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2 Autoregressive Conditional Fréchet Model for Time Series of Maxima 8

2.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
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Abstract

Throughout my Ph.D. life, I mainly work on research topics about time series. This thesis consists

of three representative works I have done for statistical modeling of time series. Modeling time

series is a fundamental task in statistics, with extensive applications in finance, economics, climate

etc. One significant characteristics of time series is that the data have complicated dependence

structures.

For univariate time series, there is temporal dependence, where the past influences the fu-

ture (autocorrelation). The modeling of univariate time series is a relatively well-studied research

area, especially in financial applications. However, for the modeling of extreme events, such as

maximum daily loss of a high-frequency trading, the suitable models are still rare. An accurate

time series model for extreme events is essential for understanding the behavior of extreme risk

and thus managing the extreme risk. Parts of the thesis (Chapter 2) are dedicated to the devel-

opment of a dynamic extreme-value-theory (EVT) based time series model which can capture the

time-varying behavior of maxima in financial time series.

For multivariate time series, there are both temporal dependence of each component univariate

time series and cross-sectional dependence across all the component univariate time series. To accu-

rately capture the behavior of multivariate time series, it is essential for the time series model to be

highly flexible such that it is capable of modeling various dependence structures, such as nonlinear

dependence, tail dependence and asymmetric dependence. Essentially, we need to construct flexi-

ble dependence structures, i.e. multivariate distribution functions. In the literature, Copula is one

of the most widely used methods for generating sophisticated multivariate distribution functions.

Parts of the thesis (Chapter 3 and 4) focus on the construction of novel copulas and copula-based

multivariate time series models.



xiii

A complicated statistical model may be computationally expensive to estimate via the conven-

tional maximum likelihood estimator (MLE), which can also be infeasible if the model is semi-

parametric. Parts of the thesis, specifically the parameter estimation sections of Chapter 2 to

4, propose efficient estimation procedures for the complex models based on stepwise estimation

and composite likelihood estimation, and study the theoretical properties of irregular MLE and

semiparametric sequential estimators.
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Chapter 1

Introduction

1.1 Modeling Time Series of Maxima

The study of extreme events in financial markets is always one of the main foci in risk management.

Maximum observations, as the representation of extreme behavior, are of particular interest. For

example, mutual fund managers are keen to assess the potential maximum daily loss across all

stocks in their managed portfolio; the level of potential intra-day maximum loss is important

to high-frequency traders. By Fisher–Tippett–Gnedenko theorem, the generalized extreme value

distribution (GEV) can be used to characterize the behavior of maxima, making extreme value

theory (EVT) a widely researched and practiced approach for risk management in financial industry

(e.g. Embrechts et al., 1999, McNeil and Frey, 2000, Laurini and Tawn, 2009). Besides the Maxima-

GEV methodology, the other main methodology of EVT is the peak-over-threshold (POT), which

is based on generalized Pareto distribution (GPD). By Pickands–Balkema–de Haan theorem, GPD

can be used to approximate the conditional behavior of random variable after it exceeds certain high

thresholds (e.g. Balkema and de Haan, 1974, Picklands, 1975, Davison and Smith, 1990). Under

EVT framework, Maxima-GEV and POT-GPD are closely related and can often reveal the same

information, especially when used to model tail index ξ. See Chapters 4 and 7 in Coles (2001) for

more details about the connection between Maxima-GEV and POT-GPD.
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1.1.1 Autoregressive Conditional Fréchet Model

As mentioned in Diebold et al. (1998), most applications of EVT focus on modeling extreme events

in time series with a static approach under equilibrium distribution. However, the behavior of the

underlying time series may change through time. For example, financial time series tends to exhibit

structural changes and time-varying dynamics such as volatility clustering. To accommodate the

dynamics of extreme events and study the conditional behavior of tail risk in financial markets, there

have been several recent studies of dynamic POT-GPD models. For example, Smith and Goodman

(2000) and Chavez-Demoulin et al. (2014) use Bayesian method to update the time-varying GPD

parameters. Kelly (2014) and Kelly and Jiang (2014) build a dynamic tail model with POT-GPD

for panel data. Massacci (2016) and Zhang and Schwaab (2017) employ a generalized autoregressive

score1 type of observation-driven dynamics for the GPD parameters. These studies show strong

evidence of the time-varying behavior of extreme events in financial markets, especially for the tail

index ξ.

One advantage of Maxima-GEV approach over POT-GPD approach is that it offers a direct

modeling of maxima in time series, which is of particular importance and is the primary focus of

this paper. Unlike the dynamic GPD models, there is little research on dynamic GEV models. Bali

and Weinbaum (2007) design a time-varying GEV to estimate the realized volatility in an empirical

study of market risk, however, theoretical results are not provided.

Chapter 2 introduces a novel dynamic generalized extreme value (GEV) framework for mod-

eling the time-varying behavior of maxima in financial time series. Specifically, an autoregressive

conditional Fréchet (AcF) model is proposed in which the maxima are modeled by a Fréchet distri-

bution with time-varying scale parameter (volatility) and shape parameter (tail index) conditioned

on past information. The AcF provides a direct and accurate modeling of the time-varying behavior

of maxima and offers a new angle to study the tail risk dynamics in financial markets. Probabilistic

properties of AcF are studied, and an irregular maximum likelihood estimator is used for model

estimation, with its statistical properties investigated. Simulations show the flexibility of AcF and

confirm the reliability of its estimators. Two real data examples on cross-sectional stock returns

and high-frequency foreign exchange returns are used to demonstrate the AcF modeling approach,

1See Harvey and Chakravarty (2008) and Creal et al. (2013) for more details about generalized autoregressive
score model.
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where significant improvement over the static GEV has been observed for market tail risk moni-

toring and conditional VaR estimation. Empirical result of AcF is consistent with the findings of

the dynamic peak-over-threshold (POT) literature that the tail index of financial markets varies

through time.

