VnQOtEi8nZcjRHJS++sOYJBEVhnCsdc9zpfEzrAwjnE6L/URTickEj2jPUoEjqv1sfu4UnVtliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyraELzll1dJu1b16tX6/WW5cZPHUYBTOIMKeHAFDbiDJrSAwASe4RXeHOm8OO/Ox6J1zclnTuAPnM8fnYKPHQ==</latexit>

y(2)

<latexit sha1_base64="TpztQBCl9Drg7lYuaosbGwulccc=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BItQL2W3SPVY9OKxgv2Adi3ZNNuGZrNLkhXL0h/hxYMiXv093vw3pu0etPXBwOO9GWbm+bHg2jjON8qtrW9sbuW3Czu7e/sHxcOjlo4SRVmTRiJSHZ9oJrhkTcONYJ1YMRL6grX98c3Mbz8ypXkk780kZl5IhpIHnBJjpfbTQ1qunk/7xZJTcebAq8TNSAkyNPrFr94goknIpKGCaN11ndh4KVGGU8GmhV6iWUzomAxZ11JJQqa9dH7uFJ9ZZYCDSNmSBs/V3xMpCbWehL7tDIkZ6WVvJv7ndRMTXHkpl3FimKSLRUEisInw7Hc84IpRIyaWEKq4vRXTEVGEGptQwYbgLr+8SlrVilur1O4uSvXrLI48nMAplMGFS6jDLTSgCRTG8Ayv8IZi9ILe0ceiNYeymWP4A/T5A5v4jxw=</latexit>

x(2)
<latexit sha1_base64="zEbmCYtQD5pvlxUAihWUpp0wg3U=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BLx4jmAckMcxOepMhs7PLzKwYlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXeXHwuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzdRvPqLSPJL3ZhxjN6QDyQPOqLFS8+khLXlnk16h6JbdGcgy8TJShAy1XuGr049YEqI0TFCt254bm25KleFM4CTfSTTGlI3oANuWShqi7qazcyfk1Cp9EkTKljRkpv6eSGmo9Tj0bWdIzVAvelPxP6+dmOCqm3IZJwYlmy8KEkFMRKa/kz5XyIwYW0KZ4vZWwoZUUWZsQnkbgrf48jJpnJe9Srlyd1GsXmdx5OAYTqAEHlxCFW6hBnVgMIJneIU3J3ZenHfnY9664mQzR/AHzucPmnKPGw==</latexit>

x(1)

<latexit sha1_base64="9zx1uN4GGSLPyaRFFJU32/GxXtc=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAgupCQi1Y1QdOOygn1AEstkOmmHziPMTAol9E/cuFDErX/izr9x2mahrQcuHM65l3vviVNGtfG8b2dldW19Y7O0Vd7e2d3bdw8OW1pmCpMmlkyqTow0YVSQpqGGkU6qCOIxI+14eDf12yOiNJXi0YxTEnHUFzShGBkrdV035Bm8gYF37kVPoZFp1614VW8GuEz8glRAgUbX/Qp7EmecCIMZ0jrwvdREOVKGYkYm5TDTJEV4iPoksFQgTnSUzy6fwFOr9GAilS1h4Ez9PZEjrvWYx7aTIzPQi95U/M8LMpNcRzkVaWaIwPNFScagkXAaA+xRRbBhY0sQVtTeCvEAKYSNDatsQ/AXX14mrYuqX6vWHi4r9dsijhI4BifgDPjgCtTBPWiAJsBgBJ7BK3hzcufFeXc+5q0rTjFzBP7A+fwBoBiSYg==</latexit>

µ = [0, 0]>

• M=2, bivariate Gaussian:  
• With                     and

<latexit sha1_base64="dhBUFBuFEnyNzqJv7UAI3vH31uw=">AAACGXicbZDLSsNAFIYnXmu9VV26GSxCC6UkRarLohtBkAr2AklaJtNpO3QmCTMTIYS8hhtfxY0LRVzqyrdx0nahrT8MfPznHOac3wsZlco0v42V1bX1jc3cVn57Z3dvv3Bw2JZBJDBp4YAFoushSRj1SUtRxUg3FARxj5GON7nK6p0HIiQN/HsVh8TlaOTTIcVIaatfMO24l5SsclqBGdTKqdtzVBBCR1IOHY7UGCOW3KYlh0cVeFPuF4pm1ZwKLoM1hyKYq9kvfDqDAEec+AozJKVtmaFyEyQUxYykeSeSJER4gkbE1ugjTqSbTC9L4al2BnAYCP18Bafu74kEcSlj7unObFW5WMvM/2p2pIYXbkL9MFLEx7OPhhGDKoBZTHBABcGKxRoQFlTvCvEYCYSVDjOvQ7AWT16Gdq1q1av1u7Ni43IeRw4cgxNQAhY4Bw1wDZqgBTB4BM/gFbwZT8aL8W58zFpXjPnMEfgj4+sHliSe0Q==</latexit>

[y(1), y(2)]> ⇠ N (µ,K)

5



Multivariate Gaussian using locations
<latexit sha1_base64="JpMVlXVESrMjE0oNHkGDcVw8/f4="></latexit>

K = �2


1 ⇢
⇢ 1

�
correlation

1 2

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)
<latexit sha1_base64="74CI/x2CUvL+0D6YAJ5MWtRUgeU=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9ktUj0WvXisYD+gXUs2zbah2WxIssKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5geRMG9f9dtbWNza3tgs7xd29/YPD0tFxW8eJIrRFYh6rboA15UzQlmGG065UFEcBp51gcjvzO09UaRaLB5NK6kd4JFjICDZW6qSPWaV2MR2Uym7VnQOtEi8nZcjRHJS++sOYJBEVhnCsdc9zpfEzrAwjnE6L/URTickEj2jPUoEjqv1sfu4UnVtliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyraELzll1dJu1b16tX6/WW5cZPHUYBTOIMKeHAFDbiDJrSAwASe4RXeHOm8OO/Ox6J1zclnTuAPnM8fnYKPHQ==</latexit>

y(2)

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)
<latexit sha1_base64="74CI/x2CUvL+0D6YAJ5MWtRUgeU=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9ktUj0WvXisYD+gXUs2zbah2WxIssKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5geRMG9f9dtbWNza3tgs7xd29/YPD0tFxW8eJIrRFYh6rboA15UzQlmGG065UFEcBp51gcjvzO09UaRaLB5NK6kd4JFjICDZW6qSPWaV2MR2Uym7VnQOtEi8nZcjRHJS++sOYJBEVhnCsdc9zpfEzrAwjnE6L/URTickEj2jPUoEjqv1sfu4UnVtliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyraELzll1dJu1b16tX6/WW5cZPHUYBTOIMKeHAFDbiDJrSAwASe4RXeHOm8OO/Ox6J1zclnTuAPnM8fnYKPHQ==</latexit>

y(2)

<latexit sha1_base64="TpztQBCl9Drg7lYuaosbGwulccc=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BItQL2W3SPVY9OKxgv2Adi3ZNNuGZrNLkhXL0h/hxYMiXv093vw3pu0etPXBwOO9GWbm+bHg2jjON8qtrW9sbuW3Czu7e/sHxcOjlo4SRVmTRiJSHZ9oJrhkTcONYJ1YMRL6grX98c3Mbz8ypXkk780kZl5IhpIHnBJjpfbTQ1qunk/7xZJTcebAq8TNSAkyNPrFr94goknIpKGCaN11ndh4KVGGU8GmhV6iWUzomAxZ11JJQqa9dH7uFJ9ZZYCDSNmSBs/V3xMpCbWehL7tDIkZ6WVvJv7ndRMTXHkpl3FimKSLRUEisInw7Hc84IpRIyaWEKq4vRXTEVGEGptQwYbgLr+8SlrVilur1O4uSvXrLI48nMAplMGFS6jDLTSgCRTG8Ayv8IZi9ILe0ceiNYeymWP4A/T5A5v4jxw=</latexit>

x(2)
<latexit sha1_base64="zEbmCYtQD5pvlxUAihWUpp0wg3U=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BLx4jmAckMcxOepMhs7PLzKwYlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXeXHwuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzdRvPqLSPJL3ZhxjN6QDyQPOqLFS8+khLXlnk16h6JbdGcgy8TJShAy1XuGr049YEqI0TFCt254bm25KleFM4CTfSTTGlI3oANuWShqi7qazcyfk1Cp9EkTKljRkpv6eSGmo9Tj0bWdIzVAvelPxP6+dmOCqm3IZJwYlmy8KEkFMRKa/kz5XyIwYW0KZ4vZWwoZUUWZsQnkbgrf48jJpnJe9Srlyd1GsXmdx5OAYTqAEHlxCFW6hBnVgMIJneIU3J3ZenHfnY9664mQzR/AHzucPmnKPGw==</latexit>

x(1)

• What if we let the correlation depend on the x’s?

<latexit sha1_base64="9zx1uN4GGSLPyaRFFJU32/GxXtc=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAgupCQi1Y1QdOOygn1AEstkOmmHziPMTAol9E/cuFDErX/izr9x2mahrQcuHM65l3vviVNGtfG8b2dldW19Y7O0Vd7e2d3bdw8OW1pmCpMmlkyqTow0YVSQpqGGkU6qCOIxI+14eDf12yOiNJXi0YxTEnHUFzShGBkrdV035Bm8gYF37kVPoZFp1614VW8GuEz8glRAgUbX/Qp7EmecCIMZ0jrwvdREOVKGYkYm5TDTJEV4iPoksFQgTnSUzy6fwFOr9GAilS1h4Ez9PZEjrvWYx7aTIzPQi95U/M8LMpNcRzkVaWaIwPNFScagkXAaA+xRRbBhY0sQVtTeCvEAKYSNDatsQ/AXX14mrYuqX6vWHi4r9dsijhI4BifgDPjgCtTBPWiAJsBgBJ7BK3hzcufFeXc+5q0rTjFzBP7A+fwBoBiSYg==</latexit>

µ = [0, 0]>

• M=2, bivariate Gaussian:  
• With                     and

<latexit sha1_base64="dhBUFBuFEnyNzqJv7UAI3vH31uw=">AAACGXicbZDLSsNAFIYnXmu9VV26GSxCC6UkRarLohtBkAr2AklaJtNpO3QmCTMTIYS8hhtfxY0LRVzqyrdx0nahrT8MfPznHOac3wsZlco0v42V1bX1jc3cVn57Z3dvv3Bw2JZBJDBp4YAFoushSRj1SUtRxUg3FARxj5GON7nK6p0HIiQN/HsVh8TlaOTTIcVIaatfMO24l5SsclqBGdTKqdtzVBBCR1IOHY7UGCOW3KYlh0cVeFPuF4pm1ZwKLoM1hyKYq9kvfDqDAEec+AozJKVtmaFyEyQUxYykeSeSJER4gkbE1ugjTqSbTC9L4al2BnAYCP18Bafu74kEcSlj7unObFW5WMvM/2p2pIYXbkL9MFLEx7OPhhGDKoBZTHBABcGKxRoQFlTvCvEYCYSVDjOvQ7AWT16Gdq1q1av1u7Ni43IeRw4cgxNQAhY4Bw1wDZqgBTB4BM/gFbwZT8aL8W58zFpXjPnMEfgj4+sHliSe0Q==</latexit>

[y(1), y(2)]> ⇠ N (µ,K)

5



Multivariate Gaussian using locations
<latexit sha1_base64="JpMVlXVESrMjE0oNHkGDcVw8/f4="></latexit>

K = �2


1 ⇢
⇢ 1

�
correlation

1 2

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)
<latexit sha1_base64="74CI/x2CUvL+0D6YAJ5MWtRUgeU=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9ktUj0WvXisYD+gXUs2zbah2WxIssKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5geRMG9f9dtbWNza3tgs7xd29/YPD0tFxW8eJIrRFYh6rboA15UzQlmGG065UFEcBp51gcjvzO09UaRaLB5NK6kd4JFjICDZW6qSPWaV2MR2Uym7VnQOtEi8nZcjRHJS++sOYJBEVhnCsdc9zpfEzrAwjnE6L/URTickEj2jPUoEjqv1sfu4UnVtliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyraELzll1dJu1b16tX6/WW5cZPHUYBTOIMKeHAFDbiDJrSAwASe4RXeHOm8OO/Ox6J1zclnTuAPnM8fnYKPHQ==</latexit>

y(2)

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)
<latexit sha1_base64="74CI/x2CUvL+0D6YAJ5MWtRUgeU=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9ktUj0WvXisYD+gXUs2zbah2WxIssKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5geRMG9f9dtbWNza3tgs7xd29/YPD0tFxW8eJIrRFYh6rboA15UzQlmGG065UFEcBp51gcjvzO09UaRaLB5NK6kd4JFjICDZW6qSPWaV2MR2Uym7VnQOtEi8nZcjRHJS++sOYJBEVhnCsdc9zpfEzrAwjnE6L/URTickEj2jPUoEjqv1sfu4UnVtliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyraELzll1dJu1b16tX6/WW5cZPHUYBTOIMKeHAFDbiDJrSAwASe4RXeHOm8OO/Ox6J1zclnTuAPnM8fnYKPHQ==</latexit>

y(2)

<latexit sha1_base64="TpztQBCl9Drg7lYuaosbGwulccc=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BItQL2W3SPVY9OKxgv2Adi3ZNNuGZrNLkhXL0h/hxYMiXv093vw3pu0etPXBwOO9GWbm+bHg2jjON8qtrW9sbuW3Czu7e/sHxcOjlo4SRVmTRiJSHZ9oJrhkTcONYJ1YMRL6grX98c3Mbz8ypXkk780kZl5IhpIHnBJjpfbTQ1qunk/7xZJTcebAq8TNSAkyNPrFr94goknIpKGCaN11ndh4KVGGU8GmhV6iWUzomAxZ11JJQqa9dH7uFJ9ZZYCDSNmSBs/V3xMpCbWehL7tDIkZ6WVvJv7ndRMTXHkpl3FimKSLRUEisInw7Hc84IpRIyaWEKq4vRXTEVGEGptQwYbgLr+8SlrVilur1O4uSvXrLI48nMAplMGFS6jDLTSgCRTG8Ayv8IZi9ILe0ceiNYeymWP4A/T5A5v4jxw=</latexit>

x(2)
<latexit sha1_base64="zEbmCYtQD5pvlxUAihWUpp0wg3U=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BLx4jmAckMcxOepMhs7PLzKwYlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXeXHwuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzdRvPqLSPJL3ZhxjN6QDyQPOqLFS8+khLXlnk16h6JbdGcgy8TJShAy1XuGr049YEqI0TFCt254bm25KleFM4CTfSTTGlI3oANuWShqi7qazcyfk1Cp9EkTKljRkpv6eSGmo9Tj0bWdIzVAvelPxP6+dmOCqm3IZJwYlmy8KEkFMRKa/kz5XyIwYW0KZ4vZWwoZUUWZsQnkbgrf48jJpnJe9Srlyd1GsXmdx5OAYTqAEHlxCFW6hBnVgMIJneIU3J3ZenHfnY9664mQzR/AHzucPmnKPGw==</latexit>

x(1)

• What if we let the correlation depend on the x’s? 
• Let

<latexit sha1_base64="rjQN9GAL9jq6pc/xP5QhwJsa5o4=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvQLiwzRaoboejGZQX7gHYsmTRtQzOTIcmIZTo7N/6KGxeKuPUX3Pk3ZtpZaOuBcA/n3MvNPW7AqFSW9W1klpZXVtey67mNza3tHXN3ryF5KDCpY864aLlIEkZ9UldUMdIKBEGey0jTHV0lfvOeCEm5f6vGAXE8NPBpn2KktNQ1DztiyOEFTEph8nAXFexifJLUcjGeFLtm3ipZU8BFYqckD1LUuuZXp8dx6BFfYYakbNtWoJwICUUxI3GuE0oSIDxCA9LW1EcekU40vSOGx1rpwT4X+vkKTtXfExHypBx7ru70kBrKeS8R//PaoeqfOxH1g1ARH88W9UMGFYdJKLBHBcGKjTVBWFD9V4iHSCCsdHQ5HYI9f/IiaZRLdqVUuTnNVy/TOLLgAByBArDBGaiCa1ADdYDBI3gGr+DNeDJejHfjY9aaMdKZffAHxucPZpmXwA==</latexit>

⇢ = ⇢(|x(1) � x(2)|)

<latexit sha1_base64="9zx1uN4GGSLPyaRFFJU32/GxXtc=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAgupCQi1Y1QdOOygn1AEstkOmmHziPMTAol9E/cuFDErX/izr9x2mahrQcuHM65l3vviVNGtfG8b2dldW19Y7O0Vd7e2d3bdw8OW1pmCpMmlkyqTow0YVSQpqGGkU6qCOIxI+14eDf12yOiNJXi0YxTEnHUFzShGBkrdV035Bm8gYF37kVPoZFp1614VW8GuEz8glRAgUbX/Qp7EmecCIMZ0jrwvdREOVKGYkYm5TDTJEV4iPoksFQgTnSUzy6fwFOr9GAilS1h4Ez9PZEjrvWYx7aTIzPQi95U/M8LMpNcRzkVaWaIwPNFScagkXAaA+xRRbBhY0sQVtTeCvEAKYSNDatsQ/AXX14mrYuqX6vWHi4r9dsijhI4BifgDPjgCtTBPWiAJsBgBJ7BK3hzcufFeXc+5q0rTjFzBP7A+fwBoBiSYg==</latexit>

µ = [0, 0]>

• M=2, bivariate Gaussian:  
• With                     and

<latexit sha1_base64="dhBUFBuFEnyNzqJv7UAI3vH31uw=">AAACGXicbZDLSsNAFIYnXmu9VV26GSxCC6UkRarLohtBkAr2AklaJtNpO3QmCTMTIYS8hhtfxY0LRVzqyrdx0nahrT8MfPznHOac3wsZlco0v42V1bX1jc3cVn57Z3dvv3Bw2JZBJDBp4YAFoushSRj1SUtRxUg3FARxj5GON7nK6p0HIiQN/HsVh8TlaOTTIcVIaatfMO24l5SsclqBGdTKqdtzVBBCR1IOHY7UGCOW3KYlh0cVeFPuF4pm1ZwKLoM1hyKYq9kvfDqDAEec+AozJKVtmaFyEyQUxYykeSeSJER4gkbE1ugjTqSbTC9L4al2BnAYCP18Bafu74kEcSlj7unObFW5WMvM/2p2pIYXbkL9MFLEx7OPhhGDKoBZTHBABcGKxRoQFlTvCvEYCYSVDjOvQ7AWT16Gdq1q1av1u7Ni43IeRw4cgxNQAhY4Bw1wDZqgBTB4BM/gFbwZT8aL8W58zFpXjPnMEfgj4+sHliSe0Q==</latexit>

[y(1), y(2)]> ⇠ N (µ,K)

5



Multivariate Gaussian using locations
<latexit sha1_base64="JpMVlXVESrMjE0oNHkGDcVw8/f4="></latexit>

K = �2


1 ⇢
⇢ 1

�
correlation

1 2

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)
<latexit sha1_base64="74CI/x2CUvL+0D6YAJ5MWtRUgeU=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9ktUj0WvXisYD+gXUs2zbah2WxIssKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5geRMG9f9dtbWNza3tgs7xd29/YPD0tFxW8eJIrRFYh6rboA15UzQlmGG065UFEcBp51gcjvzO09UaRaLB5NK6kd4JFjICDZW6qSPWaV2MR2Uym7VnQOtEi8nZcjRHJS++sOYJBEVhnCsdc9zpfEzrAwjnE6L/URTickEj2jPUoEjqv1sfu4UnVtliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyraELzll1dJu1b16tX6/WW5cZPHUYBTOIMKeHAFDbiDJrSAwASe4RXeHOm8OO/Ox6J1zclnTuAPnM8fnYKPHQ==</latexit>

y(2)

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)
<latexit sha1_base64="74CI/x2CUvL+0D6YAJ5MWtRUgeU=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9ktUj0WvXisYD+gXUs2zbah2WxIssKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5geRMG9f9dtbWNza3tgs7xd29/YPD0tFxW8eJIrRFYh6rboA15UzQlmGG065UFEcBp51gcjvzO09UaRaLB5NK6kd4JFjICDZW6qSPWaV2MR2Uym7VnQOtEi8nZcjRHJS++sOYJBEVhnCsdc9zpfEzrAwjnE6L/URTickEj2jPUoEjqv1sfu4UnVtliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyraELzll1dJu1b16tX6/WW5cZPHUYBTOIMKeHAFDbiDJrSAwASe4RXeHOm8OO/Ox6J1zclnTuAPnM8fnYKPHQ==</latexit>

y(2)

<latexit sha1_base64="TpztQBCl9Drg7lYuaosbGwulccc=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BItQL2W3SPVY9OKxgv2Adi3ZNNuGZrNLkhXL0h/hxYMiXv093vw3pu0etPXBwOO9GWbm+bHg2jjON8qtrW9sbuW3Czu7e/sHxcOjlo4SRVmTRiJSHZ9oJrhkTcONYJ1YMRL6grX98c3Mbz8ypXkk780kZl5IhpIHnBJjpfbTQ1qunk/7xZJTcebAq8TNSAkyNPrFr94goknIpKGCaN11ndh4KVGGU8GmhV6iWUzomAxZ11JJQqa9dH7uFJ9ZZYCDSNmSBs/V3xMpCbWehL7tDIkZ6WVvJv7ndRMTXHkpl3FimKSLRUEisInw7Hc84IpRIyaWEKq4vRXTEVGEGptQwYbgLr+8SlrVilur1O4uSvXrLI48nMAplMGFS6jDLTSgCRTG8Ayv8IZi9ILe0ceiNYeymWP4A/T5A5v4jxw=</latexit>

x(2)
<latexit sha1_base64="zEbmCYtQD5pvlxUAihWUpp0wg3U=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BLx4jmAckMcxOepMhs7PLzKwYlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXeXHwuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzdRvPqLSPJL3ZhxjN6QDyQPOqLFS8+khLXlnk16h6JbdGcgy8TJShAy1XuGr049YEqI0TFCt254bm25KleFM4CTfSTTGlI3oANuWShqi7qazcyfk1Cp9EkTKljRkpv6eSGmo9Tj0bWdIzVAvelPxP6+dmOCqm3IZJwYlmy8KEkFMRKa/kz5XyIwYW0KZ4vZWwoZUUWZsQnkbgrf48jJpnJe9Srlyd1GsXmdx5OAYTqAEHlxCFW6hBnVgMIJneIU3J3ZenHfnY9664mQzR/AHzucPmnKPGw==</latexit>

x(1)

• What if we let the correlation depend on the x’s? 
• Let 

• Where the correlation goes to 1 as the x’s get close

<latexit sha1_base64="rjQN9GAL9jq6pc/xP5QhwJsa5o4=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvQLiwzRaoboejGZQX7gHYsmTRtQzOTIcmIZTo7N/6KGxeKuPUX3Pk3ZtpZaOuBcA/n3MvNPW7AqFSW9W1klpZXVtey67mNza3tHXN3ryF5KDCpY864aLlIEkZ9UldUMdIKBEGey0jTHV0lfvOeCEm5f6vGAXE8NPBpn2KktNQ1DztiyOEFTEph8nAXFexifJLUcjGeFLtm3ipZU8BFYqckD1LUuuZXp8dx6BFfYYakbNtWoJwICUUxI3GuE0oSIDxCA9LW1EcekU40vSOGx1rpwT4X+vkKTtXfExHypBx7ru70kBrKeS8R//PaoeqfOxH1g1ARH88W9UMGFYdJKLBHBcGKjTVBWFD9V4iHSCCsdHQ5HYI9f/IiaZRLdqVUuTnNVy/TOLLgAByBArDBGaiCa1ADdYDBI3gGr+DNeDJejHfjY9aaMdKZffAHxucPZpmXwA==</latexit>

⇢ = ⇢(|x(1) � x(2)|)

<latexit sha1_base64="9zx1uN4GGSLPyaRFFJU32/GxXtc=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAgupCQi1Y1QdOOygn1AEstkOmmHziPMTAol9E/cuFDErX/izr9x2mahrQcuHM65l3vviVNGtfG8b2dldW19Y7O0Vd7e2d3bdw8OW1pmCpMmlkyqTow0YVSQpqGGkU6qCOIxI+14eDf12yOiNJXi0YxTEnHUFzShGBkrdV035Bm8gYF37kVPoZFp1614VW8GuEz8glRAgUbX/Qp7EmecCIMZ0jrwvdREOVKGYkYm5TDTJEV4iPoksFQgTnSUzy6fwFOr9GAilS1h4Ez9PZEjrvWYx7aTIzPQi95U/M8LMpNcRzkVaWaIwPNFScagkXAaA+xRRbBhY0sQVtTeCvEAKYSNDatsQ/AXX14mrYuqX6vWHi4r9dsijhI4BifgDPjgCtTBPWiAJsBgBJ7BK3hzcufFeXc+5q0rTjFzBP7A+fwBoBiSYg==</latexit>

µ = [0, 0]>

• M=2, bivariate Gaussian:  
• With                     and

<latexit sha1_base64="dhBUFBuFEnyNzqJv7UAI3vH31uw=">AAACGXicbZDLSsNAFIYnXmu9VV26GSxCC6UkRarLohtBkAr2AklaJtNpO3QmCTMTIYS8hhtfxY0LRVzqyrdx0nahrT8MfPznHOac3wsZlco0v42V1bX1jc3cVn57Z3dvv3Bw2JZBJDBp4YAFoushSRj1SUtRxUg3FARxj5GON7nK6p0HIiQN/HsVh8TlaOTTIcVIaatfMO24l5SsclqBGdTKqdtzVBBCR1IOHY7UGCOW3KYlh0cVeFPuF4pm1ZwKLoM1hyKYq9kvfDqDAEec+AozJKVtmaFyEyQUxYykeSeSJER4gkbE1ugjTqSbTC9L4al2BnAYCP18Bafu74kEcSlj7unObFW5WMvM/2p2pIYXbkL9MFLEx7OPhhGDKoBZTHBABcGKxRoQFlTvCvEYCYSVDjOvQ7AWT16Gdq1q1av1u7Ni43IeRw4cgxNQAhY4Bw1wDZqgBTB4BM/gFbwZT8aL8W58zFpXjPnMEfgj4+sHliSe0Q==</latexit>

[y(1), y(2)]> ⇠ N (µ,K)

5



Multivariate Gaussian using locations
<latexit sha1_base64="JpMVlXVESrMjE0oNHkGDcVw8/f4="></latexit>

K = �2


1 ⇢
⇢ 1

�
correlation

1 2

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)
<latexit sha1_base64="74CI/x2CUvL+0D6YAJ5MWtRUgeU=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9ktUj0WvXisYD+gXUs2zbah2WxIssKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5geRMG9f9dtbWNza3tgs7xd29/YPD0tFxW8eJIrRFYh6rboA15UzQlmGG065UFEcBp51gcjvzO09UaRaLB5NK6kd4JFjICDZW6qSPWaV2MR2Uym7VnQOtEi8nZcjRHJS++sOYJBEVhnCsdc9zpfEzrAwjnE6L/URTickEj2jPUoEjqv1sfu4UnVtliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyraELzll1dJu1b16tX6/WW5cZPHUYBTOIMKeHAFDbiDJrSAwASe4RXeHOm8OO/Ox6J1zclnTuAPnM8fnYKPHQ==</latexit>

y(2)

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)
<latexit sha1_base64="74CI/x2CUvL+0D6YAJ5MWtRUgeU=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9ktUj0WvXisYD+gXUs2zbah2WxIssKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5geRMG9f9dtbWNza3tgs7xd29/YPD0tFxW8eJIrRFYh6rboA15UzQlmGG065UFEcBp51gcjvzO09UaRaLB5NK6kd4JFjICDZW6qSPWaV2MR2Uym7VnQOtEi8nZcjRHJS++sOYJBEVhnCsdc9zpfEzrAwjnE6L/URTickEj2jPUoEjqv1sfu4UnVtliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyraELzll1dJu1b16tX6/WW5cZPHUYBTOIMKeHAFDbiDJrSAwASe4RXeHOm8OO/Ox6J1zclnTuAPnM8fnYKPHQ==</latexit>

y(2)

<latexit sha1_base64="TpztQBCl9Drg7lYuaosbGwulccc=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BItQL2W3SPVY9OKxgv2Adi3ZNNuGZrNLkhXL0h/hxYMiXv093vw3pu0etPXBwOO9GWbm+bHg2jjON8qtrW9sbuW3Czu7e/sHxcOjlo4SRVmTRiJSHZ9oJrhkTcONYJ1YMRL6grX98c3Mbz8ypXkk780kZl5IhpIHnBJjpfbTQ1qunk/7xZJTcebAq8TNSAkyNPrFr94goknIpKGCaN11ndh4KVGGU8GmhV6iWUzomAxZ11JJQqa9dH7uFJ9ZZYCDSNmSBs/V3xMpCbWehL7tDIkZ6WVvJv7ndRMTXHkpl3FimKSLRUEisInw7Hc84IpRIyaWEKq4vRXTEVGEGptQwYbgLr+8SlrVilur1O4uSvXrLI48nMAplMGFS6jDLTSgCRTG8Ayv8IZi9ILe0ceiNYeymWP4A/T5A5v4jxw=</latexit>

x(2)
<latexit sha1_base64="zEbmCYtQD5pvlxUAihWUpp0wg3U=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BLx4jmAckMcxOepMhs7PLzKwYlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXeXHwuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzdRvPqLSPJL3ZhxjN6QDyQPOqLFS8+khLXlnk16h6JbdGcgy8TJShAy1XuGr049YEqI0TFCt254bm25KleFM4CTfSTTGlI3oANuWShqi7qazcyfk1Cp9EkTKljRkpv6eSGmo9Tj0bWdIzVAvelPxP6+dmOCqm3IZJwYlmy8KEkFMRKa/kz5XyIwYW0KZ4vZWwoZUUWZsQnkbgrf48jJpnJe9Srlyd1GsXmdx5OAYTqAEHlxCFW6hBnVgMIJneIU3J3ZenHfnY9664mQzR/AHzucPmnKPGw==</latexit>

x(1)

• What if we let the correlation depend on the x’s? 
• Let 

• Where the correlation goes to 1 as the x’s get close 
• And goes to 0 as the x’s get far

<latexit sha1_base64="rjQN9GAL9jq6pc/xP5QhwJsa5o4=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvQLiwzRaoboejGZQX7gHYsmTRtQzOTIcmIZTo7N/6KGxeKuPUX3Pk3ZtpZaOuBcA/n3MvNPW7AqFSW9W1klpZXVtey67mNza3tHXN3ryF5KDCpY864aLlIEkZ9UldUMdIKBEGey0jTHV0lfvOeCEm5f6vGAXE8NPBpn2KktNQ1DztiyOEFTEph8nAXFexifJLUcjGeFLtm3ipZU8BFYqckD1LUuuZXp8dx6BFfYYakbNtWoJwICUUxI3GuE0oSIDxCA9LW1EcekU40vSOGx1rpwT4X+vkKTtXfExHypBx7ru70kBrKeS8R//PaoeqfOxH1g1ARH88W9UMGFYdJKLBHBcGKjTVBWFD9V4iHSCCsdHQ5HYI9f/IiaZRLdqVUuTnNVy/TOLLgAByBArDBGaiCa1ADdYDBI3gGr+DNeDJejHfjY9aaMdKZffAHxucPZpmXwA==</latexit>

⇢ = ⇢(|x(1) � x(2)|)

<latexit sha1_base64="9zx1uN4GGSLPyaRFFJU32/GxXtc=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAgupCQi1Y1QdOOygn1AEstkOmmHziPMTAol9E/cuFDErX/izr9x2mahrQcuHM65l3vviVNGtfG8b2dldW19Y7O0Vd7e2d3bdw8OW1pmCpMmlkyqTow0YVSQpqGGkU6qCOIxI+14eDf12yOiNJXi0YxTEnHUFzShGBkrdV035Bm8gYF37kVPoZFp1614VW8GuEz8glRAgUbX/Qp7EmecCIMZ0jrwvdREOVKGYkYm5TDTJEV4iPoksFQgTnSUzy6fwFOr9GAilS1h4Ez9PZEjrvWYx7aTIzPQi95U/M8LMpNcRzkVaWaIwPNFScagkXAaA+xRRbBhY0sQVtTeCvEAKYSNDatsQ/AXX14mrYuqX6vWHi4r9dsijhI4BifgDPjgCtTBPWiAJsBgBJ7BK3hzcufFeXc+5q0rTjFzBP7A+fwBoBiSYg==</latexit>

µ = [0, 0]>

• M=2, bivariate Gaussian:  
• With                     and

<latexit sha1_base64="dhBUFBuFEnyNzqJv7UAI3vH31uw=">AAACGXicbZDLSsNAFIYnXmu9VV26GSxCC6UkRarLohtBkAr2AklaJtNpO3QmCTMTIYS8hhtfxY0LRVzqyrdx0nahrT8MfPznHOac3wsZlco0v42V1bX1jc3cVn57Z3dvv3Bw2JZBJDBp4YAFoushSRj1SUtRxUg3FARxj5GON7nK6p0HIiQN/HsVh8TlaOTTIcVIaatfMO24l5SsclqBGdTKqdtzVBBCR1IOHY7UGCOW3KYlh0cVeFPuF4pm1ZwKLoM1hyKYq9kvfDqDAEec+AozJKVtmaFyEyQUxYykeSeSJER4gkbE1ugjTqSbTC9L4al2BnAYCP18Bafu74kEcSlj7unObFW5WMvM/2p2pIYXbkL9MFLEx7OPhhGDKoBZTHBABcGKxRoQFlTvCvEYCYSVDjOvQ7AWT16Gdq1q1av1u7Ni43IeRw4cgxNQAhY4Bw1wDZqgBTB4BM/gFbwZT8aL8W58zFpXjPnMEfgj4+sHliSe0Q==</latexit>

[y(1), y(2)]> ⇠ N (µ,K)

5



Multivariate Gaussian using locations
<latexit sha1_base64="JpMVlXVESrMjE0oNHkGDcVw8/f4="></latexit>

K = �2


1 ⇢
⇢ 1

�
correlation

1 2

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)
<latexit sha1_base64="74CI/x2CUvL+0D6YAJ5MWtRUgeU=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9ktUj0WvXisYD+gXUs2zbah2WxIssKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5geRMG9f9dtbWNza3tgs7xd29/YPD0tFxW8eJIrRFYh6rboA15UzQlmGG065UFEcBp51gcjvzO09UaRaLB5NK6kd4JFjICDZW6qSPWaV2MR2Uym7VnQOtEi8nZcjRHJS++sOYJBEVhnCsdc9zpfEzrAwjnE6L/URTickEj2jPUoEjqv1sfu4UnVtliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyraELzll1dJu1b16tX6/WW5cZPHUYBTOIMKeHAFDbiDJrSAwASe4RXeHOm8OO/Ox6J1zclnTuAPnM8fnYKPHQ==</latexit>

y(2)

<latexit sha1_base64="NlwRDd4OehECqXSkaSPV/zoyMTA=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyQrL0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbmd56o0iwWDyaV1I/wSLCQEWys1Ekfs6p3Ph2UK27NnQOtEi8nFcjRHJS/+sOYJBEVhnCsdc9zpfEzrAwjnE5L/URTickEj2jPUoEjqv1sfu4UnVlliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyrZELzll1dJ+6Lm1Wv1+8tK4yaPowgncApV8OAKGnAHTWgBgQk8wyu8OdJ5cd6dj0VrwclnjuEPnM8fm/yPHA==</latexit>

y(1)
<latexit sha1_base64="74CI/x2CUvL+0D6YAJ5MWtRUgeU=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9ktUj0WvXisYD+gXUs2zbah2WxIssKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5geRMG9f9dtbWNza3tgs7xd29/YPD0tFxW8eJIrRFYh6rboA15UzQlmGG065UFEcBp51gcjvzO09UaRaLB5NK6kd4JFjICDZW6qSPWaV2MR2Uym7VnQOtEi8nZcjRHJS++sOYJBEVhnCsdc9zpfEzrAwjnE6L/URTickEj2jPUoEjqv1sfu4UnVtliMJY2RIGzdXfExmOtE6jwHZG2Iz1sjcT//N6iQmv/YwJmRgqyGJRmHBkYjT7HQ2ZosTw1BJMFLO3IjLGChNjEyraELzll1dJu1b16tX6/WW5cZPHUYBTOIMKeHAFDbiDJrSAwASe4RXeHOm8OO/Ox6J1zclnTuAPnM8fnYKPHQ==</latexit>

y(2)

<latexit sha1_base64="TpztQBCl9Drg7lYuaosbGwulccc=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BItQL2W3SPVY9OKxgv2Adi3ZNNuGZrNLkhXL0h/hxYMiXv093vw3pu0etPXBwOO9GWbm+bHg2jjON8qtrW9sbuW3Czu7e/sHxcOjlo4SRVmTRiJSHZ9oJrhkTcONYJ1YMRL6grX98c3Mbz8ypXkk780kZl5IhpIHnBJjpfbTQ1qunk/7xZJTcebAq8TNSAkyNPrFr94goknIpKGCaN11ndh4KVGGU8GmhV6iWUzomAxZ11JJQqa9dH7uFJ9ZZYCDSNmSBs/V3xMpCbWehL7tDIkZ6WVvJv7ndRMTXHkpl3FimKSLRUEisInw7Hc84IpRIyaWEKq4vRXTEVGEGptQwYbgLr+8SlrVilur1O4uSvXrLI48nMAplMGFS6jDLTSgCRTG8Ayv8IZi9ILe0ceiNYeymWP4A/T5A5v4jxw=</latexit>

x(2)
<latexit sha1_base64="zEbmCYtQD5pvlxUAihWUpp0wg3U=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BLx4jmAckMcxOepMhs7PLzKwYlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXeXHwuujet+Oyura+sbm7mt/PbO7t5+4eCwoaNEMayzSESq5VONgkusG24EtmKFNPQFNv3RzdRvPqLSPJL3ZhxjN6QDyQPOqLFS8+khLXlnk16h6JbdGcgy8TJShAy1XuGr049YEqI0TFCt254bm25KleFM4CTfSTTGlI3oANuWShqi7qazcyfk1Cp9EkTKljRkpv6eSGmo9Tj0bWdIzVAvelPxP6+dmOCqm3IZJwYlmy8KEkFMRKa/kz5XyIwYW0KZ4vZWwoZUUWZsQnkbgrf48jJpnJe9Srlyd1GsXmdx5OAYTqAEHlxCFW6hBnVgMIJneIU3J3ZenHfnY9664mQzR/AHzucPmnKPGw==</latexit>

x(1)

• What if we let the correlation depend on the x’s? 
• Let 

• Where the correlation goes to 1 as the x’s get close 
• And goes to 0 as the x’s get far

<latexit sha1_base64="rjQN9GAL9jq6pc/xP5QhwJsa5o4=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvQLiwzRaoboejGZQX7gHYsmTRtQzOTIcmIZTo7N/6KGxeKuPUX3Pk3ZtpZaOuBcA/n3MvNPW7AqFSW9W1klpZXVtey67mNza3tHXN3ryF5KDCpY864aLlIEkZ9UldUMdIKBEGey0jTHV0lfvOeCEm5f6vGAXE8NPBpn2KktNQ1DztiyOEFTEph8nAXFexifJLUcjGeFLtm3ipZU8BFYqckD1LUuuZXp8dx6BFfYYakbNtWoJwICUUxI3GuE0oSIDxCA9LW1EcekU40vSOGx1rpwT4X+vkKTtXfExHypBx7ru70kBrKeS8R//PaoeqfOxH1g1ARH88W9UMGFYdJKLBHBcGKjTVBWFD9V4iHSCCsdHQ5HYI9f/IiaZRLdqVUuTnNVy/TOLLgAByBArDBGaiCa1ADdYDBI3gGr+DNeDJejHfjY9aaMdKZffAHxucPZpmXwA==</latexit>

⇢ = ⇢(|x(1) � x(2)|)

[demo]

<latexit sha1_base64="9zx1uN4GGSLPyaRFFJU32/GxXtc=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAgupCQi1Y1QdOOygn1AEstkOmmHziPMTAol9E/cuFDErX/izr9x2mahrQcuHM65l3vviVNGtfG8b2dldW19Y7O0Vd7e2d3bdw8OW1pmCpMmlkyqTow0YVSQpqGGkU6qCOIxI+14eDf12yOiNJXi0YxTEnHUFzShGBkrdV035Bm8gYF37kVPoZFp1614VW8GuEz8glRAgUbX/Qp7EmecCIMZ0jrwvdREOVKGYkYm5TDTJEV4iPoksFQgTnSUzy6fwFOr9GAilS1h4Ez9PZEjrvWYx7aTIzPQi95U/M8LMpNcRzkVaWaIwPNFScagkXAaA+xRRbBhY0sQVtTeCvEAKYSNDatsQ/AXX14mrYuqX6vWHi4r9dsijhI4BifgDPjgCtTBPWiAJsBgBJ7BK3hzcufFeXc+5q0rTjFzBP7A+fwBoBiSYg==</latexit>

µ = [0, 0]>

• M=2, bivariate Gaussian:  
• With                     and

<latexit sha1_base64="dhBUFBuFEnyNzqJv7UAI3vH31uw=">AAACGXicbZDLSsNAFIYnXmu9VV26GSxCC6UkRarLohtBkAr2AklaJtNpO3QmCTMTIYS8hhtfxY0LRVzqyrdx0nahrT8MfPznHOac3wsZlco0v42V1bX1jc3cVn57Z3dvv3Bw2JZBJDBp4YAFoushSRj1SUtRxUg3FARxj5GON7nK6p0HIiQN/HsVh8TlaOTTIcVIaatfMO24l5SsclqBGdTKqdtzVBBCR1IOHY7UGCOW3KYlh0cVeFPuF4pm1ZwKLoM1hyKYq9kvfDqDAEec+AozJKVtmaFyEyQUxYykeSeSJER4gkbE1ugjTqSbTC9L4al2BnAYCP18Bafu74kEcSlj7unObFW5WMvM/2p2pIYXbkL9MFLEx7OPhhGDKoBZTHBABcGKxRoQFlTvCvEYCYSVDjOvQ7AWT16Gdq1q1av1u7Ni43IeRw4cgxNQAhY4Bw1wDZqgBTB4BM/gFbwZT8aL8W58zFpXjPnMEfgj4+sHliSe0Q==</latexit>

[y(1), y(2)]> ⇠ N (µ,K)
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• Next: Similar setup but an M-long Gaussian instead of just 
2-long (bivariate)

Multivariate Gaussian using locations

6



• Next: Similar setup but an M-long Gaussian instead of just 
2-long (bivariate) 
• We have M locations (need not be in order):

Multivariate Gaussian using locations

<latexit sha1_base64="DbhYG2ZqmyxTQ78YDU9M5hOvm2g=">AAACBnicbVDLSgMxFM3UV62vUZciBIvQgpYZkeqy6MZlBfuAdiyZNNOGJpkhyYjD0JUbf8WNC0Xc+g3u/BvTdhZaPZDcwzn3ktzjR4wq7ThfVm5hcWl5Jb9aWFvf2Nyyt3eaKowlJg0cslC2faQIo4I0NNWMtCNJEPcZafmjy4nfuiNS0VDc6CQiHkcDQQOKkTZSz96/v01LvDyGXSpg6djcgU6O4KyWe3bRqThTwL/EzUgRZKj37M9uP8QxJ0JjhpTquE6kvRRJTTEj40I3ViRCeIQGpGOoQJwoL52uMYaHRunDIJTmCA2n6s+JFHGlEu6bTo70UM17E/E/rxPr4NxLqYhiTQSePRTEDOoQTjKBfSoJ1iwxBGFJzV8hHiKJsDbJFUwI7vzKf0nzpOJWK9Xr02LtIosjD/bAASgBF5yBGrgCddAAGDyAJ/ACXq1H69l6s95nrTkrm9kFv2B9fAMpVZet</latexit>

x(m) 2 (�1,1)

6



• Next: Similar setup but an M-long Gaussian instead of just 
2-long (bivariate) 
• We have M locations (need not be in order): 

• We’re going to generate

Multivariate Gaussian using locations

<latexit sha1_base64="DbhYG2ZqmyxTQ78YDU9M5hOvm2g=">AAACBnicbVDLSgMxFM3UV62vUZciBIvQgpYZkeqy6MZlBfuAdiyZNNOGJpkhyYjD0JUbf8WNC0Xc+g3u/BvTdhZaPZDcwzn3ktzjR4wq7ThfVm5hcWl5Jb9aWFvf2Nyyt3eaKowlJg0cslC2faQIo4I0NNWMtCNJEPcZafmjy4nfuiNS0VDc6CQiHkcDQQOKkTZSz96/v01LvDyGXSpg6djcgU6O4KyWe3bRqThTwL/EzUgRZKj37M9uP8QxJ0JjhpTquE6kvRRJTTEj40I3ViRCeIQGpGOoQJwoL52uMYaHRunDIJTmCA2n6s+JFHGlEu6bTo70UM17E/E/rxPr4NxLqYhiTQSePRTEDOoQTjKBfSoJ1iwxBGFJzV8hHiKJsDbJFUwI7vzKf0nzpOJWK9Xr02LtIosjD/bAASgBF5yBGrgCddAAGDyAJ/ACXq1H69l6s95nrTkrm9kFv2B9fAMpVZet</latexit>

x(m) 2 (�1,1)
<latexit sha1_base64="oUNSj+hSPDkJj9TzJlRExMSqfMU="></latexit>

[y(1), . . . , y(M)]> ⇠ N (µ,K)

6



• Next: Similar setup but an M-long Gaussian instead of just 
2-long (bivariate) 
• We have M locations (need not be in order): 

• We’re going to generate 
• Take               and K such that

Multivariate Gaussian using locations

<latexit sha1_base64="DbhYG2ZqmyxTQ78YDU9M5hOvm2g=">AAACBnicbVDLSgMxFM3UV62vUZciBIvQgpYZkeqy6MZlBfuAdiyZNNOGJpkhyYjD0JUbf8WNC0Xc+g3u/BvTdhZaPZDcwzn3ktzjR4wq7ThfVm5hcWl5Jb9aWFvf2Nyyt3eaKowlJg0cslC2faQIo4I0NNWMtCNJEPcZafmjy4nfuiNS0VDc6CQiHkcDQQOKkTZSz96/v01LvDyGXSpg6djcgU6O4KyWe3bRqThTwL/EzUgRZKj37M9uP8QxJ0JjhpTquE6kvRRJTTEj40I3ViRCeIQGpGOoQJwoL52uMYaHRunDIJTmCA2n6s+JFHGlEu6bTo70UM17E/E/rxPr4NxLqYhiTQSePRTEDOoQTjKBfSoJ1iwxBGFJzV8hHiKJsDbJFUwI7vzKf0nzpOJWK9Xr02LtIosjD/bAASgBF5yBGrgCddAAGDyAJ/ACXq1H69l6s95nrTkrm9kFv2B9fAMpVZet</latexit>

x(m) 2 (�1,1)

<latexit sha1_base64="vv9gFzEMqBLnzsXzhYrAVpagsj4=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1Y1QdONGqGAf0IQwmU7aoTOTMDMRS8ivuHGhiFt/xJ1/46TNQqsHBg7n3Ms9c8KEUaUd58uqrKyurW9UN2tb2zu7e/Z+vafiVGLSxTGL5SBEijAqSFdTzcggkQTxkJF+OL0u/P4DkYrG4l7PEuJzNBY0ohhpIwV23eMpvIQeR3oSRpmTB7eB3XCazhzwL3FL0gAlOoH96Y1inHIiNGZIqaHrJNrPkNQUM5LXvFSRBOEpGpOhoQJxovxsnj2Hx0YZwSiW5gkN5+rPjQxxpWY8NJNFRrXsFeJ/3jDV0YWfUZGkmgi8OBSlDOoYFkXAEZUEazYzBGFJTVaIJ0girE1dNVOCu/zlv6R32nRbzdbdWaN9VdZRBYfgCJwAF5yDNrgBHdAFGDyCJ/ACXq3cerberPfFaMUqdw7AL1gf3/ovk8c=</latexit>

µ = 0M
<latexit sha1_base64="9WSSzA/Y2FUN9xkHJ+Bfi5ooigo=">AAACFXicbVDLSgMxFM34rPVVdekmWKQt1DJTpLoRim4ENxXsA/oik2ba0GRmSDJimc5PuPFX3LhQxK3gzr8xbWehrQcu93DOvST32D6jUpnmt7G0vLK6tp7YSG5ube/spvb2a9ILBCZV7DFPNGwkCaMuqSqqGGn4giBuM1K3h1cTv35PhKSee6dGPmlz1HepQzFSWuqm8jfdkOd5JoIXsCVpn6NOEbbEwMuOHzphlueik2nP5KJxrptKmwVzCrhIrJikQYxKN/XV6nk44MRVmCEpm5bpq3aIhKKYkSjZCiTxER6iPmlq6iJOZDucXhXBY630oOMJXa6CU/X3Roi4lCNu60mO1EDOexPxP68ZKOe8HVLXDxRx8ewhJ2BQeXASEexRQbBiI00QFlT/FeIBEggrHWRSh2DNn7xIasWCVSqUbk/T5cs4jgQ4BEcgCyxwBsrgGlRAFWDwCJ7BK3gznowX4934mI0uGfHOAfgD4/MHh02dMQ==</latexit>

Km,m0 = �2⇢(|x(m) � x(m0)|)

<latexit sha1_base64="oUNSj+hSPDkJj9TzJlRExMSqfMU="></latexit>

[y(1), . . . , y(M)]> ⇠ N (µ,K)

6



• Next: Similar setup but an M-long Gaussian instead of just 
2-long (bivariate) 
• We have M locations (need not be in order): 