1.2 Modeling Multivariate Time Series

Modeling multivariate time series is the fundamental task for many statistical applications, see

Patton (2012) for applications in economics, Erhardt et al. (2015) for applications in climate moni-

toring and Smith (2015) for applications in energy markets. Roughly speaking, there are two types

of dependence for multivariate time series. The first type is the temporal dependence for each of

its component univariate time series. The second type is the cross-sectional dependence across all

of its component univariate time series. To capture the behavior of multivariate time series, it is

essential for the statistical model to have an accurate modeling of both the cross-sectional and the

temporal dependence. This requires the time series model to be highly flexible such that it is ca-

pable of modeling various dependence structures, including nonlinear dependence, tail dependence

and asymmetric dependence.

In the literature, the copula model is one of the most widely used methods for generating flexible

dependence structures. Copulas are d-dimensional distribution functions on [0, 1]d with uniform

margins. By Sklar (1959)’s theorem, any multivariate distribution F can be separated into its

marginals (F1, . . . , Fd) and its copula C, where the copula captures all the scale-free dependence in

the multivariate distribution. In particular, suppose there is a random vector Y ∈ Rd such that Y

follows F, then we have F(y) = C(F1(y1), . . . , Fd(yd)), where y = (y1, . . . , yd)
′ is the realization of

Y. If all the marginals of F are absolutely continuous, the copula C is unique.

Various copulas have been proposed in the literature, see Joe (2014) and Nelsen (1999) for

a summary. Copula-based models for multivariate distributions are widely used in a variety of

applications, see Frees and Valdez (1998) in actuarial science and insurance, Cherubini et al. (2004)

in finance, and Genest and Favre (2007) in hydrology.
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1.2.1 Max-copula Model

Due to its tractability, interpretability, and flexibility in modeling non-extremal joint behavior, the

Gaussian copula is arguably the most widely used copula. While Gaussian copulas perform well

in many areas of applications, the financial market may turn out to be an exception. One of the

most significant characteristics of financial data is its tail dependence, i.e., during a crisis, asset

prices tend to move together. The failure of Gaussian copulas to capture this tail dependence in

the pricing of CDOs and related securities is considered one of the prominent causes of the recent

financial crisis, e.g., see Coval et al. (2009) and Salmon (2012) for more details.

The Gaussian copula’s inability to model joint tail events inspires more research in the construc-

tion of copulas that can offer more sophisticated dependence structures. One direction is to exploit

and extend the linear structure in Gaussian factor models by changing the distribution of latent

factors from Gaussian to other distributions like skewed-t, e.g., Hull and White (2004), Murray

et al. (2013), and Oh and Patton (2015). This framework is capable of offering more sophisticated

dependence like tail dependence and tail asymmetry. Also, it is particularly attractive in high-

dimensional applications thanks to the factor structure. Another promising direction is to use vine

copulas, which builds high-dimensional copulas based on a sequentially iterative pairwise construc-

tion of bivariate copulas, see Aas et al. (2009), Min and Czado (2010), and Almeida et al. (2012)

for more details. Vine copulas can offer flexible dependence relationships and can be represented in

graphs, which helps the modeler to visually understand the dependence structure. Combining the

“latent factor” idea with the pairwise construction idea of C-vine copulas, Krupskii and Joe (2013)

proposed a factor copula model, where instead of imposing a Gaussian linear structure, bivariate

copulas are used to specify the dependence between latent factors and observed variables. Theorem

A1 in §1 of the supplementary material establishes a weak equivalence between the factor copula

model based on the C-vine copula and the linear factor copula model under the additive model

framework.

A much different yet important direction is to construct new sophisticated copulas based on

existing ones. The idea is that the new copula inherits various merits from its parents and thus

offers more versatile dependence structures. In the literature, mixture of distributions is a long

existing technique for generating new distributions based on existing ones. The mixture copula has
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a closed form c.d.f. and is interpretable.

Inspired by Cui and Zhang (2016) and the mixture technique, Chapter 3 presents a novel

nonlinear framework for the construction of flexible new copulas from existing copulas based on

a straightforward “pairwise max” rule. The newly constructed max-copula has a closed form and

has strong interpretability. Compared to the classical “linear symmetric” mixture copula, the max-

copula can be viewed as a “nonlinear asymmetric” framework. It is capable of modeling asymmetric

dependence and joint tail behavior while also offering good performance in non-extremal behavior

modeling. Max-copulas that are based on single-factor and block-factor models are developed to

offer parsimonious modeling for structured dependence, especially in high-dimensional applications.

Combined with semiparametric time series models, the max-copula can be used to develop flexible

and accurate models for multivariate time series. A new semiparametric composite maximum

likelihood method is proposed for parameter estimation, where the consistency and asymptotic

normality of estimators are established. The flexibility of the max-copula and the accuracy of the

proposed estimation procedure are illustrated through extensive numerical experiments. Real data

applications in Value at Risk estimation and portfolio optimization for financial risk management

demonstrate the max-copula’s promising ability to accurately capture joint movements of high-

dimensional multivariate stock returns under both normal and crisis regime of the financial market.

1.2.2 Multivariate D-vine Copula Model

Most applications of copulas under time series setting focus on the modeling of the cross-sectional

dependence of multivariate time series, see the semiparametric copula-based multivariate dynamic

(SCOMDY) models in Patton (2006) and Chen and Fan (2006a). Under the SCOMDY framework,

conventional univariate time series models, e.g. ARMA and GARCH (Engle, 1982, Bollerslev, 1986),

are used to capture the temporal dependence, in particular conditional mean and variance, of each

component univariate time series. A parametric copula and nonparametric marginal distributions

are used to specify the cross-sectional dependence across the innovations of all the component

univariate time series.

There are also applications where copulas are used for modeling the temporal dependence of

a univariate time series. Darsow et al. (1992) provide a necessary and sufficient condition for a

copula-based time series to be a Markov process. Joe (1997), Chen and Fan (2006b), Domma et al.
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(2009), Ibragimov (2009) and Beare (2010) consider copula-based stationary Markov chains, where

copulas and flexible marginal distributions are used to specify the transitional probability of the

Markov chains. Most copula-based time series models focus on first-order Markov chains, since

there are many flexible and tractable bivariate copulas. For higher-order Markov chains, the result

is rare and mostly is based on elliptical copulas such as Gaussian copula and t copula due to their

tractability.

As mentioned in Smith (2015), despite that copulas have been employed in either cross-sectional

or temporal dependence modeling of time series, there is few multivariate time series model that

uses copulas to simultaneously characterize both the cross-sectional and temporal dependence. One

exception is Smith (2015) itself, where the author stacks the multivariate time series into a uni-

variate time series and designs copula-based dependence structures for the resulted univariate time

series. The proposed model in Smith (2015) is flexible and can capture nonlinear and asymmetric

tail dependence, and it outperforms the conventional Vector AR model in various applications.

One potential drawback is that the model is complicated and may not be easily implemented by

practitioners.

Chapter 4 proposes a novel semiparametric D-vine copula based multivariate time series model

(mDvine), which enables the simultaneous copula-based modeling for both the temporal and cross-

sectional dependence of a multivariate time series. Due to the use of D-vine copula, the proposed

mDvine is tractable and can generate flexible dependence structures. For the construction of mD-

vine, a univariate D-vine time series model (uDvine) is first designed for the modeling of each com-

ponent univariate time series. The uDvine generalizes the existing first-order copula-based Markov

chain to an arbitrary-order Markov chain. The uDvine provides flexible models for marginal be-

havior of univariate time series and is capable of generating sophisticated temporal dependence

structures such as nonlinear dependence, asymmetric dependence and tail dependence. Using the

same idea of SCOMDY framework in Chen and Fan (2006a), the mDvine is constructed based on

uDvine, where a parametric copula is employed to specify the cross-sectional dependence among

all the uDvine-based component univariate time series. Probabilistic and statistical properties of

uDvine and mDvine are studied in detail. A sequential model selection procedure and a two-stage

MLE are proposed for the inference and estimation of the mDvine. The proposed procedures

are robust and computationally fast. The consistency and asymptotic normality of the MLE is



7

established and affirmed by extensive numerical experiments. Real data applications on the Aus-

tralian electricity market and the Ireland wind speed data demonstrate mDvine’s promising ability

for modeling multivariate time series, where significant improvement over conventional time series

models is observed.
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Chapter 2

Autoregressive Conditional Fréchet

Model for Time Series of Maxima

2.1 Motivation

The study of extreme events in financial markets is always one of the main foci in risk management.

Maximum observations, as the representation of extreme behavior, are of particular interest. For

example, mutual fund managers are keen to assess the potential maximum daily loss across all

stocks in their managed portfolio; the level of potential intra-day maximum loss is important

to high-frequency traders. By Fisher–Tippett–Gnedenko theorem, the generalized extreme value

distribution (GEV) can be used to characterize the behavior of maxima, making extreme value

theory (EVT) a widely researched and practiced approach for risk management in financial industry

(e.g. Embrechts et al., 1999, McNeil and Frey, 2000, Laurini and Tawn, 2009). Besides the Maxima-

GEV methodology, the other main methodology of EVT is the peak-over-threshold (POT), which

is based on generalized Pareto distribution (GPD). By Pickands–Balkema–de Haan theorem, GPD

can be used to approximate the conditional behavior of random variable after it exceeds certain high

thresholds (e.g. Balkema and de Haan, 1974, Picklands, 1975, Davison and Smith, 1990). Under

EVT framework, Maxima-GEV and POT-GPD are closely related and can often reveal the same

information, especially when used to model tail index ξ. See Chapters 4 and 7 in Coles (2001) for

more details about the connection between Maxima-GEV and POT-GPD.
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As mentioned in Diebold et al. (1998), most applications of EVT focus on modeling extreme

events in time series with a static approach under equilibrium distribution. However, the behavior

of the underlying time series may change through time. For example, financial time series tends to

exhibit structural changes and time-varying dynamics such as volatility clustering. To accommodate

the dynamics of extreme events and study the conditional behavior of tail risk in financial markets,

there have been several recent studies of dynamic POT-GPD models. For example, Smith and

Goodman (2000) and Chavez-Demoulin et al. (2014) use Bayesian method to update the time-

varying GPD parameters. Kelly (2014) and Kelly and Jiang (2014) build a dynamic tail model with

POT-GPD for panel data. Massacci (2016) and Zhang and Schwaab (2017) employ a generalized

autoregressive score1 type of observation-driven dynamics for the GPD parameters. These studies

show strong evidence of the time-varying behavior of extreme events in financial markets, especially

for the tail index ξ.