• We’re going to generate 
• Take               and K such that 

• Let’s try

Multivariate Gaussian using locations

<latexit sha1_base64="DbhYG2ZqmyxTQ78YDU9M5hOvm2g=">AAACBnicbVDLSgMxFM3UV62vUZciBIvQgpYZkeqy6MZlBfuAdiyZNNOGJpkhyYjD0JUbf8WNC0Xc+g3u/BvTdhZaPZDcwzn3ktzjR4wq7ThfVm5hcWl5Jb9aWFvf2Nyyt3eaKowlJg0cslC2faQIo4I0NNWMtCNJEPcZafmjy4nfuiNS0VDc6CQiHkcDQQOKkTZSz96/v01LvDyGXSpg6djcgU6O4KyWe3bRqThTwL/EzUgRZKj37M9uP8QxJ0JjhpTquE6kvRRJTTEj40I3ViRCeIQGpGOoQJwoL52uMYaHRunDIJTmCA2n6s+JFHGlEu6bTo70UM17E/E/rxPr4NxLqYhiTQSePRTEDOoQTjKBfSoJ1iwxBGFJzV8hHiKJsDbJFUwI7vzKf0nzpOJWK9Xr02LtIosjD/bAASgBF5yBGrgCddAAGDyAJ/ACXq1H69l6s95nrTkrm9kFv2B9fAMpVZet</latexit>

x(m) 2 (�1,1)

<latexit sha1_base64="vv9gFzEMqBLnzsXzhYrAVpagsj4=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1Y1QdONGqGAf0IQwmU7aoTOTMDMRS8ivuHGhiFt/xJ1/46TNQqsHBg7n3Ms9c8KEUaUd58uqrKyurW9UN2tb2zu7e/Z+vafiVGLSxTGL5SBEijAqSFdTzcggkQTxkJF+OL0u/P4DkYrG4l7PEuJzNBY0ohhpIwV23eMpvIQeR3oSRpmTB7eB3XCazhzwL3FL0gAlOoH96Y1inHIiNGZIqaHrJNrPkNQUM5LXvFSRBOEpGpOhoQJxovxsnj2Hx0YZwSiW5gkN5+rPjQxxpWY8NJNFRrXsFeJ/3jDV0YWfUZGkmgi8OBSlDOoYFkXAEZUEazYzBGFJTVaIJ0girE1dNVOCu/zlv6R32nRbzdbdWaN9VdZRBYfgCJwAF5yDNrgBHdAFGDyCJ/ACXq3cerberPfFaMUqdw7AL1gf3/ovk8c=</latexit>

µ = 0M
<latexit sha1_base64="9WSSzA/Y2FUN9xkHJ+Bfi5ooigo=">AAACFXicbVDLSgMxFM34rPVVdekmWKQt1DJTpLoRim4ENxXsA/oik2ba0GRmSDJimc5PuPFX3LhQxK3gzr8xbWehrQcu93DOvST32D6jUpnmt7G0vLK6tp7YSG5ube/spvb2a9ILBCZV7DFPNGwkCaMuqSqqGGn4giBuM1K3h1cTv35PhKSee6dGPmlz1HepQzFSWuqm8jfdkOd5JoIXsCVpn6NOEbbEwMuOHzphlueik2nP5KJxrptKmwVzCrhIrJikQYxKN/XV6nk44MRVmCEpm5bpq3aIhKKYkSjZCiTxER6iPmlq6iJOZDucXhXBY630oOMJXa6CU/X3Roi4lCNu60mO1EDOexPxP68ZKOe8HVLXDxRx8ewhJ2BQeXASEexRQbBiI00QFlT/FeIBEggrHWRSh2DNn7xIasWCVSqUbk/T5cs4jgQ4BEcgCyxwBsrgGlRAFWDwCJ7BK3gznowX4934mI0uGfHOAfgD4/MHh02dMQ==</latexit>

Km,m0 = �2⇢(|x(m) � x(m0)|)
<latexit sha1_base64="kC36DYrXmSdBmGu3k5MPvFGkK4c=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSAkhWE3SLQRglpYRjAPyK5hdnI3GTL7YGZWDEu+wcZfsbFQxNbKzr9xkmyhiQcuHM65l3vvcSPOpDLNbyOztLyyupZdz21sbm3v5Hf3mjKMBYUGDXko2i6RwFkADcUUh3YkgPguh5Y7vJz4rXsQkoXBrRpF4PikHzCPUaK01M2XbDEIi/YVcEVK+Bzb8BAVj21PEJpY46Qynll3lVI3XzDL5hR4kVgpKaAU9W7+y+6FNPYhUJQTKTuWGSknIUIxymGcs2MJEaFD0oeOpgHxQTrJ9KUxPtJKD3uh0BUoPFV/TyTEl3Lku7rTJ2og572J+J/XiZV35iQsiGIFAZ0t8mKOVYgn+eAeE0AVH2lCqGD6VkwHRMehdIo5HYI1//IiaVbKVrVcvTkp1C7SOLLoAB2iIrLQKaqha1RHDUTRI3pGr+jNeDJejHfjY9aaMdKZffQHxucPysGcUQ==</latexit>

⇢(�) = exp(�1

2
�2)

<latexit sha1_base64="oUNSj+hSPDkJj9TzJlRExMSqfMU="></latexit>

[y(1), . . . , y(M)]> ⇠ N (µ,K)

6



• Next: Similar setup but an M-long Gaussian instead of just 
2-long (bivariate) 
• We have M locations (need not be in order): 

• We’re going to generate 
• Take               and K such that 

• Let’s try 
• Check:

Multivariate Gaussian using locations

<latexit sha1_base64="DbhYG2ZqmyxTQ78YDU9M5hOvm2g=">AAACBnicbVDLSgMxFM3UV62vUZciBIvQgpYZkeqy6MZlBfuAdiyZNNOGJpkhyYjD0JUbf8WNC0Xc+g3u/BvTdhZaPZDcwzn3ktzjR4wq7ThfVm5hcWl5Jb9aWFvf2Nyyt3eaKowlJg0cslC2faQIo4I0NNWMtCNJEPcZafmjy4nfuiNS0VDc6CQiHkcDQQOKkTZSz96/v01LvDyGXSpg6djcgU6O4KyWe3bRqThTwL/EzUgRZKj37M9uP8QxJ0JjhpTquE6kvRRJTTEj40I3ViRCeIQGpGOoQJwoL52uMYaHRunDIJTmCA2n6s+JFHGlEu6bTo70UM17E/E/rxPr4NxLqYhiTQSePRTEDOoQTjKBfSoJ1iwxBGFJzV8hHiKJsDbJFUwI7vzKf0nzpOJWK9Xr02LtIosjD/bAASgBF5yBGrgCddAAGDyAJ/ACXq1H69l6s95nrTkrm9kFv2B9fAMpVZet</latexit>

x(m) 2 (�1,1)

<latexit sha1_base64="vv9gFzEMqBLnzsXzhYrAVpagsj4=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1Y1QdONGqGAf0IQwmU7aoTOTMDMRS8ivuHGhiFt/xJ1/46TNQqsHBg7n3Ms9c8KEUaUd58uqrKyurW9UN2tb2zu7e/Z+vafiVGLSxTGL5SBEijAqSFdTzcggkQTxkJF+OL0u/P4DkYrG4l7PEuJzNBY0ohhpIwV23eMpvIQeR3oSRpmTB7eB3XCazhzwL3FL0gAlOoH96Y1inHIiNGZIqaHrJNrPkNQUM5LXvFSRBOEpGpOhoQJxovxsnj2Hx0YZwSiW5gkN5+rPjQxxpWY8NJNFRrXsFeJ/3jDV0YWfUZGkmgi8OBSlDOoYFkXAEZUEazYzBGFJTVaIJ0girE1dNVOCu/zlv6R32nRbzdbdWaN9VdZRBYfgCJwAF5yDNrgBHdAFGDyCJ/ACXq3cerberPfFaMUqdw7AL1gf3/ovk8c=</latexit>

µ = 0M
<latexit sha1_base64="9WSSzA/Y2FUN9xkHJ+Bfi5ooigo=">AAACFXicbVDLSgMxFM34rPVVdekmWKQt1DJTpLoRim4ENxXsA/oik2ba0GRmSDJimc5PuPFX3LhQxK3gzr8xbWehrQcu93DOvST32D6jUpnmt7G0vLK6tp7YSG5ube/spvb2a9ILBCZV7DFPNGwkCaMuqSqqGGn4giBuM1K3h1cTv35PhKSee6dGPmlz1HepQzFSWuqm8jfdkOd5JoIXsCVpn6NOEbbEwMuOHzphlueik2nP5KJxrptKmwVzCrhIrJikQYxKN/XV6nk44MRVmCEpm5bpq3aIhKKYkSjZCiTxER6iPmlq6iJOZDucXhXBY630oOMJXa6CU/X3Roi4lCNu60mO1EDOexPxP68ZKOe8HVLXDxRx8ewhJ2BQeXASEexRQbBiI00QFlT/FeIBEggrHWRSh2DNn7xIasWCVSqUbk/T5cs4jgQ4BEcgCyxwBsrgGlRAFWDwCJ7BK3gznowX4934mI0uGfHOAfgD4/MHh02dMQ==</latexit>

Km,m0 = �2⇢(|x(m) � x(m0)|)
<latexit sha1_base64="kC36DYrXmSdBmGu3k5MPvFGkK4c=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSAkhWE3SLQRglpYRjAPyK5hdnI3GTL7YGZWDEu+wcZfsbFQxNbKzr9xkmyhiQcuHM65l3vvcSPOpDLNbyOztLyyupZdz21sbm3v5Hf3mjKMBYUGDXko2i6RwFkADcUUh3YkgPguh5Y7vJz4rXsQkoXBrRpF4PikHzCPUaK01M2XbDEIi/YVcEVK+Bzb8BAVj21PEJpY46Qynll3lVI3XzDL5hR4kVgpKaAU9W7+y+6FNPYhUJQTKTuWGSknIUIxymGcs2MJEaFD0oeOpgHxQTrJ9KUxPtJKD3uh0BUoPFV/TyTEl3Lku7rTJ2og572J+J/XiZV35iQsiGIFAZ0t8mKOVYgn+eAeE0AVH2lCqGD6VkwHRMehdIo5HYI1//IiaVbKVrVcvTkp1C7SOLLoAB2iIrLQKaqha1RHDUTRI3pGr+jNeDJejHfjY9aaMdKZffQHxucPysGcUQ==</latexit>

⇢(�) = exp(�1

2
�2)

<latexit sha1_base64="oUNSj+hSPDkJj9TzJlRExMSqfMU="></latexit>

[y(1), . . . , y(M)]> ⇠ N (µ,K)

6



• Next: Similar setup but an M-long Gaussian instead of just 
2-long (bivariate) 
• We have M locations (need not be in order): 

• We’re going to generate 
• Take               and K such that 

• Let’s try 
• Check:

Multivariate Gaussian using locations

<latexit sha1_base64="DbhYG2ZqmyxTQ78YDU9M5hOvm2g=">AAACBnicbVDLSgMxFM3UV62vUZciBIvQgpYZkeqy6MZlBfuAdiyZNNOGJpkhyYjD0JUbf8WNC0Xc+g3u/BvTdhZaPZDcwzn3ktzjR4wq7ThfVm5hcWl5Jb9aWFvf2Nyyt3eaKowlJg0cslC2faQIo4I0NNWMtCNJEPcZafmjy4nfuiNS0VDc6CQiHkcDQQOKkTZSz96/v01LvDyGXSpg6djcgU6O4KyWe3bRqThTwL/EzUgRZKj37M9uP8QxJ0JjhpTquE6kvRRJTTEj40I3ViRCeIQGpGOoQJwoL52uMYaHRunDIJTmCA2n6s+JFHGlEu6bTo70UM17E/E/rxPr4NxLqYhiTQSePRTEDOoQTjKBfSoJ1iwxBGFJzV8hHiKJsDbJFUwI7vzKf0nzpOJWK9Xr02LtIosjD/bAASgBF5yBGrgCddAAGDyAJ/ACXq1H69l6s95nrTkrm9kFv2B9fAMpVZet</latexit>

x(m) 2 (�1,1)

<latexit sha1_base64="vv9gFzEMqBLnzsXzhYrAVpagsj4=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1Y1QdONGqGAf0IQwmU7aoTOTMDMRS8ivuHGhiFt/xJ1/46TNQqsHBg7n3Ms9c8KEUaUd58uqrKyurW9UN2tb2zu7e/Z+vafiVGLSxTGL5SBEijAqSFdTzcggkQTxkJF+OL0u/P4DkYrG4l7PEuJzNBY0ohhpIwV23eMpvIQeR3oSRpmTB7eB3XCazhzwL3FL0gAlOoH96Y1inHIiNGZIqaHrJNrPkNQUM5LXvFSRBOEpGpOhoQJxovxsnj2Hx0YZwSiW5gkN5+rPjQxxpWY8NJNFRrXsFeJ/3jDV0YWfUZGkmgi8OBSlDOoYFkXAEZUEazYzBGFJTVaIJ0girE1dNVOCu/zlv6R32nRbzdbdWaN9VdZRBYfgCJwAF5yDNrgBHdAFGDyCJ/ACXq3cerberPfFaMUqdw7AL1gf3/ovk8c=</latexit>

µ = 0M
<latexit sha1_base64="9WSSzA/Y2FUN9xkHJ+Bfi5ooigo=">AAACFXicbVDLSgMxFM34rPVVdekmWKQt1DJTpLoRim4ENxXsA/oik2ba0GRmSDJimc5PuPFX3LhQxK3gzr8xbWehrQcu93DOvST32D6jUpnmt7G0vLK6tp7YSG5ube/spvb2a9ILBCZV7DFPNGwkCaMuqSqqGGn4giBuM1K3h1cTv35PhKSee6dGPmlz1HepQzFSWuqm8jfdkOd5JoIXsCVpn6NOEbbEwMuOHzphlueik2nP5KJxrptKmwVzCrhIrJikQYxKN/XV6nk44MRVmCEpm5bpq3aIhKKYkSjZCiTxER6iPmlq6iJOZDucXhXBY630oOMJXa6CU/X3Roi4lCNu60mO1EDOexPxP68ZKOe8HVLXDxRx8ewhJ2BQeXASEexRQbBiI00QFlT/FeIBEggrHWRSh2DNn7xIasWCVSqUbk/T5cs4jgQ4BEcgCyxwBsrgGlRAFWDwCJ7BK3gznowX4934mI0uGfHOAfgD4/MHh02dMQ==</latexit>

Km,m0 = �2⇢(|x(m) � x(m0)|)
<latexit sha1_base64="kC36DYrXmSdBmGu3k5MPvFGkK4c=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSAkhWE3SLQRglpYRjAPyK5hdnI3GTL7YGZWDEu+wcZfsbFQxNbKzr9xkmyhiQcuHM65l3vvcSPOpDLNbyOztLyyupZdz21sbm3v5Hf3mjKMBYUGDXko2i6RwFkADcUUh3YkgPguh5Y7vJz4rXsQkoXBrRpF4PikHzCPUaK01M2XbDEIi/YVcEVK+Bzb8BAVj21PEJpY46Qynll3lVI3XzDL5hR4kVgpKaAU9W7+y+6FNPYhUJQTKTuWGSknIUIxymGcs2MJEaFD0oeOpgHxQTrJ9KUxPtJKD3uh0BUoPFV/TyTEl3Lku7rTJ2og572J+J/XiZV35iQsiGIFAZ0t8mKOVYgn+eAeE0AVH2lCqGD6VkwHRMehdIo5HYI1//IiaVbKVrVcvTkp1C7SOLLoAB2iIrLQKaqha1RHDUTRI3pGr+jNeDJejHfjY9aaMdKZffQHxucPysGcUQ==</latexit>

⇢(�) = exp(�1

2
�2)

<latexit sha1_base64="ZcuQ58mpTPE3GMjXgWqiLpH9VOE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPUiFL14rGA/YLuUbJptQ7PJkmSFsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeWHCmTau++0U1tY3NreK26Wd3b39g/LhUVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/N/M4TVZpJ8WgmCQ1iPBQsYgQbK/k9NZJV9xzdIK9frrg1dw60SrycVCBHs1/+6g0kSWMqDOFYa99zExNkWBlGOJ2WeqmmCSZjPKS+pQLHVAfZ/OQpOrPKAEVS2RIGzdXfExmOtZ7Eoe2MsRnpZW8m/uf5qYmug4yJJDVUkMWiKOXISDT7Hw2YosTwiSWYKGZvRWSEFSbGplSyIXjLL6+S9kXNq9fqD5eVxm0eRxFO4BSq4MEVNOAemtACAhKe4RXeHOO8OO/Ox6K14OQzx/AHzucPADiPxw==</latexit>

⇢(0) = 1

<latexit sha1_base64="oUNSj+hSPDkJj9TzJlRExMSqfMU="></latexit>

[y(1), . . . , y(M)]> ⇠ N (µ,K)

?

6



• Next: Similar setup but an M-long Gaussian instead of just 
2-long (bivariate) 
• We have M locations (need not be in order): 

• We’re going to generate 
• Take               and K such that 

• Let’s try 
• Check:

Multivariate Gaussian using locations

<latexit sha1_base64="DbhYG2ZqmyxTQ78YDU9M5hOvm2g=">AAACBnicbVDLSgMxFM3UV62vUZciBIvQgpYZkeqy6MZlBfuAdiyZNNOGJpkhyYjD0JUbf8WNC0Xc+g3u/BvTdhZaPZDcwzn3ktzjR4wq7ThfVm5hcWl5Jb9aWFvf2Nyyt3eaKowlJg0cslC2faQIo4I0NNWMtCNJEPcZafmjy4nfuiNS0VDc6CQiHkcDQQOKkTZSz96/v01LvDyGXSpg6djcgU6O4KyWe3bRqThTwL/EzUgRZKj37M9uP8QxJ0JjhpTquE6kvRRJTTEj40I3ViRCeIQGpGOoQJwoL52uMYaHRunDIJTmCA2n6s+JFHGlEu6bTo70UM17E/E/rxPr4NxLqYhiTQSePRTEDOoQTjKBfSoJ1iwxBGFJzV8hHiKJsDbJFUwI7vzKf0nzpOJWK9Xr02LtIosjD/bAASgBF5yBGrgCddAAGDyAJ/ACXq1H69l6s95nrTkrm9kFv2B9fAMpVZet</latexit>

x(m) 2 (�1,1)

<latexit sha1_base64="vv9gFzEMqBLnzsXzhYrAVpagsj4=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1Y1QdONGqGAf0IQwmU7aoTOTMDMRS8ivuHGhiFt/xJ1/46TNQqsHBg7n3Ms9c8KEUaUd58uqrKyurW9UN2tb2zu7e/Z+vafiVGLSxTGL5SBEijAqSFdTzcggkQTxkJF+OL0u/P4DkYrG4l7PEuJzNBY0ohhpIwV23eMpvIQeR3oSRpmTB7eB3XCazhzwL3FL0gAlOoH96Y1inHIiNGZIqaHrJNrPkNQUM5LXvFSRBOEpGpOhoQJxovxsnj2Hx0YZwSiW5gkN5+rPjQxxpWY8NJNFRrXsFeJ/3jDV0YWfUZGkmgi8OBSlDOoYFkXAEZUEazYzBGFJTVaIJ0girE1dNVOCu/zlv6R32nRbzdbdWaN9VdZRBYfgCJwAF5yDNrgBHdAFGDyCJ/ACXq3cerberPfFaMUqdw7AL1gf3/ovk8c=</latexit>

µ = 0M
<latexit sha1_base64="9WSSzA/Y2FUN9xkHJ+Bfi5ooigo=">AAACFXicbVDLSgMxFM34rPVVdekmWKQt1DJTpLoRim4ENxXsA/oik2ba0GRmSDJimc5PuPFX3LhQxK3gzr8xbWehrQcu93DOvST32D6jUpnmt7G0vLK6tp7YSG5ube/spvb2a9ILBCZV7DFPNGwkCaMuqSqqGGn4giBuM1K3h1cTv35PhKSee6dGPmlz1HepQzFSWuqm8jfdkOd5JoIXsCVpn6NOEbbEwMuOHzphlueik2nP5KJxrptKmwVzCrhIrJikQYxKN/XV6nk44MRVmCEpm5bpq3aIhKKYkSjZCiTxER6iPmlq6iJOZDucXhXBY630oOMJXa6CU/X3Roi4lCNu60mO1EDOexPxP68ZKOe8HVLXDxRx8ewhJ2BQeXASEexRQbBiI00QFlT/FeIBEggrHWRSh2DNn7xIasWCVSqUbk/T5cs4jgQ4BEcgCyxwBsrgGlRAFWDwCJ7BK3gznowX4934mI0uGfHOAfgD4/MHh02dMQ==</latexit>

Km,m0 = �2⇢(|x(m) � x(m0)|)
<latexit sha1_base64="kC36DYrXmSdBmGu3k5MPvFGkK4c=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSAkhWE3SLQRglpYRjAPyK5hdnI3GTL7YGZWDEu+wcZfsbFQxNbKzr9xkmyhiQcuHM65l3vvcSPOpDLNbyOztLyyupZdz21sbm3v5Hf3mjKMBYUGDXko2i6RwFkADcUUh3YkgPguh5Y7vJz4rXsQkoXBrRpF4PikHzCPUaK01M2XbDEIi/YVcEVK+Bzb8BAVj21PEJpY46Qynll3lVI3XzDL5hR4kVgpKaAU9W7+y+6FNPYhUJQTKTuWGSknIUIxymGcs2MJEaFD0oeOpgHxQTrJ9KUxPtJKD3uh0BUoPFV/TyTEl3Lku7rTJ2og572J+J/XiZV35iQsiGIFAZ0t8mKOVYgn+eAeE0AVH2lCqGD6VkwHRMehdIo5HYI1//IiaVbKVrVcvTkp1C7SOLLoAB2iIrLQKaqha1RHDUTRI3pGr+jNeDJejHfjY9aaMdKZffQHxucPysGcUQ==</latexit>

⇢(�) = exp(�1

2
�2)

<latexit sha1_base64="ZcuQ58mpTPE3GMjXgWqiLpH9VOE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPUiFL14rGA/YLuUbJptQ7PJkmSFsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeWHCmTau++0U1tY3NreK26Wd3b39g/LhUVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/N/M4TVZpJ8WgmCQ1iPBQsYgQbK/k9NZJV9xzdIK9frrg1dw60SrycVCBHs1/+6g0kSWMqDOFYa99zExNkWBlGOJ2WeqmmCSZjPKS+pQLHVAfZ/OQpOrPKAEVS2RIGzdXfExmOtZ7Eoe2MsRnpZW8m/uf5qYmug4yJJDVUkMWiKOXISDT7Hw2YosTwiSWYKGZvRWSEFSbGplSyIXjLL6+S9kXNq9fqD5eVxm0eRxFO4BSq4MEVNOAemtACAhKe4RXeHOO8OO/Ox6K14OQzx/AHzucPADiPxw==</latexit>

⇢(0) = 1

<latexit sha1_base64="oUNSj+hSPDkJj9TzJlRExMSqfMU="></latexit>

[y(1), . . . , y(M)]> ⇠ N (µ,K)

6



• Next: Similar setup but an M-long Gaussian instead of just 
2-long (bivariate) 
• We have M locations (need not be in order): 

• We’re going to generate 
• Take               and K such that 

• Let’s try 
• Check:               ,         is decreasing as     increases

Multivariate Gaussian using locations

5

<latexit sha1_base64="DbhYG2ZqmyxTQ78YDU9M5hOvm2g=">AAACBnicbVDLSgMxFM3UV62vUZciBIvQgpYZkeqy6MZlBfuAdiyZNNOGJpkhyYjD0JUbf8WNC0Xc+g3u/BvTdhZaPZDcwzn3ktzjR4wq7ThfVm5hcWl5Jb9aWFvf2Nyyt3eaKowlJg0cslC2faQIo4I0NNWMtCNJEPcZafmjy4nfuiNS0VDc6CQiHkcDQQOKkTZSz96/v01LvDyGXSpg6djcgU6O4KyWe3bRqThTwL/EzUgRZKj37M9uP8QxJ0JjhpTquE6kvRRJTTEj40I3ViRCeIQGpGOoQJwoL52uMYaHRunDIJTmCA2n6s+JFHGlEu6bTo70UM17E/E/rxPr4NxLqYhiTQSePRTEDOoQTjKBfSoJ1iwxBGFJzV8hHiKJsDbJFUwI7vzKf0nzpOJWK9Xr02LtIosjD/bAASgBF5yBGrgCddAAGDyAJ/ACXq1H69l6s95nrTkrm9kFv2B9fAMpVZet</latexit>

x(m) 2 (�1,1)