One advantage of Maxima-GEV approach over POT-GPD approach is that it offers a direct

modeling of maxima in time series, which is of particular importance and is the primary focus of

this paper. Unlike the dynamic GPD models, there is little research on dynamic GEV models. Bali

and Weinbaum (2007) design a time-varying GEV to estimate the realized volatility in an empirical

study of market risk, however, theoretical results are not provided.

In this paper we are mainly interested in modeling time series of maxima {Qt}, where {Qt} is a

univariate time series of maxima based on a set of underlying financial time series {Xit}pi=1. There

are mainly two types of {Qt}. The first type is the time series of cross-sectional maxima, where

{Xit}pi=1 are a set of panel time series, and we are interested in modeling the cross-sectional maxima

Qt = max1≤i≤pXit. Such problems arise in many applications, including modeling the maximum

daily loss across a group of stocks in a portfolio. The second type is the time series of intra-

period maxima, where {Xit}pi=1 denote the p intra-period observations for a univariate time series

within period t, and we are interested in modeling the intra-period maxima Qt = max1≤i≤pXit.

For example, one may be interested in the intra-day maxima of high-frequency trading losses that

occur on the same day.

It is worth noting that there is an important difference between “maxima” and “extreme event”.

1See Harvey and Chakravarty (2008) and Creal et al. (2013) for more details about generalized autoregressive
score model.
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“Maxima” has a clear definition of being the maximum of a set of observations, while “extreme

event” is a more vague term, typically defined as rare observations over a high threshold. A

“maxima” may not necessarily be an “extreme event” though most likely it is. As a time series of

maxima, {Qt} is observed at every t. On the other hand, an extreme event may not be observed

at each t, or there may be several extreme events within a time period. There is ample research

on extremal process that offers stochastic characterization and modeling of “extreme event” in

stationary process (see Resnick, 1987, Basrak et al., 2002, Basrak and Segers, 2009, Drees et al.,

2015, for more details). However, in this paper the focus is the direct modeling of the maxima {Qt}

process and its time-varying behavior.

An important byproduct from dynamic modeling of maxima {Qt} is the tail index ξt, which is

arguably the most important indicator for financial market tail risk. Thus, a better modeling of

maxima can help obtain a more accurate assessment of the current market risk level and offer more

insight into the potential market extreme movement.

With the aim of modeling the time-varying behavior of maxima in financial time series, in this

paper we introduce a novel dynamic conditional GEV framework, in which parameters (µ, σ, ξ) of a

conditional GEV are allowed to vary through time with a GARCH-like2 autoregressive mechanism.

Due to the heavy-tailed nature of financial data, Fréchet distribution is widely used for modeling

maxima originated from financial time series. Thus, we propose an autoregressive conditional

Fréchet (AcF) model that allows for an observation-driven time evolution of the scale parameter σ

and the tail index ξ of a Fréchet (Type-II GEV) distribution. Since the scale parameter and the

tail index play the key role in characterizing the tail behavior of Fréchet distribution, AcF provides

a more flexible and applicable model for the time-varying behavior of maxima in financial time

series.

The main contributions of this paper are in the following aspects. From a statistical point

of view, this paper provides the first complete treatment of a dynamic GEV model. The AcF

is a direct approach to modeling the time-varying behavior of maxima in financial time series.

Probabilistic properties of the model and statistical properties of its estimator are investigated

and developed. They make the paper theoretically sound and help lay the foundation for further

development of dynamic models under EVT framework. From an econometric point of view, the

2See Engle (1982) and Bollerslev (1986) for more details about GARCH model.
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newly designed AcF offers a new angle to study the time-varying behavior of tail risk in financial

markets and serves as a promising alternative to the dynamic POT-GPD methodology in the

literature. Real data applications show that the tail index of financial market is indeed time-varying.

Compared to the static GEV, AcF captures the dynamics of maxima more adequately and offers

more promising performance in detecting potential market extreme movement and providing more

accurate conditional VaR prediction for maxima.

The rest of the paper is organized as follows. In Section 2.2 we present a detailed description

of AcF and investigate its probabilistic properties. A maximum likelihood estimator (MLE) is

used for estimation and its statistical properties as an irregular MLE are derived in Section 2.3.

Simulation studies are presented in Section 2.4 to demonstrate the flexibility of AcF and to evaluate

the performance of MLE. Section 2.5 presents two real data applications, one on market tail risk

monitoring based on cross-sectisonal maximum loss of stock markets and one on conditional VaR

estimation of intra-day maximum loss from high-frequency foreign exchange trading. We conclude

the paper in Section 2.6. The Appendix contains the proofs of the theorems and other technical

materials.

2.2 Autoregressive Conditional Fréchet Model

2.2.1 Background

As a time series of maxima, {Qt} cannot be directly modeled by conventional time series models like

ARMA or GARCH. By Fisher–Tippett–Gnedenko theorem, we know that under certain condition,

marginally {Qt} can be accurately approximated by a GEV distribution with three parameters

(µ, σ, ξ), the location, the scale, and the shape parameter, respectively. The common practice in the

literature of modeling maxima {Qt} is to treat it as i.i.d. data and model it by a GEV distribution.

The obvious limitation is that the time dependency between {Qt} has been completely ignored

in this approach, which can potentially cause a huge loss in model efficiency if {Qt} has a strong

dependency across time. To overcome this drawback, we propose a dynamic GEV framework,

under which a conditional evolution scheme is designed for the parameters (µt, σt, ξt) of GEV, so

that time dependency of {Qt} can be captured. Due to the heavy-tailedness of financial data,

{Qt} marginally can be well modeled by Fréchet distribution (i.e. Type II GEV distribution),
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which corresponds to the GEV of which ξ > 0. For the rest of the paper, we focus on the case

that conditionally Qt can be modeled by a Fréchet distribution with parameters (µt, σt, αt) where

αt = 1/ξt as often used for the parametrization of Fréchet distribution:

Qt = µt + σtY
1/αt
t , (2.1)

where {Yt} is a sequence of i.i.d. unit Fréchet random variables and (µt, σt, ξt) ∈ Ft−1 = σ(Qt−1, Qt−2, . . .).

Here µt and σt are location-scale parameters and αt is the shape parameter, also called tail index

of Fréchet distribution.

The scale parameter σt should not be taken exactly as volatility since the conditional variance

of Qt depends on both σt and αt. However, as shown later in Proposition 2.2.1, σt can be closely

related to the volatility process of the underlying time series {Xit}pi=1 and thus requires a dynamic

treatment due to the well-known volatility clustering in financial time series. Moreover, Harvey

(2013) observes that if volatility clustering is not accounted for, movements of the tail parameter

αt can be potentially confounded with movements of the scale parameter σt.

The tail index αt is the essential parameter since it governs the underlying tail behavior of {Qt}

process and plays the most important role in quantifying the potential tail risk. To demonstrate

the necessity of dynamic modeling of αt, we perform an ad-hoc moving-window GEV analysis on

the cross-sectional maxima of negative daily log-returns (i.e. daily losses) of the component stocks

in S&P100 index which includes 100 leading U.S. stocks. The observation period is from January

1, 2000 to December 31, 2014 with 3773 trading days. For each trading day t, we record the

maximum daily loss across the 100 stocks and denote it by Qt. Hence the time series {Qt} has

3773 observations. For each t such that 500 ≤ t ≤ 3273, a GEV model is fitted using {Qk}t+500
k=t−499,

the observations within a 1000-day (approximately 4 years) local window centered at t. We plot

the estimated tail index α̂t in Figure 2.1 along with the estimated tail index α̂ obtained by directly

fitting the static GEV model with the entire series, treating them as i.i.d. observations.

It can be clearly seen that compared to the static estimation (dashed line), the tail index

estimated with smaller moving window (solid curve) changes quite drastically throughout the years,

indicating an insufficiency of the static GEV model. A similar finding of varying tail index has been

reported in Kelly and Jiang (2014) and Massacci (2016). An interesting phenomenon is that the
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Figure 2.1: Tail index α̂t estimated by moving window of size 1000 (solid curve) v.s. tail index α̂
estimated by the static GEV model based on total observations (dashed line).

static GEV seems to give a significantly lower estimation of the tail index than the moving-window

GEV. An under-estimation of tail index over-estimates the tail risk, which in turn may result in

higher reserve requirements and other expenses for financial institutions.

2.2.2 Model specification

For parsimony, we set µt to be constant, which is the common practice in the extreme value analysis,

and concentrate on the dynamics of σt and αt, which are the key parameters of modeling tail behav-

ior. We impose an autoregressive structure on the time-varying parameters (σt, αt) similar to the

approach of GARCH model in Bollerslev (1986), autoregressive conditional density model (ACD)

in Hansen (1994), and autoregressive conditional duration model in Engle and Russell (1998).

Specifically, the autoregressive conditional Fréchet (AcF) model assumes the form

log σt = β0 + β1 log σt−1 + η1(Qt−1), (2.2)

logαt = γ0 + γ1 logαt−1 + η2(Qt−1), (2.3)

where β1, γ1 ≥ 0 and the two terms η1(·) and η2(·) are the observation-driven factors for {log σt}

and {logαt}. The log transform is used to ensure the positivity of the parameters.
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We further assume that η1(·) is a continuous increasing function and η2(·) is a continuous

decreasing function of Qt−1. One salient feature of the maxima series {Qt} in many applications,

especially in financial time series, is the clustering of extreme events in time. It has been observed

that large-valued maxima tend to happen around the same period in many applications. One

possible explanation is that an extreme event observed at time t − 1 (large Qt−1) causes the

distribution of Qt to have larger scale (large σt) and heavier tail (small αt), resulting in a larger

tail risk of Qt. An increasing η1(·) and a decreasing η2(·) ensure that larger Qt−1 is followed by

larger σt and smaller αt. Together with the autoregressive scheme of {log σt} and {logαt} (i.e.

γ1, β1 ≥ 0), this evolution dynamics offers a joint modeling of both volatility clustering for {σt}

process and heavy-tail clustering for {αt} process.