<latexit sha1_base64="vv9gFzEMqBLnzsXzhYrAVpagsj4=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1Y1QdONGqGAf0IQwmU7aoTOTMDMRS8ivuHGhiFt/xJ1/46TNQqsHBg7n3Ms9c8KEUaUd58uqrKyurW9UN2tb2zu7e/Z+vafiVGLSxTGL5SBEijAqSFdTzcggkQTxkJF+OL0u/P4DkYrG4l7PEuJzNBY0ohhpIwV23eMpvIQeR3oSRpmTB7eB3XCazhzwL3FL0gAlOoH96Y1inHIiNGZIqaHrJNrPkNQUM5LXvFSRBOEpGpOhoQJxovxsnj2Hx0YZwSiW5gkN5+rPjQxxpWY8NJNFRrXsFeJ/3jDV0YWfUZGkmgi8OBSlDOoYFkXAEZUEazYzBGFJTVaIJ0girE1dNVOCu/zlv6R32nRbzdbdWaN9VdZRBYfgCJwAF5yDNrgBHdAFGDyCJ/ACXq3cerberPfFaMUqdw7AL1gf3/ovk8c=</latexit>

µ = 0M
<latexit sha1_base64="9WSSzA/Y2FUN9xkHJ+Bfi5ooigo=">AAACFXicbVDLSgMxFM34rPVVdekmWKQt1DJTpLoRim4ENxXsA/oik2ba0GRmSDJimc5PuPFX3LhQxK3gzr8xbWehrQcu93DOvST32D6jUpnmt7G0vLK6tp7YSG5ube/spvb2a9ILBCZV7DFPNGwkCaMuqSqqGGn4giBuM1K3h1cTv35PhKSee6dGPmlz1HepQzFSWuqm8jfdkOd5JoIXsCVpn6NOEbbEwMuOHzphlueik2nP5KJxrptKmwVzCrhIrJikQYxKN/XV6nk44MRVmCEpm5bpq3aIhKKYkSjZCiTxER6iPmlq6iJOZDucXhXBY630oOMJXa6CU/X3Roi4lCNu60mO1EDOexPxP68ZKOe8HVLXDxRx8ewhJ2BQeXASEexRQbBiI00QFlT/FeIBEggrHWRSh2DNn7xIasWCVSqUbk/T5cs4jgQ4BEcgCyxwBsrgGlRAFWDwCJ7BK3gznowX4934mI0uGfHOAfgD4/MHh02dMQ==</latexit>

Km,m0 = �2⇢(|x(m) � x(m0)|)
<latexit sha1_base64="kC36DYrXmSdBmGu3k5MPvFGkK4c=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSAkhWE3SLQRglpYRjAPyK5hdnI3GTL7YGZWDEu+wcZfsbFQxNbKzr9xkmyhiQcuHM65l3vvcSPOpDLNbyOztLyyupZdz21sbm3v5Hf3mjKMBYUGDXko2i6RwFkADcUUh3YkgPguh5Y7vJz4rXsQkoXBrRpF4PikHzCPUaK01M2XbDEIi/YVcEVK+Bzb8BAVj21PEJpY46Qynll3lVI3XzDL5hR4kVgpKaAU9W7+y+6FNPYhUJQTKTuWGSknIUIxymGcs2MJEaFD0oeOpgHxQTrJ9KUxPtJKD3uh0BUoPFV/TyTEl3Lku7rTJ2og572J+J/XiZV35iQsiGIFAZ0t8mKOVYgn+eAeE0AVH2lCqGD6VkwHRMehdIo5HYI1//IiaVbKVrVcvTkp1C7SOLLoAB2iIrLQKaqha1RHDUTRI3pGr+jNeDJejHfjY9aaMdKZffQHxucPysGcUQ==</latexit>

⇢(�) = exp(�1

2
�2)

<latexit sha1_base64="ZcuQ58mpTPE3GMjXgWqiLpH9VOE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPUiFL14rGA/YLuUbJptQ7PJkmSFsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeWHCmTau++0U1tY3NreK26Wd3b39g/LhUVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/N/M4TVZpJ8WgmCQ1iPBQsYgQbK/k9NZJV9xzdIK9frrg1dw60SrycVCBHs1/+6g0kSWMqDOFYa99zExNkWBlGOJ2WeqmmCSZjPKS+pQLHVAfZ/OQpOrPKAEVS2RIGzdXfExmOtZ7Eoe2MsRnpZW8m/uf5qYmug4yJJDVUkMWiKOXISDT7Hw2YosTwiSWYKGZvRWSEFSbGplSyIXjLL6+S9kXNq9fqD5eVxm0eRxFO4BSq4MEVNOAemtACAhKe4RXeHOO8OO/Ox6K14OQzx/AHzucPADiPxw==</latexit>

⇢(0) = 1
<latexit sha1_base64="7yJ+1B7YPVFc303zEJCOoFjpL1k=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY1IPHCvYDukvJptk2NJssSVYoS/+GFw+KePXPePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFaEtIrlU3RBrypmgLcMMp91EURyHnHbC8e3M7zxRpZkUj2aS0CDGQ8EiRrCxku+rkaz6d5QbfN4vV9yaOwdaJV5OKpCj2S9/+QNJ0pgKQzjWuue5iQkyrAwjnE5LfqppgskYD2nPUoFjqoNsfvMUnVllgCKpbAmD5urviQzHWk/i0HbG2Iz0sjcT//N6qYmug4yJJDVUkMWiKOXISDQLAA2YosTwiSWYKGZvRWSEFSbGxlSyIXjLL6+S9kXNq9fqD5eVxk0eRxFO4BSq4MEVNOAemtACAgk8wyu8Oanz4rw7H4vWgpPPHMMfOJ8/TcqROQ==</latexit>

⇢(�)
<latexit sha1_base64="fUIy4QXzpf+Y0tBVa2PGE5JPfiA=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjUg8cK9gPaUDbbTbt2swm7E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ilZveWS6S9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZtdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG88jOhkhS5YvNFYSoJxmT6OukLzRnKsSWUaWFvJWxINWVoAyraELzFl5dJ87ziVSvV+4ty7TqPowDHcAJn4MEl1OAO6tAABo/wDK/w5sTOi/PufMxbV5x85gj+wPn8AWQejwc=</latexit>

�

<latexit sha1_base64="oUNSj+hSPDkJj9TzJlRExMSqfMU="></latexit>

[y(1), . . . , y(M)]> ⇠ N (µ,K)

?



• Next: Similar setup but an M-long Gaussian instead of just 
2-long (bivariate) 
• We have M locations (need not be in order): 

• We’re going to generate 
• Take               and K such that 

• Let’s try 
• Check:               ,         is decreasing as     increases

Multivariate Gaussian using locations

5

<latexit sha1_base64="DbhYG2ZqmyxTQ78YDU9M5hOvm2g=">AAACBnicbVDLSgMxFM3UV62vUZciBIvQgpYZkeqy6MZlBfuAdiyZNNOGJpkhyYjD0JUbf8WNC0Xc+g3u/BvTdhZaPZDcwzn3ktzjR4wq7ThfVm5hcWl5Jb9aWFvf2Nyyt3eaKowlJg0cslC2faQIo4I0NNWMtCNJEPcZafmjy4nfuiNS0VDc6CQiHkcDQQOKkTZSz96/v01LvDyGXSpg6djcgU6O4KyWe3bRqThTwL/EzUgRZKj37M9uP8QxJ0JjhpTquE6kvRRJTTEj40I3ViRCeIQGpGOoQJwoL52uMYaHRunDIJTmCA2n6s+JFHGlEu6bTo70UM17E/E/rxPr4NxLqYhiTQSePRTEDOoQTjKBfSoJ1iwxBGFJzV8hHiKJsDbJFUwI7vzKf0nzpOJWK9Xr02LtIosjD/bAASgBF5yBGrgCddAAGDyAJ/ACXq1H69l6s95nrTkrm9kFv2B9fAMpVZet</latexit>

x(m) 2 (�1,1)

<latexit sha1_base64="vv9gFzEMqBLnzsXzhYrAVpagsj4=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1Y1QdONGqGAf0IQwmU7aoTOTMDMRS8ivuHGhiFt/xJ1/46TNQqsHBg7n3Ms9c8KEUaUd58uqrKyurW9UN2tb2zu7e/Z+vafiVGLSxTGL5SBEijAqSFdTzcggkQTxkJF+OL0u/P4DkYrG4l7PEuJzNBY0ohhpIwV23eMpvIQeR3oSRpmTB7eB3XCazhzwL3FL0gAlOoH96Y1inHIiNGZIqaHrJNrPkNQUM5LXvFSRBOEpGpOhoQJxovxsnj2Hx0YZwSiW5gkN5+rPjQxxpWY8NJNFRrXsFeJ/3jDV0YWfUZGkmgi8OBSlDOoYFkXAEZUEazYzBGFJTVaIJ0girE1dNVOCu/zlv6R32nRbzdbdWaN9VdZRBYfgCJwAF5yDNrgBHdAFGDyCJ/ACXq3cerberPfFaMUqdw7AL1gf3/ovk8c=</latexit>

µ = 0M
<latexit sha1_base64="9WSSzA/Y2FUN9xkHJ+Bfi5ooigo=">AAACFXicbVDLSgMxFM34rPVVdekmWKQt1DJTpLoRim4ENxXsA/oik2ba0GRmSDJimc5PuPFX3LhQxK3gzr8xbWehrQcu93DOvST32D6jUpnmt7G0vLK6tp7YSG5ube/spvb2a9ILBCZV7DFPNGwkCaMuqSqqGGn4giBuM1K3h1cTv35PhKSee6dGPmlz1HepQzFSWuqm8jfdkOd5JoIXsCVpn6NOEbbEwMuOHzphlueik2nP5KJxrptKmwVzCrhIrJikQYxKN/XV6nk44MRVmCEpm5bpq3aIhKKYkSjZCiTxER6iPmlq6iJOZDucXhXBY630oOMJXa6CU/X3Roi4lCNu60mO1EDOexPxP68ZKOe8HVLXDxRx8ewhJ2BQeXASEexRQbBiI00QFlT/FeIBEggrHWRSh2DNn7xIasWCVSqUbk/T5cs4jgQ4BEcgCyxwBsrgGlRAFWDwCJ7BK3gznowX4934mI0uGfHOAfgD4/MHh02dMQ==</latexit>

Km,m0 = �2⇢(|x(m) � x(m0)|)
<latexit sha1_base64="kC36DYrXmSdBmGu3k5MPvFGkK4c=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSAkhWE3SLQRglpYRjAPyK5hdnI3GTL7YGZWDEu+wcZfsbFQxNbKzr9xkmyhiQcuHM65l3vvcSPOpDLNbyOztLyyupZdz21sbm3v5Hf3mjKMBYUGDXko2i6RwFkADcUUh3YkgPguh5Y7vJz4rXsQkoXBrRpF4PikHzCPUaK01M2XbDEIi/YVcEVK+Bzb8BAVj21PEJpY46Qynll3lVI3XzDL5hR4kVgpKaAU9W7+y+6FNPYhUJQTKTuWGSknIUIxymGcs2MJEaFD0oeOpgHxQTrJ9KUxPtJKD3uh0BUoPFV/TyTEl3Lku7rTJ2og572J+J/XiZV35iQsiGIFAZ0t8mKOVYgn+eAeE0AVH2lCqGD6VkwHRMehdIo5HYI1//IiaVbKVrVcvTkp1C7SOLLoAB2iIrLQKaqha1RHDUTRI3pGr+jNeDJejHfjY9aaMdKZffQHxucPysGcUQ==</latexit>

⇢(�) = exp(�1

2
�2)

<latexit sha1_base64="ZcuQ58mpTPE3GMjXgWqiLpH9VOE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPUiFL14rGA/YLuUbJptQ7PJkmSFsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeWHCmTau++0U1tY3NreK26Wd3b39g/LhUVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/N/M4TVZpJ8WgmCQ1iPBQsYgQbK/k9NZJV9xzdIK9frrg1dw60SrycVCBHs1/+6g0kSWMqDOFYa99zExNkWBlGOJ2WeqmmCSZjPKS+pQLHVAfZ/OQpOrPKAEVS2RIGzdXfExmOtZ7Eoe2MsRnpZW8m/uf5qYmug4yJJDVUkMWiKOXISDT7Hw2YosTwiSWYKGZvRWSEFSbGplSyIXjLL6+S9kXNq9fqD5eVxm0eRxFO4BSq4MEVNOAemtACAhKe4RXeHOO8OO/Ox6K14OQzx/AHzucPADiPxw==</latexit>

⇢(0) = 1
<latexit sha1_base64="7yJ+1B7YPVFc303zEJCOoFjpL1k=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY1IPHCvYDukvJptk2NJssSVYoS/+GFw+KePXPePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFaEtIrlU3RBrypmgLcMMp91EURyHnHbC8e3M7zxRpZkUj2aS0CDGQ8EiRrCxku+rkaz6d5QbfN4vV9yaOwdaJV5OKpCj2S9/+QNJ0pgKQzjWuue5iQkyrAwjnE5LfqppgskYD2nPUoFjqoNsfvMUnVllgCKpbAmD5urviQzHWk/i0HbG2Iz0sjcT//N6qYmug4yJJDVUkMWiKOXISDQLAA2YosTwiSWYKGZvRWSEFSbGxlSyIXjLL6+S9kXNq9fqD5eVxk0eRxFO4BSq4MEVNOAemtACAgk8wyu8Oanz4rw7H4vWgpPPHMMfOJ8/TcqROQ==</latexit>

⇢(�)
<latexit sha1_base64="fUIy4QXzpf+Y0tBVa2PGE5JPfiA=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjUg8cK9gPaUDbbTbt2swm7E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ilZveWS6S9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZtdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG88jOhkhS5YvNFYSoJxmT6OukLzRnKsSWUaWFvJWxINWVoAyraELzFl5dJ87ziVSvV+4ty7TqPowDHcAJn4MEl1OAO6tAABo/wDK/w5sTOi/PufMxbV5x85gj+wPn8AWQejwc=</latexit>

�

<latexit sha1_base64="oUNSj+hSPDkJj9TzJlRExMSqfMU="></latexit>

[y(1), . . . , y(M)]> ⇠ N (µ,K)



• Next: Similar setup but an M-long Gaussian instead of just 
2-long (bivariate) 
• We have M locations (need not be in order): 

• We’re going to generate 
• Take               and K such that 

• Let’s try 
• Check:               ,         is decreasing as     increases 
• And                  as 

Multivariate Gaussian using locations

5

<latexit sha1_base64="DbhYG2ZqmyxTQ78YDU9M5hOvm2g=">AAACBnicbVDLSgMxFM3UV62vUZciBIvQgpYZkeqy6MZlBfuAdiyZNNOGJpkhyYjD0JUbf8WNC0Xc+g3u/BvTdhZaPZDcwzn3ktzjR4wq7ThfVm5hcWl5Jb9aWFvf2Nyyt3eaKowlJg0cslC2faQIo4I0NNWMtCNJEPcZafmjy4nfuiNS0VDc6CQiHkcDQQOKkTZSz96/v01LvDyGXSpg6djcgU6O4KyWe3bRqThTwL/EzUgRZKj37M9uP8QxJ0JjhpTquE6kvRRJTTEj40I3ViRCeIQGpGOoQJwoL52uMYaHRunDIJTmCA2n6s+JFHGlEu6bTo70UM17E/E/rxPr4NxLqYhiTQSePRTEDOoQTjKBfSoJ1iwxBGFJzV8hHiKJsDbJFUwI7vzKf0nzpOJWK9Xr02LtIosjD/bAASgBF5yBGrgCddAAGDyAJ/ACXq1H69l6s95nrTkrm9kFv2B9fAMpVZet</latexit>

x(m) 2 (�1,1)

<latexit sha1_base64="vv9gFzEMqBLnzsXzhYrAVpagsj4=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1Y1QdONGqGAf0IQwmU7aoTOTMDMRS8ivuHGhiFt/xJ1/46TNQqsHBg7n3Ms9c8KEUaUd58uqrKyurW9UN2tb2zu7e/Z+vafiVGLSxTGL5SBEijAqSFdTzcggkQTxkJF+OL0u/P4DkYrG4l7PEuJzNBY0ohhpIwV23eMpvIQeR3oSRpmTB7eB3XCazhzwL3FL0gAlOoH96Y1inHIiNGZIqaHrJNrPkNQUM5LXvFSRBOEpGpOhoQJxovxsnj2Hx0YZwSiW5gkN5+rPjQxxpWY8NJNFRrXsFeJ/3jDV0YWfUZGkmgi8OBSlDOoYFkXAEZUEazYzBGFJTVaIJ0girE1dNVOCu/zlv6R32nRbzdbdWaN9VdZRBYfgCJwAF5yDNrgBHdAFGDyCJ/ACXq3cerberPfFaMUqdw7AL1gf3/ovk8c=</latexit>

µ = 0M
<latexit sha1_base64="9WSSzA/Y2FUN9xkHJ+Bfi5ooigo=">AAACFXicbVDLSgMxFM34rPVVdekmWKQt1DJTpLoRim4ENxXsA/oik2ba0GRmSDJimc5PuPFX3LhQxK3gzr8xbWehrQcu93DOvST32D6jUpnmt7G0vLK6tp7YSG5ube/spvb2a9ILBCZV7DFPNGwkCaMuqSqqGGn4giBuM1K3h1cTv35PhKSee6dGPmlz1HepQzFSWuqm8jfdkOd5JoIXsCVpn6NOEbbEwMuOHzphlueik2nP5KJxrptKmwVzCrhIrJikQYxKN/XV6nk44MRVmCEpm5bpq3aIhKKYkSjZCiTxER6iPmlq6iJOZDucXhXBY630oOMJXa6CU/X3Roi4lCNu60mO1EDOexPxP68ZKOe8HVLXDxRx8ewhJ2BQeXASEexRQbBiI00QFlT/FeIBEggrHWRSh2DNn7xIasWCVSqUbk/T5cs4jgQ4BEcgCyxwBsrgGlRAFWDwCJ7BK3gznowX4934mI0uGfHOAfgD4/MHh02dMQ==</latexit>

Km,m0 = �2⇢(|x(m) � x(m0)|)
<latexit sha1_base64="kC36DYrXmSdBmGu3k5MPvFGkK4c=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSAkhWE3SLQRglpYRjAPyK5hdnI3GTL7YGZWDEu+wcZfsbFQxNbKzr9xkmyhiQcuHM65l3vvcSPOpDLNbyOztLyyupZdz21sbm3v5Hf3mjKMBYUGDXko2i6RwFkADcUUh3YkgPguh5Y7vJz4rXsQkoXBrRpF4PikHzCPUaK01M2XbDEIi/YVcEVK+Bzb8BAVj21PEJpY46Qynll3lVI3XzDL5hR4kVgpKaAU9W7+y+6FNPYhUJQTKTuWGSknIUIxymGcs2MJEaFD0oeOpgHxQTrJ9KUxPtJKD3uh0BUoPFV/TyTEl3Lku7rTJ2og572J+J/XiZV35iQsiGIFAZ0t8mKOVYgn+eAeE0AVH2lCqGD6VkwHRMehdIo5HYI1//IiaVbKVrVcvTkp1C7SOLLoAB2iIrLQKaqha1RHDUTRI3pGr+jNeDJejHfjY9aaMdKZffQHxucPysGcUQ==</latexit>

⇢(�) = exp(�1

2
�2)

<latexit sha1_base64="ZcuQ58mpTPE3GMjXgWqiLpH9VOE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPUiFL14rGA/YLuUbJptQ7PJkmSFsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeWHCmTau++0U1tY3NreK26Wd3b39g/LhUVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/N/M4TVZpJ8WgmCQ1iPBQsYgQbK/k9NZJV9xzdIK9frrg1dw60SrycVCBHs1/+6g0kSWMqDOFYa99zExNkWBlGOJ2WeqmmCSZjPKS+pQLHVAfZ/OQpOrPKAEVS2RIGzdXfExmOtZ7Eoe2MsRnpZW8m/uf5qYmug4yJJDVUkMWiKOXISDT7Hw2YosTwiSWYKGZvRWSEFSbGplSyIXjLL6+S9kXNq9fqD5eVxm0eRxFO4BSq4MEVNOAemtACAhKe4RXeHOO8OO/Ox6K14OQzx/AHzucPADiPxw==</latexit>

⇢(0) = 1
<latexit sha1_base64="7yJ+1B7YPVFc303zEJCOoFjpL1k=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY1IPHCvYDukvJptk2NJssSVYoS/+GFw+KePXPePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFaEtIrlU3RBrypmgLcMMp91EURyHnHbC8e3M7zxRpZkUj2aS0CDGQ8EiRrCxku+rkaz6d5QbfN4vV9yaOwdaJV5OKpCj2S9/+QNJ0pgKQzjWuue5iQkyrAwjnE5LfqppgskYD2nPUoFjqoNsfvMUnVllgCKpbAmD5urviQzHWk/i0HbG2Iz0sjcT//N6qYmug4yJJDVUkMWiKOXISDQLAA2YosTwiSWYKGZvRWSEFSbGxlSyIXjLL6+S9kXNq9fqD5eVxk0eRxFO4BSq4MEVNOAemtACAgk8wyu8Oanz4rw7H4vWgpPPHMMfOJ8/TcqROQ==</latexit>

⇢(�)
<latexit sha1_base64="fUIy4QXzpf+Y0tBVa2PGE5JPfiA=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjUg8cK9gPaUDbbTbt2swm7E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ilZveWS6S9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZtdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG88jOhkhS5YvNFYSoJxmT6OukLzRnKsSWUaWFvJWxINWVoAyraELzFl5dJ87ziVSvV+4ty7TqPowDHcAJn4MEl1OAO6tAABo/wDK/w5sTOi/PufMxbV5x85gj+wPn8AWQejwc=</latexit>

�
<latexit sha1_base64="+XuvXi21YKd8xCvY0Wq36khG+Bk=">AAACA3icbVDLSgNBEJyNrxhfUW96GQxCvIRdkegxqAePEcwDsiHMTmazQ2ZnlpleJYSAF3/FiwdFvPoT3vwbJ4+DJhY0FFXddHcFieAGXPfbySwtr6yuZddzG5tb2zv53b26UammrEaVULoZEMMEl6wGHARrJpqROBCsEfSvxn7jnmnDlbyDQcLaMelJHnJKwEqd/IGvI1X0r5kAcoJ9zXsREK3VA3Y7+YJbcifAi8SbkQKaodrJf/ldRdOYSaCCGNPy3ATaQ6KBU8FGOT81LCG0T3qsZakkMTPt4eSHET62SheHStuSgCfq74khiY0ZxIHtjAlEZt4bi/95rRTCi/aQyyQFJul0UZgKDAqPA8FdrhkFMbCEUM3trZhGRBMKNracDcGbf3mR1E9LXrlUvj0rVC5ncWTRITpCReShc1RBN6iKaoiiR/SMXtGb8+S8OO/Ox7Q148xm9tEfOJ8/3oaXCw==</latexit>

⇢(�) ! 0
<latexit sha1_base64="JqvYnJK5phi4XxUNMqDXnbMoWh4=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJVEpHos6sFjBfsBTSib7aZdutmE3YkSSvHiX/HiQRGv/gpv/hu3bQ7a+mDg8d4MM/OCRHANjvNtFZaWV1bXiuuljc2t7R17d6+p41RR1qCxiFU7IJoJLlkDOAjWThQjUSBYKxheTfzWPVOax/IOsoT5EelLHnJKwEhd+8C7ZgII9hTvD4AoFT9gj8sQsq5ddirOFHiRuDkpoxz1rv3l9WKaRkwCFUTrjusk4I+IAk4FG5e8VLOE0CHps46hkkRM+6PpC2N8bJQeDmNlSgKeqr8nRiTSOosC0xkRGOh5byL+53VSCC/8EZdJCkzS2aIwFRhiPMkD97hiFERmCKGKm1sxHRBFKJjUSiYEd/7lRdI8rbjVSvX2rFy7zOMookN0hE6Qi85RDd2gOmogih7RM3pFb9aT9WK9Wx+z1oKVz+yjP7A+fwBGWZdh</latexit>

� ! 1

<latexit sha1_base64="oUNSj+hSPDkJj9TzJlRExMSqfMU="></latexit>

[y(1), . . . , y(M)]> ⇠ N (µ,K)

?