There are many choices of the continuous monotone functions η1(·) and η2(·). In this paper

we use the simple exponential function a0 exp(−a1x). It is a simplified version of the widely used

logistic function L
1+a0 exp(−a1x) . Due to its monotonicity, differentiability, and boundedness, the

logistic function is employed in many studies of observation-driven time series models (e.g. Hansen,

1994, Lundbergh et al., 2003, Boutahar et al., 2008, Hall et al., 2016). The simplification here is

due to Qt > µ, hence there is no need to have the 1 in the denominator of the logistic function for

boundedness. We set a1 > 0 to ensure boundedness and let the sign of a0 control monotonicity of

the exponential function.

For the rest of the paper, we consider the following model:

Qt = µ+ σtY
1/αt
t , (2.4)

log σt = β0 + β1 log σt−1 − β2 exp(−β3Qt−1), (2.5)

logαt = γ0 + γ1 logαt−1 + γ2 exp(−γ3Qt−1), (2.6)

where {Yt} is a sequence of i.i.d. unit Fréchet random variables, 0 ≤ β1 6= γ1 < 1, β2 > 0, β3 > 0,

γ2 > 0, and γ3 > 0.

One alternative for η1(·) and η2(·) is the widely used generalized autoregressive score (GAS)

models by Harvey and Chakravarty (2008) and Creal et al. (2013), which has been successfully

employed in the literature of dynamic POT-GPD models, see Massacci (2016) and Zhang and

Schwaab (2017). However, as shown in Section 2.7.5, in our dynamic GEV context, the η1(·) and
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η2(·) implied under the GAS framework are complicated and may not be monotone, and thus may

suffer from lack of interpretability.

The exponential function is simple, flexible and at the same time intuitive and interpretable.

Although the exponential function implies an upper bound for the {σt} and {αt} process3, as is

demonstrated in Hansen (1994) for logistic functions, the boundedness does not affect the flexibility

of the model but facilitates numerical and technical tractability. Moreover, as shown in Section 2.5,

the current model can flexibly capture dynamics of both the scale parameter and the tail index, and

offers an accurate modeling of the maxima in financial time series. Extensions of AcF to allowing

µt to vary more freely can be implemented by imposing an ARMA structure on µt with added

complexity and potential model instability. A further justification of AcF is given in Section 2.2.4

under a general factor model setting.

To our best knowledge, this is the first formal presentation of dynamic GEV model that offers

a complete dynamic treatment for both the scale parameter σt and the tail index αt. In contrast

to the static GEV, AcF is a time series model of the conditional maxima. Given all the past

information Ft−1, the conditional distribution of maxima Qt is Fréchet(µ, σt, αt), where (µ, σt,

αt)∈ Ft−1.

Remark 1: AcF can be easily extended to include q1 autoregressive terms of log σt and logαt, and

q2 lagged terms of η(Qt), similar to that of GARCH(q1, q2) model. Similar theoretical properties

can be derived and similar estimation procedure can be used. Our empirical experience shows

that the extension does not necessarily improve the performance of the model, but instead induces

instability in estimation. A similar phenomenon has been observed in Creal et al. (2013) and Zhang

and Schwaab (2017) for POT-GPD model. In this paper we focus on AcF(1,1) model.

Remark 2: The choice of η1(·) and η2(·) may require further consideration when the model

is used for other applications, as the exponential function used here is designed to accommodate

volatility clustering and heavy tail clustering for financial applications. An increasing η1(·) produces

volatility clustering and a decreasing η2(·) produces heavy-tail clustering. However, if it is observed

that an extreme event tends to be followed by a period of ‘normal’ activities, then η2(·) may be

assumed to be an increasing function. In general, as long as η1(·) and η2(·) are continuous bounded

3As shown in Section 2.7.5, the η1(·) and η2(·) implied by GAS also give an upper bound on the {σt} and {αt}
process.
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functions, the probabilistic properties shown below still hold and the same estimation procedure

can be applied.

Remark 3: We have assumed that the conditional distribution of Qt is of Fréchet type since the

main focus here is on financial applications. It can be extended to other types of GEVs. In some

cases a proper transformation can be used. For example, if a random variable X follows Gumbel(µ,

σ), then exp(X) is Fréchet with location parameter 0, scale parameter exp(µ) and tail index 1/σ.

Hence, if {Xit}pi=1 are in the Domain of Attraction of Gumbel distribution (Type I GEV), an

exponential transformation of the data can be modeled with AcF.

2.2.3 Stationarity and ergodicity

The evolution schemes (2.5) and (2.6) can be written as

log σt = β0 + β1 log σt−1 − β2 exp(−β3(µ+ σt−1Y
1/αt−1

t−1 )),

logαt = γ0 + γ1 logαt−1 + γ2 exp(−γ3(µ+ σt−1Y
1/αt−1

t−1 )),

where {Yt} is an i.i.d. sequence of unit Fréchet random variables. Hence {σt, αt} form a homoge-

neous Markov chain in R2. The following theorem gives a general sufficient condition under which

the process is stationary and ergodic.

Theorem 2.2.1. For an AcF with β2, β3, γ2, γ3 > 0, β0, γ0, µ ∈ R, and 0 ≤ β1 6= γ1 < 1, the latent

process {σt, αt} is stationary and geometrically ergodic.