• Next: Similar setup but an M-long Gaussian instead of just 
2-long (bivariate) 
• We have M locations (need not be in order): 

• We’re going to generate 
• Take               and K such that 

• Let’s try 
• Check:               ,         is decreasing as     increases 
• And                  as 
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<latexit sha1_base64="DbhYG2ZqmyxTQ78YDU9M5hOvm2g=">AAACBnicbVDLSgMxFM3UV62vUZciBIvQgpYZkeqy6MZlBfuAdiyZNNOGJpkhyYjD0JUbf8WNC0Xc+g3u/BvTdhZaPZDcwzn3ktzjR4wq7ThfVm5hcWl5Jb9aWFvf2Nyyt3eaKowlJg0cslC2faQIo4I0NNWMtCNJEPcZafmjy4nfuiNS0VDc6CQiHkcDQQOKkTZSz96/v01LvDyGXSpg6djcgU6O4KyWe3bRqThTwL/EzUgRZKj37M9uP8QxJ0JjhpTquE6kvRRJTTEj40I3ViRCeIQGpGOoQJwoL52uMYaHRunDIJTmCA2n6s+JFHGlEu6bTo70UM17E/E/rxPr4NxLqYhiTQSePRTEDOoQTjKBfSoJ1iwxBGFJzV8hHiKJsDbJFUwI7vzKf0nzpOJWK9Xr02LtIosjD/bAASgBF5yBGrgCddAAGDyAJ/ACXq1H69l6s95nrTkrm9kFv2B9fAMpVZet</latexit>

x(m) 2 (�1,1)

<latexit sha1_base64="vv9gFzEMqBLnzsXzhYrAVpagsj4=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1Y1QdONGqGAf0IQwmU7aoTOTMDMRS8ivuHGhiFt/xJ1/46TNQqsHBg7n3Ms9c8KEUaUd58uqrKyurW9UN2tb2zu7e/Z+vafiVGLSxTGL5SBEijAqSFdTzcggkQTxkJF+OL0u/P4DkYrG4l7PEuJzNBY0ohhpIwV23eMpvIQeR3oSRpmTB7eB3XCazhzwL3FL0gAlOoH96Y1inHIiNGZIqaHrJNrPkNQUM5LXvFSRBOEpGpOhoQJxovxsnj2Hx0YZwSiW5gkN5+rPjQxxpWY8NJNFRrXsFeJ/3jDV0YWfUZGkmgi8OBSlDOoYFkXAEZUEazYzBGFJTVaIJ0girE1dNVOCu/zlv6R32nRbzdbdWaN9VdZRBYfgCJwAF5yDNrgBHdAFGDyCJ/ACXq3cerberPfFaMUqdw7AL1gf3/ovk8c=</latexit>

µ = 0M
<latexit sha1_base64="9WSSzA/Y2FUN9xkHJ+Bfi5ooigo=">AAACFXicbVDLSgMxFM34rPVVdekmWKQt1DJTpLoRim4ENxXsA/oik2ba0GRmSDJimc5PuPFX3LhQxK3gzr8xbWehrQcu93DOvST32D6jUpnmt7G0vLK6tp7YSG5ube/spvb2a9ILBCZV7DFPNGwkCaMuqSqqGGn4giBuM1K3h1cTv35PhKSee6dGPmlz1HepQzFSWuqm8jfdkOd5JoIXsCVpn6NOEbbEwMuOHzphlueik2nP5KJxrptKmwVzCrhIrJikQYxKN/XV6nk44MRVmCEpm5bpq3aIhKKYkSjZCiTxER6iPmlq6iJOZDucXhXBY630oOMJXa6CU/X3Roi4lCNu60mO1EDOexPxP68ZKOe8HVLXDxRx8ewhJ2BQeXASEexRQbBiI00QFlT/FeIBEggrHWRSh2DNn7xIasWCVSqUbk/T5cs4jgQ4BEcgCyxwBsrgGlRAFWDwCJ7BK3gznowX4934mI0uGfHOAfgD4/MHh02dMQ==</latexit>

Km,m0 = �2⇢(|x(m) � x(m0)|)
<latexit sha1_base64="kC36DYrXmSdBmGu3k5MPvFGkK4c=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSAkhWE3SLQRglpYRjAPyK5hdnI3GTL7YGZWDEu+wcZfsbFQxNbKzr9xkmyhiQcuHM65l3vvcSPOpDLNbyOztLyyupZdz21sbm3v5Hf3mjKMBYUGDXko2i6RwFkADcUUh3YkgPguh5Y7vJz4rXsQkoXBrRpF4PikHzCPUaK01M2XbDEIi/YVcEVK+Bzb8BAVj21PEJpY46Qynll3lVI3XzDL5hR4kVgpKaAU9W7+y+6FNPYhUJQTKTuWGSknIUIxymGcs2MJEaFD0oeOpgHxQTrJ9KUxPtJKD3uh0BUoPFV/TyTEl3Lku7rTJ2og572J+J/XiZV35iQsiGIFAZ0t8mKOVYgn+eAeE0AVH2lCqGD6VkwHRMehdIo5HYI1//IiaVbKVrVcvTkp1C7SOLLoAB2iIrLQKaqha1RHDUTRI3pGr+jNeDJejHfjY9aaMdKZffQHxucPysGcUQ==</latexit>

⇢(�) = exp(�1

2
�2)

<latexit sha1_base64="ZcuQ58mpTPE3GMjXgWqiLpH9VOE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPUiFL14rGA/YLuUbJptQ7PJkmSFsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeWHCmTau++0U1tY3NreK26Wd3b39g/LhUVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/N/M4TVZpJ8WgmCQ1iPBQsYgQbK/k9NZJV9xzdIK9frrg1dw60SrycVCBHs1/+6g0kSWMqDOFYa99zExNkWBlGOJ2WeqmmCSZjPKS+pQLHVAfZ/OQpOrPKAEVS2RIGzdXfExmOtZ7Eoe2MsRnpZW8m/uf5qYmug4yJJDVUkMWiKOXISDT7Hw2YosTwiSWYKGZvRWSEFSbGplSyIXjLL6+S9kXNq9fqD5eVxm0eRxFO4BSq4MEVNOAemtACAhKe4RXeHOO8OO/Ox6K14OQzx/AHzucPADiPxw==</latexit>

⇢(0) = 1
<latexit sha1_base64="7yJ+1B7YPVFc303zEJCOoFjpL1k=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY1IPHCvYDukvJptk2NJssSVYoS/+GFw+KePXPePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFaEtIrlU3RBrypmgLcMMp91EURyHnHbC8e3M7zxRpZkUj2aS0CDGQ8EiRrCxku+rkaz6d5QbfN4vV9yaOwdaJV5OKpCj2S9/+QNJ0pgKQzjWuue5iQkyrAwjnE5LfqppgskYD2nPUoFjqoNsfvMUnVllgCKpbAmD5urviQzHWk/i0HbG2Iz0sjcT//N6qYmug4yJJDVUkMWiKOXISDQLAA2YosTwiSWYKGZvRWSEFSbGxlSyIXjLL6+S9kXNq9fqD5eVxk0eRxFO4BSq4MEVNOAemtACAgk8wyu8Oanz4rw7H4vWgpPPHMMfOJ8/TcqROQ==</latexit>

⇢(�)
<latexit sha1_base64="fUIy4QXzpf+Y0tBVa2PGE5JPfiA=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjUg8cK9gPaUDbbTbt2swm7E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ilZveWS6S9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZtdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG88jOhkhS5YvNFYSoJxmT6OukLzRnKsSWUaWFvJWxINWVoAyraELzFl5dJ87ziVSvV+4ty7TqPowDHcAJn4MEl1OAO6tAABo/wDK/w5sTOi/PufMxbV5x85gj+wPn8AWQejwc=</latexit>

�
<latexit sha1_base64="+XuvXi21YKd8xCvY0Wq36khG+Bk=">AAACA3icbVDLSgNBEJyNrxhfUW96GQxCvIRdkegxqAePEcwDsiHMTmazQ2ZnlpleJYSAF3/FiwdFvPoT3vwbJ4+DJhY0FFXddHcFieAGXPfbySwtr6yuZddzG5tb2zv53b26UammrEaVULoZEMMEl6wGHARrJpqROBCsEfSvxn7jnmnDlbyDQcLaMelJHnJKwEqd/IGvI1X0r5kAcoJ9zXsREK3VA3Y7+YJbcifAi8SbkQKaodrJf/ldRdOYSaCCGNPy3ATaQ6KBU8FGOT81LCG0T3qsZakkMTPt4eSHET62SheHStuSgCfq74khiY0ZxIHtjAlEZt4bi/95rRTCi/aQyyQFJul0UZgKDAqPA8FdrhkFMbCEUM3trZhGRBMKNracDcGbf3mR1E9LXrlUvj0rVC5ncWTRITpCReShc1RBN6iKaoiiR/SMXtGb8+S8OO/Ox7Q148xm9tEfOJ8/3oaXCw==</latexit>

⇢(�) ! 0
<latexit sha1_base64="JqvYnJK5phi4XxUNMqDXnbMoWh4=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJVEpHos6sFjBfsBTSib7aZdutmE3YkSSvHiX/HiQRGv/gpv/hu3bQ7a+mDg8d4MM/OCRHANjvNtFZaWV1bXiuuljc2t7R17d6+p41RR1qCxiFU7IJoJLlkDOAjWThQjUSBYKxheTfzWPVOax/IOsoT5EelLHnJKwEhd+8C7ZgII9hTvD4AoFT9gj8sQsq5ddirOFHiRuDkpoxz1rv3l9WKaRkwCFUTrjusk4I+IAk4FG5e8VLOE0CHps46hkkRM+6PpC2N8bJQeDmNlSgKeqr8nRiTSOosC0xkRGOh5byL+53VSCC/8EZdJCkzS2aIwFRhiPMkD97hiFERmCKGKm1sxHRBFKJjUSiYEd/7lRdI8rbjVSvX2rFy7zOMookN0hE6Qi85RDd2gOmogih7RM3pFb9aT9WK9Wx+z1oKVz+yjP7A+fwBGWZdh</latexit>

� ! 1

<latexit sha1_base64="oUNSj+hSPDkJj9TzJlRExMSqfMU="></latexit>

[y(1), . . . , y(M)]> ⇠ N (µ,K)



• Next: Similar setup but an M-long Gaussian instead of just 
2-long (bivariate) 
• We have M locations (need not be in order): 

• We’re going to generate 
• Take               and K such that 

• Let’s try 
• Check:               ,         is decreasing as     increases 
• And                  as 
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<latexit sha1_base64="DbhYG2ZqmyxTQ78YDU9M5hOvm2g=">AAACBnicbVDLSgMxFM3UV62vUZciBIvQgpYZkeqy6MZlBfuAdiyZNNOGJpkhyYjD0JUbf8WNC0Xc+g3u/BvTdhZaPZDcwzn3ktzjR4wq7ThfVm5hcWl5Jb9aWFvf2Nyyt3eaKowlJg0cslC2faQIo4I0NNWMtCNJEPcZafmjy4nfuiNS0VDc6CQiHkcDQQOKkTZSz96/v01LvDyGXSpg6djcgU6O4KyWe3bRqThTwL/EzUgRZKj37M9uP8QxJ0JjhpTquE6kvRRJTTEj40I3ViRCeIQGpGOoQJwoL52uMYaHRunDIJTmCA2n6s+JFHGlEu6bTo70UM17E/E/rxPr4NxLqYhiTQSePRTEDOoQTjKBfSoJ1iwxBGFJzV8hHiKJsDbJFUwI7vzKf0nzpOJWK9Xr02LtIosjD/bAASgBF5yBGrgCddAAGDyAJ/ACXq1H69l6s95nrTkrm9kFv2B9fAMpVZet</latexit>

x(m) 2 (�1,1)

<latexit sha1_base64="vv9gFzEMqBLnzsXzhYrAVpagsj4=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1Y1QdONGqGAf0IQwmU7aoTOTMDMRS8ivuHGhiFt/xJ1/46TNQqsHBg7n3Ms9c8KEUaUd58uqrKyurW9UN2tb2zu7e/Z+vafiVGLSxTGL5SBEijAqSFdTzcggkQTxkJF+OL0u/P4DkYrG4l7PEuJzNBY0ohhpIwV23eMpvIQeR3oSRpmTB7eB3XCazhzwL3FL0gAlOoH96Y1inHIiNGZIqaHrJNrPkNQUM5LXvFSRBOEpGpOhoQJxovxsnj2Hx0YZwSiW5gkN5+rPjQxxpWY8NJNFRrXsFeJ/3jDV0YWfUZGkmgi8OBSlDOoYFkXAEZUEazYzBGFJTVaIJ0girE1dNVOCu/zlv6R32nRbzdbdWaN9VdZRBYfgCJwAF5yDNrgBHdAFGDyCJ/ACXq3cerberPfFaMUqdw7AL1gf3/ovk8c=</latexit>

µ = 0M
<latexit sha1_base64="9WSSzA/Y2FUN9xkHJ+Bfi5ooigo=">AAACFXicbVDLSgMxFM34rPVVdekmWKQt1DJTpLoRim4ENxXsA/oik2ba0GRmSDJimc5PuPFX3LhQxK3gzr8xbWehrQcu93DOvST32D6jUpnmt7G0vLK6tp7YSG5ube/spvb2a9ILBCZV7DFPNGwkCaMuqSqqGGn4giBuM1K3h1cTv35PhKSee6dGPmlz1HepQzFSWuqm8jfdkOd5JoIXsCVpn6NOEbbEwMuOHzphlueik2nP5KJxrptKmwVzCrhIrJikQYxKN/XV6nk44MRVmCEpm5bpq3aIhKKYkSjZCiTxER6iPmlq6iJOZDucXhXBY630oOMJXa6CU/X3Roi4lCNu60mO1EDOexPxP68ZKOe8HVLXDxRx8ewhJ2BQeXASEexRQbBiI00QFlT/FeIBEggrHWRSh2DNn7xIasWCVSqUbk/T5cs4jgQ4BEcgCyxwBsrgGlRAFWDwCJ7BK3gznowX4934mI0uGfHOAfgD4/MHh02dMQ==</latexit>

Km,m0 = �2⇢(|x(m) � x(m0)|)
<latexit sha1_base64="kC36DYrXmSdBmGu3k5MPvFGkK4c=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSAkhWE3SLQRglpYRjAPyK5hdnI3GTL7YGZWDEu+wcZfsbFQxNbKzr9xkmyhiQcuHM65l3vvcSPOpDLNbyOztLyyupZdz21sbm3v5Hf3mjKMBYUGDXko2i6RwFkADcUUh3YkgPguh5Y7vJz4rXsQkoXBrRpF4PikHzCPUaK01M2XbDEIi/YVcEVK+Bzb8BAVj21PEJpY46Qynll3lVI3XzDL5hR4kVgpKaAU9W7+y+6FNPYhUJQTKTuWGSknIUIxymGcs2MJEaFD0oeOpgHxQTrJ9KUxPtJKD3uh0BUoPFV/TyTEl3Lku7rTJ2og572J+J/XiZV35iQsiGIFAZ0t8mKOVYgn+eAeE0AVH2lCqGD6VkwHRMehdIo5HYI1//IiaVbKVrVcvTkp1C7SOLLoAB2iIrLQKaqha1RHDUTRI3pGr+jNeDJejHfjY9aaMdKZffQHxucPysGcUQ==</latexit>

⇢(�) = exp(�1

2
�2)

<latexit sha1_base64="ZcuQ58mpTPE3GMjXgWqiLpH9VOE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPUiFL14rGA/YLuUbJptQ7PJkmSFsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeWHCmTau++0U1tY3NreK26Wd3b39g/LhUVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/N/M4TVZpJ8WgmCQ1iPBQsYgQbK/k9NZJV9xzdIK9frrg1dw60SrycVCBHs1/+6g0kSWMqDOFYa99zExNkWBlGOJ2WeqmmCSZjPKS+pQLHVAfZ/OQpOrPKAEVS2RIGzdXfExmOtZ7Eoe2MsRnpZW8m/uf5qYmug4yJJDVUkMWiKOXISDT7Hw2YosTwiSWYKGZvRWSEFSbGplSyIXjLL6+S9kXNq9fqD5eVxm0eRxFO4BSq4MEVNOAemtACAhKe4RXeHOO8OO/Ox6K14OQzx/AHzucPADiPxw==</latexit>

⇢(0) = 1
<latexit sha1_base64="7yJ+1B7YPVFc303zEJCOoFjpL1k=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY1IPHCvYDukvJptk2NJssSVYoS/+GFw+KePXPePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFaEtIrlU3RBrypmgLcMMp91EURyHnHbC8e3M7zxRpZkUj2aS0CDGQ8EiRrCxku+rkaz6d5QbfN4vV9yaOwdaJV5OKpCj2S9/+QNJ0pgKQzjWuue5iQkyrAwjnE5LfqppgskYD2nPUoFjqoNsfvMUnVllgCKpbAmD5urviQzHWk/i0HbG2Iz0sjcT//N6qYmug4yJJDVUkMWiKOXISDQLAA2YosTwiSWYKGZvRWSEFSbGxlSyIXjLL6+S9kXNq9fqD5eVxk0eRxFO4BSq4MEVNOAemtACAgk8wyu8Oanz4rw7H4vWgpPPHMMfOJ8/TcqROQ==</latexit>

⇢(�)
<latexit sha1_base64="fUIy4QXzpf+Y0tBVa2PGE5JPfiA=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjUg8cK9gPaUDbbTbt2swm7E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ilZveWS6S9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZtdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG88jOhkhS5YvNFYSoJxmT6OukLzRnKsSWUaWFvJWxINWVoAyraELzFl5dJ87ziVSvV+4ty7TqPowDHcAJn4MEl1OAO6tAABo/wDK/w5sTOi/PufMxbV5x85gj+wPn8AWQejwc=</latexit>

�
<latexit sha1_base64="+XuvXi21YKd8xCvY0Wq36khG+Bk=">AAACA3icbVDLSgNBEJyNrxhfUW96GQxCvIRdkegxqAePEcwDsiHMTmazQ2ZnlpleJYSAF3/FiwdFvPoT3vwbJ4+DJhY0FFXddHcFieAGXPfbySwtr6yuZddzG5tb2zv53b26UammrEaVULoZEMMEl6wGHARrJpqROBCsEfSvxn7jnmnDlbyDQcLaMelJHnJKwEqd/IGvI1X0r5kAcoJ9zXsREK3VA3Y7+YJbcifAi8SbkQKaodrJf/ldRdOYSaCCGNPy3ATaQ6KBU8FGOT81LCG0T3qsZakkMTPt4eSHET62SheHStuSgCfq74khiY0ZxIHtjAlEZt4bi/95rRTCi/aQyyQFJul0UZgKDAqPA8FdrhkFMbCEUM3trZhGRBMKNracDcGbf3mR1E9LXrlUvj0rVC5ncWTRITpCReShc1RBN6iKaoiiR/SMXtGb8+S8OO/Ox7Q148xm9tEfOJ8/3oaXCw==</latexit>

⇢(�) ! 0
<latexit sha1_base64="JqvYnJK5phi4XxUNMqDXnbMoWh4=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJVEpHos6sFjBfsBTSib7aZdutmE3YkSSvHiX/HiQRGv/gpv/hu3bQ7a+mDg8d4MM/OCRHANjvNtFZaWV1bXiuuljc2t7R17d6+p41RR1qCxiFU7IJoJLlkDOAjWThQjUSBYKxheTfzWPVOax/IOsoT5EelLHnJKwEhd+8C7ZgII9hTvD4AoFT9gj8sQsq5ddirOFHiRuDkpoxz1rv3l9WKaRkwCFUTrjusk4I+IAk4FG5e8VLOE0CHps46hkkRM+6PpC2N8bJQeDmNlSgKeqr8nRiTSOosC0xkRGOh5byL+53VSCC/8EZdJCkzS2aIwFRhiPMkD97hiFERmCKGKm1sxHRBFKJjUSiYEd/7lRdI8rbjVSvX2rFy7zOMookN0hE6Qi85RDd2gOmogih7RM3pFb9aT9WK9Wx+z1oKVz+yjP7A+fwBGWZdh</latexit>

� ! 1
Note: our previous example was 

the special case where M=2

<latexit sha1_base64="oUNSj+hSPDkJj9TzJlRExMSqfMU="></latexit>

[y(1), . . . , y(M)]> ⇠ N (µ,K)



• Next: Similar setup but an M-long Gaussian instead of just 
2-long (bivariate) 
• We have M locations (need not be in order): 

• We’re going to generate 
• Take               and K such that 

• Let’s try 
• Check:               ,         is decreasing as     increases 
• And                  as 

Multivariate Gaussian using locations
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<latexit sha1_base64="DbhYG2ZqmyxTQ78YDU9M5hOvm2g=">AAACBnicbVDLSgMxFM3UV62vUZciBIvQgpYZkeqy6MZlBfuAdiyZNNOGJpkhyYjD0JUbf8WNC0Xc+g3u/BvTdhZaPZDcwzn3ktzjR4wq7ThfVm5hcWl5Jb9aWFvf2Nyyt3eaKowlJg0cslC2faQIo4I0NNWMtCNJEPcZafmjy4nfuiNS0VDc6CQiHkcDQQOKkTZSz96/v01LvDyGXSpg6djcgU6O4KyWe3bRqThTwL/EzUgRZKj37M9uP8QxJ0JjhpTquE6kvRRJTTEj40I3ViRCeIQGpGOoQJwoL52uMYaHRunDIJTmCA2n6s+JFHGlEu6bTo70UM17E/E/rxPr4NxLqYhiTQSePRTEDOoQTjKBfSoJ1iwxBGFJzV8hHiKJsDbJFUwI7vzKf0nzpOJWK9Xr02LtIosjD/bAASgBF5yBGrgCddAAGDyAJ/ACXq1H69l6s95nrTkrm9kFv2B9fAMpVZet</latexit>

x(m) 2 (�1,1)

<latexit sha1_base64="vv9gFzEMqBLnzsXzhYrAVpagsj4=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1Y1QdONGqGAf0IQwmU7aoTOTMDMRS8ivuHGhiFt/xJ1/46TNQqsHBg7n3Ms9c8KEUaUd58uqrKyurW9UN2tb2zu7e/Z+vafiVGLSxTGL5SBEijAqSFdTzcggkQTxkJF+OL0u/P4DkYrG4l7PEuJzNBY0ohhpIwV23eMpvIQeR3oSRpmTB7eB3XCazhzwL3FL0gAlOoH96Y1inHIiNGZIqaHrJNrPkNQUM5LXvFSRBOEpGpOhoQJxovxsnj2Hx0YZwSiW5gkN5+rPjQxxpWY8NJNFRrXsFeJ/3jDV0YWfUZGkmgi8OBSlDOoYFkXAEZUEazYzBGFJTVaIJ0girE1dNVOCu/zlv6R32nRbzdbdWaN9VdZRBYfgCJwAF5yDNrgBHdAFGDyCJ/ACXq3cerberPfFaMUqdw7AL1gf3/ovk8c=</latexit>

µ = 0M
<latexit sha1_base64="9WSSzA/Y2FUN9xkHJ+Bfi5ooigo=">AAACFXicbVDLSgMxFM34rPVVdekmWKQt1DJTpLoRim4ENxXsA/oik2ba0GRmSDJimc5PuPFX3LhQxK3gzr8xbWehrQcu93DOvST32D6jUpnmt7G0vLK6tp7YSG5ube/spvb2a9ILBCZV7DFPNGwkCaMuqSqqGGn4giBuM1K3h1cTv35PhKSee6dGPmlz1HepQzFSWuqm8jfdkOd5JoIXsCVpn6NOEbbEwMuOHzphlueik2nP5KJxrptKmwVzCrhIrJikQYxKN/XV6nk44MRVmCEpm5bpq3aIhKKYkSjZCiTxER6iPmlq6iJOZDucXhXBY630oOMJXa6CU/X3Roi4lCNu60mO1EDOexPxP68ZKOe8HVLXDxRx8ewhJ2BQeXASEexRQbBiI00QFlT/FeIBEggrHWRSh2DNn7xIasWCVSqUbk/T5cs4jgQ4BEcgCyxwBsrgGlRAFWDwCJ7BK3gznowX4934mI0uGfHOAfgD4/MHh02dMQ==</latexit>

Km,m0 = �2⇢(|x(m) � x(m0)|)
<latexit sha1_base64="kC36DYrXmSdBmGu3k5MPvFGkK4c=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSAkhWE3SLQRglpYRjAPyK5hdnI3GTL7YGZWDEu+wcZfsbFQxNbKzr9xkmyhiQcuHM65l3vvcSPOpDLNbyOztLyyupZdz21sbm3v5Hf3mjKMBYUGDXko2i6RwFkADcUUh3YkgPguh5Y7vJz4rXsQkoXBrRpF4PikHzCPUaK01M2XbDEIi/YVcEVK+Bzb8BAVj21PEJpY46Qynll3lVI3XzDL5hR4kVgpKaAU9W7+y+6FNPYhUJQTKTuWGSknIUIxymGcs2MJEaFD0oeOpgHxQTrJ9KUxPtJKD3uh0BUoPFV/TyTEl3Lku7rTJ2og572J+J/XiZV35iQsiGIFAZ0t8mKOVYgn+eAeE0AVH2lCqGD6VkwHRMehdIo5HYI1//IiaVbKVrVcvTkp1C7SOLLoAB2iIrLQKaqha1RHDUTRI3pGr+jNeDJejHfjY9aaMdKZffQHxucPysGcUQ==</latexit>

⇢(�) = exp(�1

2
�2)

<latexit sha1_base64="ZcuQ58mpTPE3GMjXgWqiLpH9VOE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPUiFL14rGA/YLuUbJptQ7PJkmSFsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeWHCmTau++0U1tY3NreK26Wd3b39g/LhUVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/N/M4TVZpJ8WgmCQ1iPBQsYgQbK/k9NZJV9xzdIK9frrg1dw60SrycVCBHs1/+6g0kSWMqDOFYa99zExNkWBlGOJ2WeqmmCSZjPKS+pQLHVAfZ/OQpOrPKAEVS2RIGzdXfExmOtZ7Eoe2MsRnpZW8m/uf5qYmug4yJJDVUkMWiKOXISDT7Hw2YosTwiSWYKGZvRWSEFSbGplSyIXjLL6+S9kXNq9fqD5eVxm0eRxFO4BSq4MEVNOAemtACAhKe4RXeHOO8OO/Ox6K14OQzx/AHzucPADiPxw==</latexit>

⇢(0) = 1
<latexit sha1_base64="7yJ+1B7YPVFc303zEJCOoFjpL1k=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY1IPHCvYDukvJptk2NJssSVYoS/+GFw+KePXPePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFaEtIrlU3RBrypmgLcMMp91EURyHnHbC8e3M7zxRpZkUj2aS0CDGQ8EiRrCxku+rkaz6d5QbfN4vV9yaOwdaJV5OKpCj2S9/+QNJ0pgKQzjWuue5iQkyrAwjnE5LfqppgskYD2nPUoFjqoNsfvMUnVllgCKpbAmD5urviQzHWk/i0HbG2Iz0sjcT//N6qYmug4yJJDVUkMWiKOXISDQLAA2YosTwiSWYKGZvRWSEFSbGxlSyIXjLL6+S9kXNq9fqD5eVxk0eRxFO4BSq4MEVNOAemtACAgk8wyu8Oanz4rw7H4vWgpPPHMMfOJ8/TcqROQ==</latexit>

⇢(�)
<latexit sha1_base64="fUIy4QXzpf+Y0tBVa2PGE5JPfiA=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjUg8cK9gPaUDbbTbt2swm7E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ilZveWS6S9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZtdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG88jOhkhS5YvNFYSoJxmT6OukLzRnKsSWUaWFvJWxINWVoAyraELzFl5dJ87ziVSvV+4ty7TqPowDHcAJn4MEl1OAO6tAABo/wDK/w5sTOi/PufMxbV5x85gj+wPn8AWQejwc=</latexit>

�
<latexit sha1_base64="+XuvXi21YKd8xCvY0Wq36khG+Bk=">AAACA3icbVDLSgNBEJyNrxhfUW96GQxCvIRdkegxqAePEcwDsiHMTmazQ2ZnlpleJYSAF3/FiwdFvPoT3vwbJ4+DJhY0FFXddHcFieAGXPfbySwtr6yuZddzG5tb2zv53b26UammrEaVULoZEMMEl6wGHARrJpqROBCsEfSvxn7jnmnDlbyDQcLaMelJHnJKwEqd/IGvI1X0r5kAcoJ9zXsREK3VA3Y7+YJbcifAi8SbkQKaodrJf/ldRdOYSaCCGNPy3ATaQ6KBU8FGOT81LCG0T3qsZakkMTPt4eSHET62SheHStuSgCfq74khiY0ZxIHtjAlEZt4bi/95rRTCi/aQyyQFJul0UZgKDAqPA8FdrhkFMbCEUM3trZhGRBMKNracDcGbf3mR1E9LXrlUvj0rVC5ncWTRITpCReShc1RBN6iKaoiiR/SMXtGb8+S8OO/Ox7Q148xm9tEfOJ8/3oaXCw==</latexit>

⇢(�) ! 0
<latexit sha1_base64="JqvYnJK5phi4XxUNMqDXnbMoWh4=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJVEpHos6sFjBfsBTSib7aZdutmE3YkSSvHiX/HiQRGv/gpv/hu3bQ7a+mDg8d4MM/OCRHANjvNtFZaWV1bXiuuljc2t7R17d6+p41RR1qCxiFU7IJoJLlkDOAjWThQjUSBYKxheTfzWPVOax/IOsoT5EelLHnJKwEhd+8C7ZgII9hTvD4AoFT9gj8sQsq5ddirOFHiRuDkpoxz1rv3l9WKaRkwCFUTrjusk4I+IAk4FG5e8VLOE0CHps46hkkRM+6PpC2N8bJQeDmNlSgKeqr8nRiTSOosC0xkRGOh5byL+53VSCC/8EZdJCkzS2aIwFRhiPMkD97hiFERmCKGKm1sxHRBFKJjUSiYEd/7lRdI8rbjVSvX2rFy7zOMookN0hE6Qi85RDd2gOmogih7RM3pFb9aT9WK9Wx+z1oKVz+yjP7A+fwBGWZdh</latexit>

� ! 1
Note: our previous example was 

the special case where M=2[demo1, demo2]

<latexit sha1_base64="oUNSj+hSPDkJj9TzJlRExMSqfMU="></latexit>

[y(1), . . . , y(M)]> ⇠ N (µ,K)



• Next: Similar setup but an M-long Gaussian instead of just 
2-long (bivariate) 
• We have M locations (need not be in order): 

• We’re going to generate 
• Take               and K such that 

• Let’s try 
• Check:               ,         is decreasing as     increases 
• And                  as 

Multivariate Gaussian using locations
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<latexit sha1_base64="DbhYG2ZqmyxTQ78YDU9M5hOvm2g=">AAACBnicbVDLSgMxFM3UV62vUZciBIvQgpYZkeqy6MZlBfuAdiyZNNOGJpkhyYjD0JUbf8WNC0Xc+g3u/BvTdhZaPZDcwzn3ktzjR4wq7ThfVm5hcWl5Jb9aWFvf2Nyyt3eaKowlJg0cslC2faQIo4I0NNWMtCNJEPcZafmjy4nfuiNS0VDc6CQiHkcDQQOKkTZSz96/v01LvDyGXSpg6djcgU6O4KyWe3bRqThTwL/EzUgRZKj37M9uP8QxJ0JjhpTquE6kvRRJTTEj40I3ViRCeIQGpGOoQJwoL52uMYaHRunDIJTmCA2n6s+JFHGlEu6bTo70UM17E/E/rxPr4NxLqYhiTQSePRTEDOoQTjKBfSoJ1iwxBGFJzV8hHiKJsDbJFUwI7vzKf0nzpOJWK9Xr02LtIosjD/bAASgBF5yBGrgCddAAGDyAJ/ACXq1H69l6s95nrTkrm9kFv2B9fAMpVZet</latexit>

x(m) 2 (�1,1)

<latexit sha1_base64="vv9gFzEMqBLnzsXzhYrAVpagsj4=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1Y1QdONGqGAf0IQwmU7aoTOTMDMRS8ivuHGhiFt/xJ1/46TNQqsHBg7n3Ms9c8KEUaUd58uqrKyurW9UN2tb2zu7e/Z+vafiVGLSxTGL5SBEijAqSFdTzcggkQTxkJF+OL0u/P4DkYrG4l7PEuJzNBY0ohhpIwV23eMpvIQeR3oSRpmTB7eB3XCazhzwL3FL0gAlOoH96Y1inHIiNGZIqaHrJNrPkNQUM5LXvFSRBOEpGpOhoQJxovxsnj2Hx0YZwSiW5gkN5+rPjQxxpWY8NJNFRrXsFeJ/3jDV0YWfUZGkmgi8OBSlDOoYFkXAEZUEazYzBGFJTVaIJ0girE1dNVOCu/zlv6R32nRbzdbdWaN9VdZRBYfgCJwAF5yDNrgBHdAFGDyCJ/ACXq3cerberPfFaMUqdw7AL1gf3/ovk8c=</latexit>

µ = 0M
<latexit sha1_base64="9WSSzA/Y2FUN9xkHJ+Bfi5ooigo=">AAACFXicbVDLSgMxFM34rPVVdekmWKQt1DJTpLoRim4ENxXsA/oik2ba0GRmSDJimc5PuPFX3LhQxK3gzr8xbWehrQcu93DOvST32D6jUpnmt7G0vLK6tp7YSG5ube/spvb2a9ILBCZV7DFPNGwkCaMuqSqqGGn4giBuM1K3h1cTv35PhKSee6dGPmlz1HepQzFSWuqm8jfdkOd5JoIXsCVpn6NOEbbEwMuOHzphlueik2nP5KJxrptKmwVzCrhIrJikQYxKN/XV6nk44MRVmCEpm5bpq3aIhKKYkSjZCiTxER6iPmlq6iJOZDucXhXBY630oOMJXa6CU/X3Roi4lCNu60mO1EDOexPxP68ZKOe8HVLXDxRx8ewhJ2BQeXASEexRQbBiI00QFlT/FeIBEggrHWRSh2DNn7xIasWCVSqUbk/T5cs4jgQ4BEcgCyxwBsrgGlRAFWDwCJ7BK3gznowX4934mI0uGfHOAfgD4/MHh02dMQ==</latexit>

Km,m0 = �2⇢(|x(m) � x(m0)|)
<latexit sha1_base64="kC36DYrXmSdBmGu3k5MPvFGkK4c=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSAkhWE3SLQRglpYRjAPyK5hdnI3GTL7YGZWDEu+wcZfsbFQxNbKzr9xkmyhiQcuHM65l3vvcSPOpDLNbyOztLyyupZdz21sbm3v5Hf3mjKMBYUGDXko2i6RwFkADcUUh3YkgPguh5Y7vJz4rXsQkoXBrRpF4PikHzCPUaK01M2XbDEIi/YVcEVK+Bzb8BAVj21PEJpY46Qynll3lVI3XzDL5hR4kVgpKaAU9W7+y+6FNPYhUJQTKTuWGSknIUIxymGcs2MJEaFD0oeOpgHxQTrJ9KUxPtJKD3uh0BUoPFV/TyTEl3Lku7rTJ2og572J+J/XiZV35iQsiGIFAZ0t8mKOVYgn+eAeE0AVH2lCqGD6VkwHRMehdIo5HYI1//IiaVbKVrVcvTkp1C7SOLLoAB2iIrLQKaqha1RHDUTRI3pGr+jNeDJejHfjY9aaMdKZffQHxucPysGcUQ==</latexit>

⇢(�) = exp(�1

2
�2)

<latexit sha1_base64="ZcuQ58mpTPE3GMjXgWqiLpH9VOE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXsquSPUiFL14rGA/YLuUbJptQ7PJkmSFsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeWHCmTau++0U1tY3NreK26Wd3b39g/LhUVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/N/M4TVZpJ8WgmCQ1iPBQsYgQbK/k9NZJV9xzdIK9frrg1dw60SrycVCBHs1/+6g0kSWMqDOFYa99zExNkWBlGOJ2WeqmmCSZjPKS+pQLHVAfZ/OQpOrPKAEVS2RIGzdXfExmOtZ7Eoe2MsRnpZW8m/uf5qYmug4yJJDVUkMWiKOXISDT7Hw2YosTwiSWYKGZvRWSEFSbGplSyIXjLL6+S9kXNq9fqD5eVxm0eRxFO4BSq4MEVNOAemtACAhKe4RXeHOO8OO/Ox6K14OQzx/AHzucPADiPxw==</latexit>

⇢(0) = 1
<latexit sha1_base64="7yJ+1B7YPVFc303zEJCOoFjpL1k=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY1IPHCvYDukvJptk2NJssSVYoS/+GFw+KePXPePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFaEtIrlU3RBrypmgLcMMp91EURyHnHbC8e3M7zxRpZkUj2aS0CDGQ8EiRrCxku+rkaz6d5QbfN4vV9yaOwdaJV5OKpCj2S9/+QNJ0pgKQzjWuue5iQkyrAwjnE5LfqppgskYD2nPUoFjqoNsfvMUnVllgCKpbAmD5urviQzHWk/i0HbG2Iz0sjcT//N6qYmug4yJJDVUkMWiKOXISDQLAA2YosTwiSWYKGZvRWSEFSbGxlSyIXjLL6+S9kXNq9fqD5eVxk0eRxFO4BSq4MEVNOAemtACAgk8wyu8Oanz4rw7H4vWgpPPHMMfOJ8/TcqROQ==</latexit>

⇢(�)
<latexit sha1_base64="fUIy4QXzpf+Y0tBVa2PGE5JPfiA=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjUg8cK9gPaUDbbTbt2swm7E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ilZveWS6S9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZtdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG88jOhkhS5YvNFYSoJxmT6OukLzRnKsSWUaWFvJWxINWVoAyraELzFl5dJ87ziVSvV+4ty7TqPowDHcAJn4MEl1OAO6tAABo/wDK/w5sTOi/PufMxbV5x85gj+wPn8AWQejwc=</latexit>

�
<latexit sha1_base64="+XuvXi21YKd8xCvY0Wq36khG+Bk=">AAACA3icbVDLSgNBEJyNrxhfUW96GQxCvIRdkegxqAePEcwDsiHMTmazQ2ZnlpleJYSAF3/FiwdFvPoT3vwbJ4+DJhY0FFXddHcFieAGXPfbySwtr6yuZddzG5tb2zv53b26UammrEaVULoZEMMEl6wGHARrJpqROBCsEfSvxn7jnmnDlbyDQcLaMelJHnJKwEqd/IGvI1X0r5kAcoJ9zXsREK3VA3Y7+YJbcifAi8SbkQKaodrJf/ldRdOYSaCCGNPy3ATaQ6KBU8FGOT81LCG0T3qsZakkMTPt4eSHET62SheHStuSgCfq74khiY0ZxIHtjAlEZt4bi/95rRTCi/aQyyQFJul0UZgKDAqPA8FdrhkFMbCEUM3trZhGRBMKNracDcGbf3mR1E9LXrlUvj0rVC5ncWTRITpCReShc1RBN6iKaoiiR/SMXtGb8+S8OO/Ox7Q148xm9tEfOJ8/3oaXCw==</latexit>

⇢(�) ! 0
<latexit sha1_base64="JqvYnJK5phi4XxUNMqDXnbMoWh4=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJVEpHos6sFjBfsBTSib7aZdutmE3YkSSvHiX/HiQRGv/gpv/hu3bQ7a+mDg8d4MM/OCRHANjvNtFZaWV1bXiuuljc2t7R17d6+p41RR1qCxiFU7IJoJLlkDOAjWThQjUSBYKxheTfzWPVOax/IOsoT5EelLHnJKwEhd+8C7ZgII9hTvD4AoFT9gj8sQsq5ddirOFHiRuDkpoxz1rv3l9WKaRkwCFUTrjusk4I+IAk4FG5e8VLOE0CHps46hkkRM+6PpC2N8bJQeDmNlSgKeqr8nRiTSOosC0xkRGOh5byL+53VSCC/8EZdJCkzS2aIwFRhiPMkD97hiFERmCKGKm1sxHRBFKJjUSiYEd/7lRdI8rbjVSvX2rFy7zOMookN0hE6Qi85RDd2gOmogih7RM3pFb9aT9WK9Wx+z1oKVz+yjP7A+fwBGWZdh</latexit>

� ! 1
Note: our previous example was 

the special case where M=2[demo1, demo2]

We just drew random functions from a type of 
“Gaussian process”!

<latexit sha1_base64="oUNSj+hSPDkJj9TzJlRExMSqfMU="></latexit>

[y(1), . . . , y(M)]> ⇠ N (µ,K)



Gaussian processes
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• Definition: “A Gaussian process is a collection of random 
variables, any finite number of which have a joint Gaussian 
distribution.”

Gaussian processes

[Rasmussen and Williams 2006; a much much older idea!]
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• Definition: “A Gaussian process is a collection of random 
variables, any finite number of which have a joint Gaussian 
distribution.” 
• E.g. the function         is a collection indexed by input

Gaussian processes

[Rasmussen and Williams 2006; a much much older idea!]
<latexit sha1_base64="M2YGsAgX/3dR1ej75Upo3ceB1J0=">AAAB9HicbVDLSsNAFL2pr1pfVZduBotQNyURqS6LblxWsA9oQ5lMJ+3QySTOTIol9DvcuFDErR/jzr9xkmahrQcGDufcyz1zvIgzpW372yqsrW9sbhW3Szu7e/sH5cOjtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yW3qd6ZUKhaKBz2LqBvgkWA+I1gbyfWr/QDrsecnT/PzQbli1+wMaJU4OalAjuag/NUfhiQOqNCEY6V6jh1pN8FSM8LpvNSPFY0wmeAR7RkqcECVm2Sh5+jMKEPkh9I8oVGm/t5IcKDULPDMZBpRLXup+J/Xi7V/7SZMRLGmgiwO+TFHOkRpA2jIJCWazwzBRDKTFZExlpho01PJlOAsf3mVtC9qTr1Wv7+sNG7yOopwAqdQBQeuoAF30IQWEHiEZ3iFN2tqvVjv1sditGDlO8fwB9bnD4/rkfw=</latexit>

f(x) <latexit sha1_base64="FGxh4OzYwn2DCpnjFMkcdRbsJBc=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLoxmUF+8C2lEx6pw3NZIYkI5ahf+HGhSJu/Rt3/o2ZdhbaeiBwOOdecu7xY8G1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZQohg0WiUi1fapRcIkNw43AdqyQhr7Alj++yfzWIyrNI3lvJjH2QjqUPOCMGis9dENqRn6QPk37pbJbcWcgy8TLSRly1Pulr+4gYkmI0jBBte54bmx6KVWGM4HTYjfRGFM2pkPsWCppiLqXzhJPyalVBiSIlH3SkJn6eyOlodaT0LeTWUK96GXif14nMcFVL+UyTgxKNv8oSAQxEcnOJwOukBkxsYQyxW1WwkZUUWZsSUVbgrd48jJpnle8aqV6d1GuXed1FOAYTuAMPLiEGtxCHRrAQMIzvMKbo50X5935mI+uOPnOEfyB8/kDANqRJw==</latexit>x
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• Definition: “A Gaussian process is a collection of random 
variables, any finite number of which have a joint Gaussian 
distribution.” 
• E.g. the function         is a collection indexed by input  

• It is specified by its mean function and covariance function:

Gaussian processes

[Rasmussen and Williams 2006; a much much older idea!]
<latexit sha1_base64="M2YGsAgX/3dR1ej75Upo3ceB1J0=">AAAB9HicbVDLSsNAFL2pr1pfVZduBotQNyURqS6LblxWsA9oQ5lMJ+3QySTOTIol9DvcuFDErR/jzr9xkmahrQcGDufcyz1zvIgzpW372yqsrW9sbhW3Szu7e/sH5cOjtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yW3qd6ZUKhaKBz2LqBvgkWA+I1gbyfWr/QDrsecnT/PzQbli1+wMaJU4OalAjuag/NUfhiQOqNCEY6V6jh1pN8FSM8LpvNSPFY0wmeAR7RkqcECVm2Sh5+jMKEPkh9I8oVGm/t5IcKDULPDMZBpRLXup+J/Xi7V/7SZMRLGmgiwO+TFHOkRpA2jIJCWazwzBRDKTFZExlpho01PJlOAsf3mVtC9qTr1Wv7+sNG7yOopwAqdQBQeuoAF30IQWEHiEZ3iFN2tqvVjv1sditGDlO8fwB9bnD4/rkfw=</latexit>

f(x) <latexit sha1_base64="FGxh4OzYwn2DCpnjFMkcdRbsJBc=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLoxmUF+8C2lEx6pw3NZIYkI5ahf+HGhSJu/Rt3/o2ZdhbaeiBwOOdecu7xY8G1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZQohg0WiUi1fapRcIkNw43AdqyQhr7Alj++yfzWIyrNI3lvJjH2QjqUPOCMGis9dENqRn6QPk37pbJbcWcgy8TLSRly1Pulr+4gYkmI0jBBte54bmx6KVWGM4HTYjfRGFM2pkPsWCppiLqXzhJPyalVBiSIlH3SkJn6eyOlodaT0LeTWUK96GXif14nMcFVL+UyTgxKNv8oSAQxEcnOJwOukBkxsYQyxW1WwkZUUWZsSUVbgrd48jJpnle8aqV6d1GuXed1FOAYTuAMPLiEGtxCHRrAQMIzvMKbo50X5935mI+uOPnOEfyB8/kDANqRJw==</latexit>x

<latexit sha1_base64="fTqNKoG3l1kiIy/4elDlM12lFJY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISkeqy6EKXFewDmlAm00k7dGYSZiZCCcWNv+LGhSJu/Qp3/o2TNgttPXDhcM693HtPEDOqtON8W4Wl5ZXVteJ6aWNza3vH3t1rqSiRmDRxxCLZCZAijArS1FQz0oklQTxgpB2MrjO//UCkopG41+OY+BwNBA0pRtpIPfsghJ6iHHoc6SFGLL1pTCr8FI5OenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MXJvDYKH0YRtKU0HCq/p5IEVdqzAPTmV2q5r1M/M/rJjq89FMq4kQTgWeLwoRBHcEsD9inkmDNxoYgLKm5FeIhkghrk1rJhODOv7xIWmdVt1at3Z2X61d5HEVwCI5ABbjgAtTBLWiAJsDgETyDV/BmPVkv1rv1MWstWPnMPvgD6/MHedmWNQ==</latexit>

f ⇠ GP(m, k)
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• Definition: “A Gaussian process is a collection of random 
variables, any finite number of which have a joint Gaussian 
distribution.” 
• E.g. the function         is a collection indexed by input  

• It is specified by its mean function and covariance function: 

• Mean function

Gaussian processes

[Rasmussen and Williams 2006; a much much older idea!]
<latexit sha1_base64="M2YGsAgX/3dR1ej75Upo3ceB1J0=">AAAB9HicbVDLSsNAFL2pr1pfVZduBotQNyURqS6LblxWsA9oQ5lMJ+3QySTOTIol9DvcuFDErR/jzr9xkmahrQcGDufcyz1zvIgzpW372yqsrW9sbhW3Szu7e/sH5cOjtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yW3qd6ZUKhaKBz2LqBvgkWA+I1gbyfWr/QDrsecnT/PzQbli1+wMaJU4OalAjuag/NUfhiQOqNCEY6V6jh1pN8FSM8LpvNSPFY0wmeAR7RkqcECVm2Sh5+jMKEPkh9I8oVGm/t5IcKDULPDMZBpRLXup+J/Xi7V/7SZMRLGmgiwO+TFHOkRpA2jIJCWazwzBRDKTFZExlpho01PJlOAsf3mVtC9qTr1Wv7+sNG7yOopwAqdQBQeuoAF30IQWEHiEZ3iFN2tqvVjv1sditGDlO8fwB9bnD4/rkfw=</latexit>

f(x) <latexit sha1_base64="FGxh4OzYwn2DCpnjFMkcdRbsJBc=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLoxmUF+8C2lEx6pw3NZIYkI5ahf+HGhSJu/Rt3/o2ZdhbaeiBwOOdecu7xY8G1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZQohg0WiUi1fapRcIkNw43AdqyQhr7Alj++yfzWIyrNI3lvJjH2QjqUPOCMGis9dENqRn6QPk37pbJbcWcgy8TLSRly1Pulr+4gYkmI0jBBte54bmx6KVWGM4HTYjfRGFM2pkPsWCppiLqXzhJPyalVBiSIlH3SkJn6eyOlodaT0LeTWUK96GXif14nMcFVL+UyTgxKNv8oSAQxEcnOJwOukBkxsYQyxW1WwkZUUWZsSUVbgrd48jJpnle8aqV6d1GuXed1FOAYTuAMPLiEGtxCHRrAQMIzvMKbo50X5935mI+uOPnOEfyB8/kDANqRJw==</latexit>x

<latexit sha1_base64="i1M01hBIfswSRnmnwqwcSgOMUHg=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoNyURqW6EogguK9gHpKFMppN26GQSZiZiCfkGN/6KGxeKuHXlzr9x0mZRWw8MnDnnXu69x4sYlcqyfozCyura+kZxs7S1vbO7Z+4ftGUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6Tjja8zv/NAhKQhv1eTiLgBGnLqU4yUlvpmNaj0AqRGnp88plV4CWc/L7lJHX/ecvtm2apZU8BlYuekDHI0++Z3bxDiOCBcYYakdGwrUm6ChKKYkbTUiyWJEB6jIXE05Sgg0k2mJ6XwRCsD6IdCP67gVJ3vSFAg5STwdGW2o1z0MvE/z4mVf+EmlEexIhzPBvkxgyqEWT5wQAXBik00QVhQvSvEIyQQVjrFkg7BXjx5mbRPa3a9Vr87Kzeu8jiK4AgcgwqwwTlogFvQBC2AwRN4AW/g3Xg2Xo0P43NWWjDynkPwB8bXL6U4nX0=</latexit>

m(x) = E[f(x)]

<latexit sha1_base64="fTqNKoG3l1kiIy/4elDlM12lFJY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISkeqy6EKXFewDmlAm00k7dGYSZiZCCcWNv+LGhSJu/Qp3/o2TNgttPXDhcM693HtPEDOqtON8W4Wl5ZXVteJ6aWNza3vH3t1rqSiRmDRxxCLZCZAijArS1FQz0oklQTxgpB2MrjO//UCkopG41+OY+BwNBA0pRtpIPfsghJ6iHHoc6SFGLL1pTCr8FI5OenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MXJvDYKH0YRtKU0HCq/p5IEVdqzAPTmV2q5r1M/M/rJjq89FMq4kQTgWeLwoRBHcEsD9inkmDNxoYgLKm5FeIhkghrk1rJhODOv7xIWmdVt1at3Z2X61d5HEVwCI5ABbjgAtTBLWiAJsDgETyDV/BmPVkv1rv1MWstWPnMPvgD6/MHedmWNQ==</latexit>

f ⇠ GP(m, k)
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• Definition: “A Gaussian process is a collection of random 
variables, any finite number of which have a joint Gaussian 
distribution.” 
• E.g. the function         is a collection indexed by input  