The proof can be found in Section 2.7.1. Since {Qt} is a coupled process of {σt, αt} through (2.4),

{Qt} is also stationary and ergodic. Unlike GARCH model, the stationarity of AcF mainly requires

the autoregressive coefficient 0 ≤ β1, γ1 < 1 with no restriction on the parameters associated with

the shock process Qt−1. This is due to the boundedness of η1(Qt−1) and η2(Qt−1).
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2.2.4 AcF under a factor model setting

In this section, we illustrate that the limiting form of maxima Qt under a general factor model

framework leads to an AcF model. Assume {Xit}pi=1 follow a general factor model,

Xit = fi(Z1t, Z2t, . . . , Zdt) + σitεit,

where {Xit}pi=1 are observed time series at time t, {Z1t, Z2t, . . . , Zdt} consist of observed and un-

observed factors, {εit}pi=1 are i.i.d. random noises that are independent with the factors {Zit}di=1,

and {σit}pi=1 ∈ Ft−1 are the conditional volatilities of {Xit}pi=1. The function fi : Rd → R is a Borel

function.

This general factor model has been widely used for analyzing high dimensional panel data. The

(dynamic) factor models of Bai and Ng (2002), Geweke (1977), Stock and Watson (2011), Lam and

Yao (2012), and many others assume unobservable factors. Asset pricing models of Sharpe (1964),

Mossin (1966), Fama and French (1993), and others use observable factors.

One fundamental characteristic of many financial time series is that they are often heavy-tailed.

To incorporate this observation, we make the common assumption that the random noise {εit}pi=1

are i.i.d. random variables in the Domain of Attraction of Fréchet distribution (Leadbetter et al.,

1983). Specifically, we adopt the following definition:

Definition 1 (Leadbetter et al. (1983)). A random variable ε is in the Domain of Attraction of

Fréchet distribution with tail index α if and only if xF =∞ and 1−Fε(x) ∼ l(x)x−α, α > 0, where

Fε is the cdf of ε, l(x) is a slowly-varying function and xF = sup{x : Fε(x) < 1}. Here and after,

for two positive functions m1(x) and m2(x), m1(x) ∼ m2(x) means m1(x)
m2(x) → 1, as x→∞.

Distributions in Domain of Attraction of Fréchet distribution include a broad class of random

variables such as Cauchy, Lévy, Pareto and t distributions. To facilitate algebraic derivation, we

further assume that for εit, lt(x)→ Kt as x→∞, where Kt ∈ Ft−1 is a positive constant. This is

a rather weak assumption with all the aforementioned random variables satisfying this condition.

Since Kt can be incorporated into each σit, without loss of generality, we set Kt = 1 in the following.

Under a dynamic model, we assume that the conditional tail index αt of εit evolves through time

according to certain dynamics (e.g. (2.6)) and αt ∈ Ft−1.
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We also assume that

sup
1≤p<∞

sup
1≤i≤p

|fi(Z1t, Z2t, . . . , Zdt)| <∞ a.s.

Notice here the supremum is taken over p with the number of latent factors d fixed. This is a mild

assumption and it includes all the commonly encountered factor models. For example, if the factor

model takes a linear form, fi(Z1t, . . . , Zdt) =
∑d

j=1 β
(i)
j Zjt, a sufficient condition for the assumption

to hold would be sup
1≤p<∞

sup
1≤i≤p

‖β(i)‖ <∞.

We further assume that

lim
p→∞

p∑
i=1

σαtit =∞ and lim
p→∞

sup
1≤i≤p

σαtit∑p
j=1 σ

αt
jt

= 0.

Intuitively, it means the magnitudes of conditional volatility σit are comparable to each other and

there is no single Xit that dominates the total volatility. For example, if σit = ciσt and all ci’s are

in a compact positive interval, then the assumption holds.

Given the assumptions, the following result gives the asymptotic conditional distribution of

maxima Qt = max1≤i≤pXit when p goes to infinity.

Proposition 2.2.1. Given Ft−1, denote apt = 0 and bpt = (
∑p

i=1 σ
αt
it )

1/αt, we have, as p→∞,

Qt − apt
bpt

d→ Ψαt(x), (2.7)

where Ψαt(x) is a Fréchet type random variable with tail index αt and Ψαt(x) = exp (−x−αt).

The proof of Proposition 2.2.1 can be found in Section 2.7.2. Proposition 2.2.1 shows that under

the framework of the general factor model and some mild conditions, the conditional distribution

of maxima Qt = max1≤i≤pXit can be well approximated by a Fréchet distribution. In terms of

stochastic representation, (2.7) can be rewritten as Qt ≈ σtY 1/αt
t , where Yt is a unit Fréchet random

variable and σt = bpt. To be more flexible and accurate in finite samples, a location parameter µt

can be included. That is,

Qt ≈ µt + σtY
1/αt
t , (2.8)

where (µt, σt, αt) are time-varying parameters. Setting µt = µ for parsimonious modeling, we
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obtain the dynamic structure of {Qt} specified in (2.4).

Remark 4: In the general factor model, the cross-sectional dependence among Xit’s, such as tail

dependence, can be introduced by the factor structures. Notice that the independence assumption

on εit’s is not essential for Proposition 2.2.1. Based on the results of maxima in stationary series

in Leadbetter et al. (1983), similar and more elaborate results can be derived if we impose a

stationarity assumption or block independence assumption on εit’s.

Remark 5: The assumption that {Xit}pi=1 share the same tail index αt may seem to be strong,

however, van Oordt and Zhou (2016) found it reasonable in financial applications. See Kelly (2014)

and Kelly and Jiang (2014) for a similar assumption. A more involved version of Proposition 2.2.1

is also available upon request for handling the case that {Xit}pi=1 may have different tail behavior.