• It is specified by its mean function and covariance function: 

• Mean function  
• Covariance function (a.k.a. kernel)

Gaussian processes

[Rasmussen and Williams 2006; a much much older idea!]
<latexit sha1_base64="M2YGsAgX/3dR1ej75Upo3ceB1J0=">AAAB9HicbVDLSsNAFL2pr1pfVZduBotQNyURqS6LblxWsA9oQ5lMJ+3QySTOTIol9DvcuFDErR/jzr9xkmahrQcGDufcyz1zvIgzpW372yqsrW9sbhW3Szu7e/sH5cOjtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yW3qd6ZUKhaKBz2LqBvgkWA+I1gbyfWr/QDrsecnT/PzQbli1+wMaJU4OalAjuag/NUfhiQOqNCEY6V6jh1pN8FSM8LpvNSPFY0wmeAR7RkqcECVm2Sh5+jMKEPkh9I8oVGm/t5IcKDULPDMZBpRLXup+J/Xi7V/7SZMRLGmgiwO+TFHOkRpA2jIJCWazwzBRDKTFZExlpho01PJlOAsf3mVtC9qTr1Wv7+sNG7yOopwAqdQBQeuoAF30IQWEHiEZ3iFN2tqvVjv1sditGDlO8fwB9bnD4/rkfw=</latexit>

f(x) <latexit sha1_base64="FGxh4OzYwn2DCpnjFMkcdRbsJBc=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLoxmUF+8C2lEx6pw3NZIYkI5ahf+HGhSJu/Rt3/o2ZdhbaeiBwOOdecu7xY8G1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZQohg0WiUi1fapRcIkNw43AdqyQhr7Alj++yfzWIyrNI3lvJjH2QjqUPOCMGis9dENqRn6QPk37pbJbcWcgy8TLSRly1Pulr+4gYkmI0jBBte54bmx6KVWGM4HTYjfRGFM2pkPsWCppiLqXzhJPyalVBiSIlH3SkJn6eyOlodaT0LeTWUK96GXif14nMcFVL+UyTgxKNv8oSAQxEcnOJwOukBkxsYQyxW1WwkZUUWZsSUVbgrd48jJpnle8aqV6d1GuXed1FOAYTuAMPLiEGtxCHRrAQMIzvMKbo50X5935mI+uOPnOEfyB8/kDANqRJw==</latexit>x

<latexit sha1_base64="i1M01hBIfswSRnmnwqwcSgOMUHg=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoNyURqW6EogguK9gHpKFMppN26GQSZiZiCfkGN/6KGxeKuHXlzr9x0mZRWw8MnDnnXu69x4sYlcqyfozCyura+kZxs7S1vbO7Z+4ftGUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6Tjja8zv/NAhKQhv1eTiLgBGnLqU4yUlvpmNaj0AqRGnp88plV4CWc/L7lJHX/ecvtm2apZU8BlYuekDHI0++Z3bxDiOCBcYYakdGwrUm6ChKKYkbTUiyWJEB6jIXE05Sgg0k2mJ6XwRCsD6IdCP67gVJ3vSFAg5STwdGW2o1z0MvE/z4mVf+EmlEexIhzPBvkxgyqEWT5wQAXBik00QVhQvSvEIyQQVjrFkg7BXjx5mbRPa3a9Vr87Kzeu8jiK4AgcgwqwwTlogFvQBC2AwRN4AW/g3Xg2Xo0P43NWWjDynkPwB8bXL6U4nX0=</latexit>

m(x) = E[f(x)]

<latexit sha1_base64="JL58p7hNSv+lt7czxxgewJj7QJQ=">AAACUXicbVHLSgMxFL0dX7X1UXXpJlikHdAyI1LdCEURXFawD2iHkkkzbWjmQZIRy9BfdKEr/8ONC8X0AfbhhcC555xLbk7ciDOpLOsjZaytb2xupbcz2Z3dvf3cwWFdhrEgtEZCHoqmiyXlLKA1xRSnzUhQ7LucNtzB3VhvPFMhWRg8qWFEHR/3AuYxgpWmOrn+oNj2seq7XvIyOvuDBRPdoGnrJvejVtGb85noHPnzvbkgF5b1gmk6nVzeKlmTQqvAnoE8zKrayb21uyGJfRoowrGULduKlJNgoRjhdJRpx5JGmAxwj7Y0DLBPpZNMEhmhU810kRcKfQKFJuz8RIJ9KYe+q53jLeWyNib/01qx8q6dhAVRrGhAphd5MUcqRON4UZcJShQfaoCJYHpXRPpYYKL0J2R0CPbyk1dB/aJkl0vlx8t85XYWRxqO4QSKYMMVVOABqlADAq/wCd/wk3pPfRlgGFOrkZrNHMFCGdlfOWCyPA==</latexit>

k(x,x0) = E[(f(x)�m(x))(f(x0)�m(x0))]

<latexit sha1_base64="fTqNKoG3l1kiIy/4elDlM12lFJY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISkeqy6EKXFewDmlAm00k7dGYSZiZCCcWNv+LGhSJu/Qp3/o2TNgttPXDhcM693HtPEDOqtON8W4Wl5ZXVteJ6aWNza3vH3t1rqSiRmDRxxCLZCZAijArS1FQz0oklQTxgpB2MrjO//UCkopG41+OY+BwNBA0pRtpIPfsghJ6iHHoc6SFGLL1pTCr8FI5OenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MXJvDYKH0YRtKU0HCq/p5IEVdqzAPTmV2q5r1M/M/rJjq89FMq4kQTgWeLwoRBHcEsD9inkmDNxoYgLKm5FeIhkghrk1rJhODOv7xIWmdVt1at3Z2X61d5HEVwCI5ABbjgAtTBLWiAJsDgETyDV/BmPVkv1rv1MWstWPnMPvgD6/MHedmWNQ==</latexit>

f ⇠ GP(m, k)
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• Definition: “A Gaussian process is a collection of random 
variables, any finite number of which have a joint Gaussian 
distribution.” 
• E.g. the function         is a collection indexed by input  

• It is specified by its mean function and covariance function: 

• Mean function  
• Covariance function (a.k.a. kernel)

Gaussian processes

[Rasmussen and Williams 2006; a much much older idea!]
<latexit sha1_base64="M2YGsAgX/3dR1ej75Upo3ceB1J0=">AAAB9HicbVDLSsNAFL2pr1pfVZduBotQNyURqS6LblxWsA9oQ5lMJ+3QySTOTIol9DvcuFDErR/jzr9xkmahrQcGDufcyz1zvIgzpW372yqsrW9sbhW3Szu7e/sH5cOjtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yW3qd6ZUKhaKBz2LqBvgkWA+I1gbyfWr/QDrsecnT/PzQbli1+wMaJU4OalAjuag/NUfhiQOqNCEY6V6jh1pN8FSM8LpvNSPFY0wmeAR7RkqcECVm2Sh5+jMKEPkh9I8oVGm/t5IcKDULPDMZBpRLXup+J/Xi7V/7SZMRLGmgiwO+TFHOkRpA2jIJCWazwzBRDKTFZExlpho01PJlOAsf3mVtC9qTr1Wv7+sNG7yOopwAqdQBQeuoAF30IQWEHiEZ3iFN2tqvVjv1sditGDlO8fwB9bnD4/rkfw=</latexit>

f(x) <latexit sha1_base64="FGxh4OzYwn2DCpnjFMkcdRbsJBc=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLoxmUF+8C2lEx6pw3NZIYkI5ahf+HGhSJu/Rt3/o2ZdhbaeiBwOOdecu7xY8G1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZQohg0WiUi1fapRcIkNw43AdqyQhr7Alj++yfzWIyrNI3lvJjH2QjqUPOCMGis9dENqRn6QPk37pbJbcWcgy8TLSRly1Pulr+4gYkmI0jBBte54bmx6KVWGM4HTYjfRGFM2pkPsWCppiLqXzhJPyalVBiSIlH3SkJn6eyOlodaT0LeTWUK96GXif14nMcFVL+UyTgxKNv8oSAQxEcnOJwOukBkxsYQyxW1WwkZUUWZsSUVbgrd48jJpnle8aqV6d1GuXed1FOAYTuAMPLiEGtxCHRrAQMIzvMKbo50X5935mI+uOPnOEfyB8/kDANqRJw==</latexit>x

<latexit sha1_base64="i1M01hBIfswSRnmnwqwcSgOMUHg=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoNyURqW6EogguK9gHpKFMppN26GQSZiZiCfkGN/6KGxeKuHXlzr9x0mZRWw8MnDnnXu69x4sYlcqyfozCyura+kZxs7S1vbO7Z+4ftGUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6Tjja8zv/NAhKQhv1eTiLgBGnLqU4yUlvpmNaj0AqRGnp88plV4CWc/L7lJHX/ecvtm2apZU8BlYuekDHI0++Z3bxDiOCBcYYakdGwrUm6ChKKYkbTUiyWJEB6jIXE05Sgg0k2mJ6XwRCsD6IdCP67gVJ3vSFAg5STwdGW2o1z0MvE/z4mVf+EmlEexIhzPBvkxgyqEWT5wQAXBik00QVhQvSvEIyQQVjrFkg7BXjx5mbRPa3a9Vr87Kzeu8jiK4AgcgwqwwTlogFvQBC2AwRN4AW/g3Xg2Xo0P43NWWjDynkPwB8bXL6U4nX0=</latexit>

m(x) = E[f(x)]

<latexit sha1_base64="JL58p7hNSv+lt7czxxgewJj7QJQ=">AAACUXicbVHLSgMxFL0dX7X1UXXpJlikHdAyI1LdCEURXFawD2iHkkkzbWjmQZIRy9BfdKEr/8ONC8X0AfbhhcC555xLbk7ciDOpLOsjZaytb2xupbcz2Z3dvf3cwWFdhrEgtEZCHoqmiyXlLKA1xRSnzUhQ7LucNtzB3VhvPFMhWRg8qWFEHR/3AuYxgpWmOrn+oNj2seq7XvIyOvuDBRPdoGnrJvejVtGb85noHPnzvbkgF5b1gmk6nVzeKlmTQqvAnoE8zKrayb21uyGJfRoowrGULduKlJNgoRjhdJRpx5JGmAxwj7Y0DLBPpZNMEhmhU810kRcKfQKFJuz8RIJ9KYe+q53jLeWyNib/01qx8q6dhAVRrGhAphd5MUcqRON4UZcJShQfaoCJYHpXRPpYYKL0J2R0CPbyk1dB/aJkl0vlx8t85XYWRxqO4QSKYMMVVOABqlADAq/wCd/wk3pPfRlgGFOrkZrNHMFCGdlfOWCyPA==</latexit>

k(x,x0) = E[(f(x)�m(x))(f(x0)�m(x0))]

<latexit sha1_base64="fTqNKoG3l1kiIy/4elDlM12lFJY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISkeqy6EKXFewDmlAm00k7dGYSZiZCCcWNv+LGhSJu/Qp3/o2TNgttPXDhcM693HtPEDOqtON8W4Wl5ZXVteJ6aWNza3vH3t1rqSiRmDRxxCLZCZAijArS1FQz0oklQTxgpB2MrjO//UCkopG41+OY+BwNBA0pRtpIPfsghJ6iHHoc6SFGLL1pTCr8FI5OenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MXJvDYKH0YRtKU0HCq/p5IEVdqzAPTmV2q5r1M/M/rJjq89FMq4kQTgWeLwoRBHcEsD9inkmDNxoYgLKm5FeIhkghrk1rJhODOv7xIWmdVt1at3Z2X61d5HEVwCI5ABbjgAtTBLWiAJsDgETyDV/BmPVkv1rv1MWstWPnMPvgD6/MHedmWNQ==</latexit>

f ⇠ GP(m, k) x could be just about 
anything, but in this 

tutorial, we’ll assume it’s 
a real vector

6



• Definition: “A Gaussian process is a collection of random 
variables, any finite number of which have a joint Gaussian 
distribution.” 
• E.g. the function         is a collection indexed by input  

• It is specified by its mean function and covariance function: 

• Mean function  
• Covariance function (a.k.a. kernel)

Gaussian processes

[Rasmussen and Williams 2006; a much much older idea!]
<latexit sha1_base64="M2YGsAgX/3dR1ej75Upo3ceB1J0=">AAAB9HicbVDLSsNAFL2pr1pfVZduBotQNyURqS6LblxWsA9oQ5lMJ+3QySTOTIol9DvcuFDErR/jzr9xkmahrQcGDufcyz1zvIgzpW372yqsrW9sbhW3Szu7e/sH5cOjtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yW3qd6ZUKhaKBz2LqBvgkWA+I1gbyfWr/QDrsecnT/PzQbli1+wMaJU4OalAjuag/NUfhiQOqNCEY6V6jh1pN8FSM8LpvNSPFY0wmeAR7RkqcECVm2Sh5+jMKEPkh9I8oVGm/t5IcKDULPDMZBpRLXup+J/Xi7V/7SZMRLGmgiwO+TFHOkRpA2jIJCWazwzBRDKTFZExlpho01PJlOAsf3mVtC9qTr1Wv7+sNG7yOopwAqdQBQeuoAF30IQWEHiEZ3iFN2tqvVjv1sditGDlO8fwB9bnD4/rkfw=</latexit>

f(x) <latexit sha1_base64="FGxh4OzYwn2DCpnjFMkcdRbsJBc=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLoxmUF+8C2lEx6pw3NZIYkI5ahf+HGhSJu/Rt3/o2ZdhbaeiBwOOdecu7xY8G1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZQohg0WiUi1fapRcIkNw43AdqyQhr7Alj++yfzWIyrNI3lvJjH2QjqUPOCMGis9dENqRn6QPk37pbJbcWcgy8TLSRly1Pulr+4gYkmI0jBBte54bmx6KVWGM4HTYjfRGFM2pkPsWCppiLqXzhJPyalVBiSIlH3SkJn6eyOlodaT0LeTWUK96GXif14nMcFVL+UyTgxKNv8oSAQxEcnOJwOukBkxsYQyxW1WwkZUUWZsSUVbgrd48jJpnle8aqV6d1GuXed1FOAYTuAMPLiEGtxCHRrAQMIzvMKbo50X5935mI+uOPnOEfyB8/kDANqRJw==</latexit>x

<latexit sha1_base64="i1M01hBIfswSRnmnwqwcSgOMUHg=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoNyURqW6EogguK9gHpKFMppN26GQSZiZiCfkGN/6KGxeKuHXlzr9x0mZRWw8MnDnnXu69x4sYlcqyfozCyura+kZxs7S1vbO7Z+4ftGUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6Tjja8zv/NAhKQhv1eTiLgBGnLqU4yUlvpmNaj0AqRGnp88plV4CWc/L7lJHX/ecvtm2apZU8BlYuekDHI0++Z3bxDiOCBcYYakdGwrUm6ChKKYkbTUiyWJEB6jIXE05Sgg0k2mJ6XwRCsD6IdCP67gVJ3vSFAg5STwdGW2o1z0MvE/z4mVf+EmlEexIhzPBvkxgyqEWT5wQAXBik00QVhQvSvEIyQQVjrFkg7BXjx5mbRPa3a9Vr87Kzeu8jiK4AgcgwqwwTlogFvQBC2AwRN4AW/g3Xg2Xo0P43NWWjDynkPwB8bXL6U4nX0=</latexit>

m(x) = E[f(x)]

<latexit sha1_base64="JL58p7hNSv+lt7czxxgewJj7QJQ=">AAACUXicbVHLSgMxFL0dX7X1UXXpJlikHdAyI1LdCEURXFawD2iHkkkzbWjmQZIRy9BfdKEr/8ONC8X0AfbhhcC555xLbk7ciDOpLOsjZaytb2xupbcz2Z3dvf3cwWFdhrEgtEZCHoqmiyXlLKA1xRSnzUhQ7LucNtzB3VhvPFMhWRg8qWFEHR/3AuYxgpWmOrn+oNj2seq7XvIyOvuDBRPdoGnrJvejVtGb85noHPnzvbkgF5b1gmk6nVzeKlmTQqvAnoE8zKrayb21uyGJfRoowrGULduKlJNgoRjhdJRpx5JGmAxwj7Y0DLBPpZNMEhmhU810kRcKfQKFJuz8RIJ9KYe+q53jLeWyNib/01qx8q6dhAVRrGhAphd5MUcqRON4UZcJShQfaoCJYHpXRPpYYKL0J2R0CPbyk1dB/aJkl0vlx8t85XYWRxqO4QSKYMMVVOABqlADAq/wCd/wk3pPfRlgGFOrkZrNHMFCGdlfOWCyPA==</latexit>

k(x,x0) = E[(f(x)�m(x))(f(x0)�m(x0))]

• A common default (e.g. in software) is 
<latexit sha1_base64="Kdtji+eh2iUylLTT0oGcGq11RwE=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxC3ZQZkepGKLpxWcE+oC0lk2ba0ExmSDJqGfspblwo4tYvceffmGlnoa0HAodz7uWeHC/iTGnH+bZyK6tr6xv5zcLW9s7unl3cb6owloQ2SMhD2fawopwJ2tBMc9qOJMWBx2nLG1+nfuueSsVCcacnEe0FeCiYzwjWRurbxaDcDbAeeX7yOD1Bl8jp2yWn4syAlombkRJkqPftr+4gJHFAhSYcK9VxnUj3Eiw1I5xOC91Y0QiTMR7SjqECB1T1kln0KTo2ygD5oTRPaDRTf28kOFBqEnhmMo2pFr1U/M/rxNq/6CVMRLGmgswP+TFHOkRpD2jAJCWaTwzBRDKTFZERlpho01bBlOAufnmZNE8rbrVSvT0r1a6yOvJwCEdQBhfOoQY3UIcGEHiAZ3iFN+vJerHerY/5aM7Kdg7gD6zPH8IGkwk=</latexit>

m(x) = 0

<latexit sha1_base64="fTqNKoG3l1kiIy/4elDlM12lFJY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISkeqy6EKXFewDmlAm00k7dGYSZiZCCcWNv+LGhSJu/Qp3/o2TNgttPXDhcM693HtPEDOqtON8W4Wl5ZXVteJ6aWNza3vH3t1rqSiRmDRxxCLZCZAijArS1FQz0oklQTxgpB2MrjO//UCkopG41+OY+BwNBA0pRtpIPfsghJ6iHHoc6SFGLL1pTCr8FI5OenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MXJvDYKH0YRtKU0HCq/p5IEVdqzAPTmV2q5r1M/M/rJjq89FMq4kQTgWeLwoRBHcEsD9inkmDNxoYgLKm5FeIhkghrk1rJhODOv7xIWmdVt1at3Z2X61d5HEVwCI5ABbjgAtTBLWiAJsDgETyDV/BmPVkv1rv1MWstWPnMPvgD6/MHedmWNQ==</latexit>

f ⇠ GP(m, k) x could be just about 
anything, but in this 

tutorial, we’ll assume it’s 
a real vector

6



• Definition: “A Gaussian process is a collection of random 
variables, any finite number of which have a joint Gaussian 
distribution.” 
• E.g. the function         is a collection indexed by input  

• It is specified by its mean function and covariance function: 

• Mean function  
• Covariance function (a.k.a. kernel)

Gaussian processes

[Rasmussen and Williams 2006; a much much older idea!]
<latexit sha1_base64="M2YGsAgX/3dR1ej75Upo3ceB1J0=">AAAB9HicbVDLSsNAFL2pr1pfVZduBotQNyURqS6LblxWsA9oQ5lMJ+3QySTOTIol9DvcuFDErR/jzr9xkmahrQcGDufcyz1zvIgzpW372yqsrW9sbhW3Szu7e/sH5cOjtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yW3qd6ZUKhaKBz2LqBvgkWA+I1gbyfWr/QDrsecnT/PzQbli1+wMaJU4OalAjuag/NUfhiQOqNCEY6V6jh1pN8FSM8LpvNSPFY0wmeAR7RkqcECVm2Sh5+jMKEPkh9I8oVGm/t5IcKDULPDMZBpRLXup+J/Xi7V/7SZMRLGmgiwO+TFHOkRpA2jIJCWazwzBRDKTFZExlpho01PJlOAsf3mVtC9qTr1Wv7+sNG7yOopwAqdQBQeuoAF30IQWEHiEZ3iFN2tqvVjv1sditGDlO8fwB9bnD4/rkfw=</latexit>

f(x) <latexit sha1_base64="FGxh4OzYwn2DCpnjFMkcdRbsJBc=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLoxmUF+8C2lEx6pw3NZIYkI5ahf+HGhSJu/Rt3/o2ZdhbaeiBwOOdecu7xY8G1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZQohg0WiUi1fapRcIkNw43AdqyQhr7Alj++yfzWIyrNI3lvJjH2QjqUPOCMGis9dENqRn6QPk37pbJbcWcgy8TLSRly1Pulr+4gYkmI0jBBte54bmx6KVWGM4HTYjfRGFM2pkPsWCppiLqXzhJPyalVBiSIlH3SkJn6eyOlodaT0LeTWUK96GXif14nMcFVL+UyTgxKNv8oSAQxEcnOJwOukBkxsYQyxW1WwkZUUWZsSUVbgrd48jJpnle8aqV6d1GuXed1FOAYTuAMPLiEGtxCHRrAQMIzvMKbo50X5935mI+uOPnOEfyB8/kDANqRJw==</latexit>x

<latexit sha1_base64="i1M01hBIfswSRnmnwqwcSgOMUHg=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoNyURqW6EogguK9gHpKFMppN26GQSZiZiCfkGN/6KGxeKuHXlzr9x0mZRWw8MnDnnXu69x4sYlcqyfozCyura+kZxs7S1vbO7Z+4ftGUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6Tjja8zv/NAhKQhv1eTiLgBGnLqU4yUlvpmNaj0AqRGnp88plV4CWc/L7lJHX/ecvtm2apZU8BlYuekDHI0++Z3bxDiOCBcYYakdGwrUm6ChKKYkbTUiyWJEB6jIXE05Sgg0k2mJ6XwRCsD6IdCP67gVJ3vSFAg5STwdGW2o1z0MvE/z4mVf+EmlEexIhzPBvkxgyqEWT5wQAXBik00QVhQvSvEIyQQVjrFkg7BXjx5mbRPa3a9Vr87Kzeu8jiK4AgcgwqwwTlogFvQBC2AwRN4AW/g3Xg2Xo0P43NWWjDynkPwB8bXL6U4nX0=</latexit>

m(x) = E[f(x)]

<latexit sha1_base64="JL58p7hNSv+lt7czxxgewJj7QJQ=">AAACUXicbVHLSgMxFL0dX7X1UXXpJlikHdAyI1LdCEURXFawD2iHkkkzbWjmQZIRy9BfdKEr/8ONC8X0AfbhhcC555xLbk7ciDOpLOsjZaytb2xupbcz2Z3dvf3cwWFdhrEgtEZCHoqmiyXlLKA1xRSnzUhQ7LucNtzB3VhvPFMhWRg8qWFEHR/3AuYxgpWmOrn+oNj2seq7XvIyOvuDBRPdoGnrJvejVtGb85noHPnzvbkgF5b1gmk6nVzeKlmTQqvAnoE8zKrayb21uyGJfRoowrGULduKlJNgoRjhdJRpx5JGmAxwj7Y0DLBPpZNMEhmhU810kRcKfQKFJuz8RIJ9KYe+q53jLeWyNib/01qx8q6dhAVRrGhAphd5MUcqRON4UZcJShQfaoCJYHpXRPpYYKL0J2R0CPbyk1dB/aJkl0vlx8t85XYWRxqO4QSKYMMVVOABqlADAq/wCd/wk3pPfRlgGFOrkZrNHMFCGdlfOWCyPA==</latexit>

k(x,x0) = E[(f(x)�m(x))(f(x0)�m(x0))]

• A common default (e.g. in software) is   
• One very commonly used covariance function is the 

squared exponential or radial basis function (RBF)

<latexit sha1_base64="Kdtji+eh2iUylLTT0oGcGq11RwE=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxC3ZQZkepGKLpxWcE+oC0lk2ba0ExmSDJqGfspblwo4tYvceffmGlnoa0HAodz7uWeHC/iTGnH+bZyK6tr6xv5zcLW9s7unl3cb6owloQ2SMhD2fawopwJ2tBMc9qOJMWBx2nLG1+nfuueSsVCcacnEe0FeCiYzwjWRurbxaDcDbAeeX7yOD1Bl8jp2yWn4syAlombkRJkqPftr+4gJHFAhSYcK9VxnUj3Eiw1I5xOC91Y0QiTMR7SjqECB1T1kln0KTo2ygD5oTRPaDRTf28kOFBqEnhmMo2pFr1U/M/rxNq/6CVMRLGmgswP+TFHOkRpD2jAJCWaTwzBRDKTFZERlpho01bBlOAufnmZNE8rbrVSvT0r1a6yOvJwCEdQBhfOoQY3UIcGEHiAZ3iFN+vJerHerY/5aM7Kdg7gD6zPH8IGkwk=</latexit>

m(x) = 0

<latexit sha1_base64="fTqNKoG3l1kiIy/4elDlM12lFJY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISkeqy6EKXFewDmlAm00k7dGYSZiZCCcWNv+LGhSJu/Qp3/o2TNgttPXDhcM693HtPEDOqtON8W4Wl5ZXVteJ6aWNza3vH3t1rqSiRmDRxxCLZCZAijArS1FQz0oklQTxgpB2MrjO//UCkopG41+OY+BwNBA0pRtpIPfsghJ6iHHoc6SFGLL1pTCr8FI5OenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MXJvDYKH0YRtKU0HCq/p5IEVdqzAPTmV2q5r1M/M/rJjq89FMq4kQTgWeLwoRBHcEsD9inkmDNxoYgLKm5FeIhkghrk1rJhODOv7xIWmdVt1at3Z2X61d5HEVwCI5ABbjgAtTBLWiAJsDgETyDV/BmPVkv1rv1MWstWPnMPvgD6/MHedmWNQ==</latexit>

f ⇠ GP(m, k) x could be just about 
anything, but in this 

tutorial, we’ll assume it’s 
a real vector

6



• Definition: “A Gaussian process is a collection of random 
variables, any finite number of which have a joint Gaussian 
distribution.” 
• E.g. the function         is a collection indexed by input  

• It is specified by its mean function and covariance function: 

• Mean function  
• Covariance function (a.k.a. kernel)

Gaussian processes

[Rasmussen and Williams 2006; a much much older idea!]
<latexit sha1_base64="M2YGsAgX/3dR1ej75Upo3ceB1J0=">AAAB9HicbVDLSsNAFL2pr1pfVZduBotQNyURqS6LblxWsA9oQ5lMJ+3QySTOTIol9DvcuFDErR/jzr9xkmahrQcGDufcyz1zvIgzpW372yqsrW9sbhW3Szu7e/sH5cOjtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yW3qd6ZUKhaKBz2LqBvgkWA+I1gbyfWr/QDrsecnT/PzQbli1+wMaJU4OalAjuag/NUfhiQOqNCEY6V6jh1pN8FSM8LpvNSPFY0wmeAR7RkqcECVm2Sh5+jMKEPkh9I8oVGm/t5IcKDULPDMZBpRLXup+J/Xi7V/7SZMRLGmgiwO+TFHOkRpA2jIJCWazwzBRDKTFZExlpho01PJlOAsf3mVtC9qTr1Wv7+sNG7yOopwAqdQBQeuoAF30IQWEHiEZ3iFN2tqvVjv1sditGDlO8fwB9bnD4/rkfw=</latexit>

f(x) <latexit sha1_base64="FGxh4OzYwn2DCpnjFMkcdRbsJBc=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLoxmUF+8C2lEx6pw3NZIYkI5ahf+HGhSJu/Rt3/o2ZdhbaeiBwOOdecu7xY8G1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZQohg0WiUi1fapRcIkNw43AdqyQhr7Alj++yfzWIyrNI3lvJjH2QjqUPOCMGis9dENqRn6QPk37pbJbcWcgy8TLSRly1Pulr+4gYkmI0jBBte54bmx6KVWGM4HTYjfRGFM2pkPsWCppiLqXzhJPyalVBiSIlH3SkJn6eyOlodaT0LeTWUK96GXif14nMcFVL+UyTgxKNv8oSAQxEcnOJwOukBkxsYQyxW1WwkZUUWZsSUVbgrd48jJpnle8aqV6d1GuXed1FOAYTuAMPLiEGtxCHRrAQMIzvMKbo50X5935mI+uOPnOEfyB8/kDANqRJw==</latexit>x

<latexit sha1_base64="i1M01hBIfswSRnmnwqwcSgOMUHg=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoNyURqW6EogguK9gHpKFMppN26GQSZiZiCfkGN/6KGxeKuHXlzr9x0mZRWw8MnDnnXu69x4sYlcqyfozCyura+kZxs7S1vbO7Z+4ftGUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6Tjja8zv/NAhKQhv1eTiLgBGnLqU4yUlvpmNaj0AqRGnp88plV4CWc/L7lJHX/ecvtm2apZU8BlYuekDHI0++Z3bxDiOCBcYYakdGwrUm6ChKKYkbTUiyWJEB6jIXE05Sgg0k2mJ6XwRCsD6IdCP67gVJ3vSFAg5STwdGW2o1z0MvE/z4mVf+EmlEexIhzPBvkxgyqEWT5wQAXBik00QVhQvSvEIyQQVjrFkg7BXjx5mbRPa3a9Vr87Kzeu8jiK4AgcgwqwwTlogFvQBC2AwRN4AW/g3Xg2Xo0P43NWWjDynkPwB8bXL6U4nX0=</latexit>

m(x) = E[f(x)]

<latexit sha1_base64="JL58p7hNSv+lt7czxxgewJj7QJQ=">AAACUXicbVHLSgMxFL0dX7X1UXXpJlikHdAyI1LdCEURXFawD2iHkkkzbWjmQZIRy9BfdKEr/8ONC8X0AfbhhcC555xLbk7ciDOpLOsjZaytb2xupbcz2Z3dvf3cwWFdhrEgtEZCHoqmiyXlLKA1xRSnzUhQ7LucNtzB3VhvPFMhWRg8qWFEHR/3AuYxgpWmOrn+oNj2seq7XvIyOvuDBRPdoGnrJvejVtGb85noHPnzvbkgF5b1gmk6nVzeKlmTQqvAnoE8zKrayb21uyGJfRoowrGULduKlJNgoRjhdJRpx5JGmAxwj7Y0DLBPpZNMEhmhU810kRcKfQKFJuz8RIJ9KYe+q53jLeWyNib/01qx8q6dhAVRrGhAphd5MUcqRON4UZcJShQfaoCJYHpXRPpYYKL0J2R0CPbyk1dB/aJkl0vlx8t85XYWRxqO4QSKYMMVVOABqlADAq/wCd/wk3pPfRlgGFOrkZrNHMFCGdlfOWCyPA==</latexit>

k(x,x0) = E[(f(x)�m(x))(f(x0)�m(x0))]

• A common default (e.g. in software) is   
• One very commonly used covariance function is the 

squared exponential or radial basis function (RBF) 
• We’ll see a more general form later, but for now we’re 

using:

<latexit sha1_base64="Kdtji+eh2iUylLTT0oGcGq11RwE=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxC3ZQZkepGKLpxWcE+oC0lk2ba0ExmSDJqGfspblwo4tYvceffmGlnoa0HAodz7uWeHC/iTGnH+bZyK6tr6xv5zcLW9s7unl3cb6owloQ2SMhD2fawopwJ2tBMc9qOJMWBx2nLG1+nfuueSsVCcacnEe0FeCiYzwjWRurbxaDcDbAeeX7yOD1Bl8jp2yWn4syAlombkRJkqPftr+4gJHFAhSYcK9VxnUj3Eiw1I5xOC91Y0QiTMR7SjqECB1T1kln0KTo2ygD5oTRPaDRTf28kOFBqEnhmMo2pFr1U/M/rxNq/6CVMRLGmgswP+TFHOkRpD2jAJCWaTwzBRDKTFZERlpho01bBlOAufnmZNE8rbrVSvT0r1a6yOvJwCEdQBhfOoQY3UIcGEHiAZ3iFN+vJerHerY/5aM7Kdg7gD6zPH8IGkwk=</latexit>

m(x) = 0

<latexit sha1_base64="fTqNKoG3l1kiIy/4elDlM12lFJY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISkeqy6EKXFewDmlAm00k7dGYSZiZCCcWNv+LGhSJu/Qp3/o2TNgttPXDhcM693HtPEDOqtON8W4Wl5ZXVteJ6aWNza3vH3t1rqSiRmDRxxCLZCZAijArS1FQz0oklQTxgpB2MrjO//UCkopG41+OY+BwNBA0pRtpIPfsghJ6iHHoc6SFGLL1pTCr8FI5OenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MXJvDYKH0YRtKU0HCq/p5IEVdqzAPTmV2q5r1M/M/rJjq89FMq4kQTgWeLwoRBHcEsD9inkmDNxoYgLKm5FeIhkghrk1rJhODOv7xIWmdVt1at3Z2X61d5HEVwCI5ABbjgAtTBLWiAJsDgETyDV/BmPVkv1rv1MWstWPnMPvgD6/MHedmWNQ==</latexit>

f ⇠ GP(m, k) x could be just about 
anything, but in this 

tutorial, we’ll assume it’s 
a real vector

<latexit sha1_base64="Z3fGqqt23OHZrHVhImxNOZlkKt4="></latexit>

k(x,x0) = �2 exp(� 1
2kx� x0k2)
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• Definition: “A Gaussian process is a collection of random 
variables, any finite number of which have a joint Gaussian 
distribution.” 
• E.g. the function         is a collection indexed by input  

• It is specified by its mean function and covariance function: 

• Mean function  
• Covariance function (a.k.a. kernel)

Gaussian processes

[Rasmussen and Williams 2006; a much much older idea!]
<latexit sha1_base64="M2YGsAgX/3dR1ej75Upo3ceB1J0=">AAAB9HicbVDLSsNAFL2pr1pfVZduBotQNyURqS6LblxWsA9oQ5lMJ+3QySTOTIol9DvcuFDErR/jzr9xkmahrQcGDufcyz1zvIgzpW372yqsrW9sbhW3Szu7e/sH5cOjtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yW3qd6ZUKhaKBz2LqBvgkWA+I1gbyfWr/QDrsecnT/PzQbli1+wMaJU4OalAjuag/NUfhiQOqNCEY6V6jh1pN8FSM8LpvNSPFY0wmeAR7RkqcECVm2Sh5+jMKEPkh9I8oVGm/t5IcKDULPDMZBpRLXup+J/Xi7V/7SZMRLGmgiwO+TFHOkRpA2jIJCWazwzBRDKTFZExlpho01PJlOAsf3mVtC9qTr1Wv7+sNG7yOopwAqdQBQeuoAF30IQWEHiEZ3iFN2tqvVjv1sditGDlO8fwB9bnD4/rkfw=</latexit>

f(x) <latexit sha1_base64="FGxh4OzYwn2DCpnjFMkcdRbsJBc=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLoxmUF+8C2lEx6pw3NZIYkI5ahf+HGhSJu/Rt3/o2ZdhbaeiBwOOdecu7xY8G1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZQohg0WiUi1fapRcIkNw43AdqyQhr7Alj++yfzWIyrNI3lvJjH2QjqUPOCMGis9dENqRn6QPk37pbJbcWcgy8TLSRly1Pulr+4gYkmI0jBBte54bmx6KVWGM4HTYjfRGFM2pkPsWCppiLqXzhJPyalVBiSIlH3SkJn6eyOlodaT0LeTWUK96GXif14nMcFVL+UyTgxKNv8oSAQxEcnOJwOukBkxsYQyxW1WwkZUUWZsSUVbgrd48jJpnle8aqV6d1GuXed1FOAYTuAMPLiEGtxCHRrAQMIzvMKbo50X5935mI+uOPnOEfyB8/kDANqRJw==</latexit>x

<latexit sha1_base64="i1M01hBIfswSRnmnwqwcSgOMUHg=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoNyURqW6EogguK9gHpKFMppN26GQSZiZiCfkGN/6KGxeKuHXlzr9x0mZRWw8MnDnnXu69x4sYlcqyfozCyura+kZxs7S1vbO7Z+4ftGUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6Tjja8zv/NAhKQhv1eTiLgBGnLqU4yUlvpmNaj0AqRGnp88plV4CWc/L7lJHX/ecvtm2apZU8BlYuekDHI0++Z3bxDiOCBcYYakdGwrUm6ChKKYkbTUiyWJEB6jIXE05Sgg0k2mJ6XwRCsD6IdCP67gVJ3vSFAg5STwdGW2o1z0MvE/z4mVf+EmlEexIhzPBvkxgyqEWT5wQAXBik00QVhQvSvEIyQQVjrFkg7BXjx5mbRPa3a9Vr87Kzeu8jiK4AgcgwqwwTlogFvQBC2AwRN4AW/g3Xg2Xo0P43NWWjDynkPwB8bXL6U4nX0=</latexit>

m(x) = E[f(x)]

<latexit sha1_base64="JL58p7hNSv+lt7czxxgewJj7QJQ=">AAACUXicbVHLSgMxFL0dX7X1UXXpJlikHdAyI1LdCEURXFawD2iHkkkzbWjmQZIRy9BfdKEr/8ONC8X0AfbhhcC555xLbk7ciDOpLOsjZaytb2xupbcz2Z3dvf3cwWFdhrEgtEZCHoqmiyXlLKA1xRSnzUhQ7LucNtzB3VhvPFMhWRg8qWFEHR/3AuYxgpWmOrn+oNj2seq7XvIyOvuDBRPdoGnrJvejVtGb85noHPnzvbkgF5b1gmk6nVzeKlmTQqvAnoE8zKrayb21uyGJfRoowrGULduKlJNgoRjhdJRpx5JGmAxwj7Y0DLBPpZNMEhmhU810kRcKfQKFJuz8RIJ9KYe+q53jLeWyNib/01qx8q6dhAVRrGhAphd5MUcqRON4UZcJShQfaoCJYHpXRPpYYKL0J2R0CPbyk1dB/aJkl0vlx8t85XYWRxqO4QSKYMMVVOABqlADAq/wCd/wk3pPfRlgGFOrkZrNHMFCGdlfOWCyPA==</latexit>

k(x,x0) = E[(f(x)�m(x))(f(x0)�m(x0))]

• A common default (e.g. in software) is   
• One very commonly used covariance function is the 

squared exponential or radial basis function (RBF) 
• We’ll see a more general form later, but for now we’re 

using:  
• For now, assume data is observed without noise

<latexit sha1_base64="Kdtji+eh2iUylLTT0oGcGq11RwE=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxC3ZQZkepGKLpxWcE+oC0lk2ba0ExmSDJqGfspblwo4tYvceffmGlnoa0HAodz7uWeHC/iTGnH+bZyK6tr6xv5zcLW9s7unl3cb6owloQ2SMhD2fawopwJ2tBMc9qOJMWBx2nLG1+nfuueSsVCcacnEe0FeCiYzwjWRurbxaDcDbAeeX7yOD1Bl8jp2yWn4syAlombkRJkqPftr+4gJHFAhSYcK9VxnUj3Eiw1I5xOC91Y0QiTMR7SjqECB1T1kln0KTo2ygD5oTRPaDRTf28kOFBqEnhmMo2pFr1U/M/rxNq/6CVMRLGmgswP+TFHOkRpD2jAJCWaTwzBRDKTFZERlpho01bBlOAufnmZNE8rbrVSvT0r1a6yOvJwCEdQBhfOoQY3UIcGEHiAZ3iFN+vJerHerY/5aM7Kdg7gD6zPH8IGkwk=</latexit>

m(x) = 0

<latexit sha1_base64="fTqNKoG3l1kiIy/4elDlM12lFJY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISkeqy6EKXFewDmlAm00k7dGYSZiZCCcWNv+LGhSJu/Qp3/o2TNgttPXDhcM693HtPEDOqtON8W4Wl5ZXVteJ6aWNza3vH3t1rqSiRmDRxxCLZCZAijArS1FQz0oklQTxgpB2MrjO//UCkopG41+OY+BwNBA0pRtpIPfsghJ6iHHoc6SFGLL1pTCr8FI5OenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MXJvDYKH0YRtKU0HCq/p5IEVdqzAPTmV2q5r1M/M/rJjq89FMq4kQTgWeLwoRBHcEsD9inkmDNxoYgLKm5FeIhkghrk1rJhODOv7xIWmdVt1at3Z2X61d5HEVwCI5ABbjgAtTBLWiAJsDgETyDV/BmPVkv1rv1MWstWPnMPvgD6/MHedmWNQ==</latexit>

f ⇠ GP(m, k) x could be just about 
anything, but in this 

tutorial, we’ll assume it’s 
a real vector

<latexit sha1_base64="Z3fGqqt23OHZrHVhImxNOZlkKt4="></latexit>

k(x,x0) = �2 exp(� 1
2kx� x0k2)
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• Definition: “A Gaussian process is a collection of random 
variables, any finite number of which have a joint Gaussian 
distribution.” 
• E.g. the function         is a collection indexed by input  

• It is specified by its mean function and covariance function: 

• Mean function  
• Covariance function (a.k.a. kernel)

Gaussian processes

[Rasmussen and Williams 2006; a much much older idea!]
<latexit sha1_base64="M2YGsAgX/3dR1ej75Upo3ceB1J0=">AAAB9HicbVDLSsNAFL2pr1pfVZduBotQNyURqS6LblxWsA9oQ5lMJ+3QySTOTIol9DvcuFDErR/jzr9xkmahrQcGDufcyz1zvIgzpW372yqsrW9sbhW3Szu7e/sH5cOjtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yW3qd6ZUKhaKBz2LqBvgkWA+I1gbyfWr/QDrsecnT/PzQbli1+wMaJU4OalAjuag/NUfhiQOqNCEY6V6jh1pN8FSM8LpvNSPFY0wmeAR7RkqcECVm2Sh5+jMKEPkh9I8oVGm/t5IcKDULPDMZBpRLXup+J/Xi7V/7SZMRLGmgiwO+TFHOkRpA2jIJCWazwzBRDKTFZExlpho01PJlOAsf3mVtC9qTr1Wv7+sNG7yOopwAqdQBQeuoAF30IQWEHiEZ3iFN2tqvVjv1sditGDlO8fwB9bnD4/rkfw=</latexit>

f(x) <latexit sha1_base64="FGxh4OzYwn2DCpnjFMkcdRbsJBc=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLoxmUF+8C2lEx6pw3NZIYkI5ahf+HGhSJu/Rt3/o2ZdhbaeiBwOOdecu7xY8G1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZQohg0WiUi1fapRcIkNw43AdqyQhr7Alj++yfzWIyrNI3lvJjH2QjqUPOCMGis9dENqRn6QPk37pbJbcWcgy8TLSRly1Pulr+4gYkmI0jBBte54bmx6KVWGM4HTYjfRGFM2pkPsWCppiLqXzhJPyalVBiSIlH3SkJn6eyOlodaT0LeTWUK96GXif14nMcFVL+UyTgxKNv8oSAQxEcnOJwOukBkxsYQyxW1WwkZUUWZsSUVbgrd48jJpnle8aqV6d1GuXed1FOAYTuAMPLiEGtxCHRrAQMIzvMKbo50X5935mI+uOPnOEfyB8/kDANqRJw==</latexit>x

<latexit sha1_base64="i1M01hBIfswSRnmnwqwcSgOMUHg=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoNyURqW6EogguK9gHpKFMppN26GQSZiZiCfkGN/6KGxeKuHXlzr9x0mZRWw8MnDnnXu69x4sYlcqyfozCyura+kZxs7S1vbO7Z+4ftGUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6Tjja8zv/NAhKQhv1eTiLgBGnLqU4yUlvpmNaj0AqRGnp88plV4CWc/L7lJHX/ecvtm2apZU8BlYuekDHI0++Z3bxDiOCBcYYakdGwrUm6ChKKYkbTUiyWJEB6jIXE05Sgg0k2mJ6XwRCsD6IdCP67gVJ3vSFAg5STwdGW2o1z0MvE/z4mVf+EmlEexIhzPBvkxgyqEWT5wQAXBik00QVhQvSvEIyQQVjrFkg7BXjx5mbRPa3a9Vr87Kzeu8jiK4AgcgwqwwTlogFvQBC2AwRN4AW/g3Xg2Xo0P43NWWjDynkPwB8bXL6U4nX0=</latexit>

m(x) = E[f(x)]

<latexit sha1_base64="JL58p7hNSv+lt7czxxgewJj7QJQ=">AAACUXicbVHLSgMxFL0dX7X1UXXpJlikHdAyI1LdCEURXFawD2iHkkkzbWjmQZIRy9BfdKEr/8ONC8X0AfbhhcC555xLbk7ciDOpLOsjZaytb2xupbcz2Z3dvf3cwWFdhrEgtEZCHoqmiyXlLKA1xRSnzUhQ7LucNtzB3VhvPFMhWRg8qWFEHR/3AuYxgpWmOrn+oNj2seq7XvIyOvuDBRPdoGnrJvejVtGb85noHPnzvbkgF5b1gmk6nVzeKlmTQqvAnoE8zKrayb21uyGJfRoowrGULduKlJNgoRjhdJRpx5JGmAxwj7Y0DLBPpZNMEhmhU810kRcKfQKFJuz8RIJ9KYe+q53jLeWyNib/01qx8q6dhAVRrGhAphd5MUcqRON4UZcJShQfaoCJYHpXRPpYYKL0J2R0CPbyk1dB/aJkl0vlx8t85XYWRxqO4QSKYMMVVOABqlADAq/wCd/wk3pPfRlgGFOrkZrNHMFCGdlfOWCyPA==</latexit>

k(x,x0) = E[(f(x)�m(x))(f(x0)�m(x0))]

• A common default (e.g. in software) is   
• One very commonly used covariance function is the 

squared exponential or radial basis function (RBF) 
• We’ll see a more general form later, but for now we’re 

using:  
• For now, assume data is observed without noise [demo1,2]

<latexit sha1_base64="Kdtji+eh2iUylLTT0oGcGq11RwE=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxC3ZQZkepGKLpxWcE+oC0lk2ba0ExmSDJqGfspblwo4tYvceffmGlnoa0HAodz7uWeHC/iTGnH+bZyK6tr6xv5zcLW9s7unl3cb6owloQ2SMhD2fawopwJ2tBMc9qOJMWBx2nLG1+nfuueSsVCcacnEe0FeCiYzwjWRurbxaDcDbAeeX7yOD1Bl8jp2yWn4syAlombkRJkqPftr+4gJHFAhSYcK9VxnUj3Eiw1I5xOC91Y0QiTMR7SjqECB1T1kln0KTo2ygD5oTRPaDRTf28kOFBqEnhmMo2pFr1U/M/rxNq/6CVMRLGmgswP+TFHOkRpD2jAJCWaTwzBRDKTFZERlpho01bBlOAufnmZNE8rbrVSvT0r1a6yOvJwCEdQBhfOoQY3UIcGEHiAZ3iFN+vJerHerY/5aM7Kdg7gD6zPH8IGkwk=</latexit>

m(x) = 0

<latexit sha1_base64="fTqNKoG3l1kiIy/4elDlM12lFJY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISkeqy6EKXFewDmlAm00k7dGYSZiZCCcWNv+LGhSJu/Qp3/o2TNgttPXDhcM693HtPEDOqtON8W4Wl5ZXVteJ6aWNza3vH3t1rqSiRmDRxxCLZCZAijArS1FQz0oklQTxgpB2MrjO//UCkopG41+OY+BwNBA0pRtpIPfsghJ6iHHoc6SFGLL1pTCr8FI5OenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MXJvDYKH0YRtKU0HCq/p5IEVdqzAPTmV2q5r1M/M/rJjq89FMq4kQTgWeLwoRBHcEsD9inkmDNxoYgLKm5FeIhkghrk1rJhODOv7xIWmdVt1at3Z2X61d5HEVwCI5ABbjgAtTBLWiAJsDgETyDV/BmPVkv1rv1MWstWPnMPvgD6/MHedmWNQ==</latexit>

f ⇠ GP(m, k) x could be just about 
anything, but in this 

tutorial, we’ll assume it’s 
a real vector

<latexit sha1_base64="Z3fGqqt23OHZrHVhImxNOZlkKt4="></latexit>

k(x,x0) = �2 exp(� 1
2kx� x0k2)
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• Let X collect the N “training” data points (indexed 1 to N)
Inference about unknowns given data

X: NxD
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• Let X collect the N “training” data points (indexed 1 to N) 
• Let X’ collect the M “test” data points
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• Let X collect the N “training” data points (indexed 1 to N) 
• Let X’ collect the M “test” data points 

• Where we want to evaluate the function
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• A Bayesian approach 
• What is a Gaussian process? 

• Popular version using a squared exponential kernel 
• Hyperparameters: length scale(s), signal 

variance, observation-noise variance 
• Gaussian process inference 

• Prediction & uncertainty quantification 
• Limitations (not just for GPs): 

• E.g. extrapolation 
• High-dimensional inputs 

• Always ask: What uncertainty are we quantifying?
Goal: 

• Learn the mechanism behind standard GPs to 
identify benefits and pitfalls



• Rasmussen and Williams 2006. Gaussian Processes for 
Machine Learning. https://gaussianprocess.org/gpml/ 
• Chapters 1, 2, 4, 5 

• Gramacy 2020. Surrogates: Gaussian process modeling, 
design and optimization for the applied sciences.      
https://bookdown.org/rbg/surrogates/ 

• Garnett 2023. Bayesian Optimization. https://
bayesoptbook.com/ 

• Software options include: 
• scikit-learn, GPy, GPflow, GPyTorch 

• My setup for this tutorial: pip install X 
• X = jupyterlab, notebook, numpy, matplotlib, scikit-learn

Resources http://www.tamarabroderick.com/tutorials.html
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