Remark 6: The general factor model considered in this section is just an example whose limiting

form of maxima coincides with our proposed AcF model. In this paper we are not focusing on the

general factor model. Instead, we focus on AcF models.

2.3 Irregular Maximum Likelihood Estimation

We denote all the parameters in the model by θ = (β0, β1, β2, β3, γ0, γ1, γ2, γ3, µ) and denote Θs =

{θ|β0, γ0, µ ∈ R, 0 ≤ β1, γ1 < 1, β2, β3, γ2, γ3 > 0}. In the following, we assume that all allowable

parameters are in Θs and denote the true parameter by θ0 = (β0
0 , β

0
1 , β

0
2 , β

0
3 , γ

0
0 , γ

0
1 , γ

0
2 , γ

0
3 , µ0).

The conditional p.d.f. of Qt given (µ, σt, αt) is

ft(θ) = f(Qt|σt, αt) = αtσ
αt
t (Qt − µ)−(αt+1) exp

{
−σαtt (Qt − µ)−αt

}
.

Hence, by conditional independence, the log-likelihood function with observations {Qt}nt=1 is

Ln(θ) =
1

n

n∑
t=1

lt(θ) =
1

n

n∑
t=1

[
logαt + αt log σt − (αt + 1) log(Qt − µ)− σαtt (Qt − µ)−αt

]
,

where {σt, αt}nt=1 can be obtained recursively through (2.5) and (2.6), with an initial value (σ1, α1).

Notice here the true value of (σ1, α1), denoted as (σ0
1, α

0
1), is unknown since the state variables

{σt, αt} is a hidden processes. Fortunately, with 0 ≤ β1, γ1 < 1, the influence of (σ1, α1) on
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future (σt, αt) decays exponentially as t increases, hence its impact on parameter estimation will

be minimum with a sufficiently large sample size. Theorems 2.3.1 and 2.3.2 below show that the

consistency and asymptotic normality of MLE do not depend on whether (σ0
1, α

0
1) is known and

the asymptotic distribution does not depend on the initial value (σ1, α1). For simplicity, we use

the estimated (σ̂, α̂) from the static GEV as the initial value for (σ1, α1).

Denote the log-likelihood function based on an arbitrary (σ̃1, α̃1) as L̃n(θ). Theorems 2.3.1 and

2.3.2 show that there always exists a sequence θ̂n, which is a local maximizer of L̃n(θ), such that

θ̂n is consistent and asymptotically normal, regardless of the initial value (σ̃1, α̃1).

Theorem 2.3.1. (Consistency) Assume the parameter space Θ is a compact set of Θs. Suppose

the observations {Qt}nt=1 are generated by a stationary and ergodic AcF with true parameter θ0 and

θ0 is in the interior of Θ, then there exists a sequence θ̂n of local maximizer of L̃n(θ) such that

θ̂n →p θ0 and ‖θ̂n − θ0‖ ≤ τn, where τn = Op(n
−r), 0 < r < 1/2. Hence θ̂n is consistent.

By the differentiability of L̃n(θ) with respect to θ, the sequence θ̂n is also the solution to the

score function ∂L̃n
∂θ (θ) = 0. Theorem 2.3.1 guarantees the existence of a sequence of consistent MLE

θ̂n and is a result about the local behavior of the likelihood function L̃n(θ) near the true parameter

value θ0. The uniqueness of MLE remains an open question due to the complication brought by

µ. The same difficulty also applies to the MLE of the static GEV as is noted in Smith (1985).

Proposition 2.3.1 gives a partial answer to the asymptotic uniqueness of MLE.

Proposition 2.3.1. (Asymptotic uniqueness) Denote Vn = {θ ∈ Θ|µ ≤ cQn,1 + (1 − c)µ0} where

Qn,1 = min1≤t≤nQt, under the conditions in Theorem 2.3.1, for any fixed 0 < c < 1, there exists

a sequence of θ̂n = arg maxθ∈Vn L̃n(θ) such that, θ̂n →p θ0, ‖θ̂n − θ0‖ ≤ τn, where τn = Op(n
−r),

0 < r < 1/2, and P (θ̂n is the unique global maximizer of L̃n(θ) over Vn)→ 1.

Since L̃n(θ) is defined on Qt > µ, the parameter space for the maximization of L̃n(θ) is actually

Θn = {θ ∈ Θ|µ < Qn,1}. Note that for any 0 < c < 1, Vn ⊆ Θn since µ0 < cQn,1 +(1−c)µ0 < Qn,1.

Proposition 2.3.1 states that there is an asymptotic unique MLE over Vn, where Vn can be made

arbitrarily close to Θn by the fact that Qn,1 ↘ µ0 a.s. and by setting c close to 1. In practice, we

take θ̂n = arg maxθ∈Θn L̃n(θ). Numerical experiments confirms its good performance under finite

sample.
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Theorem 2.3.2. (Asymptotic normality) Under the conditions in Theorem 2.3.1, we have
√
n(θ̂n−

θ0)
d→ N(0,M−1

0 ), where θ̂n is that in Theorem 2.3.1 and M0 is the Fisher Information matrix

evaluated at θ0. Further, the sample variance of plug-in estimated score functions { ∂∂θ lt(θ̂n)}nt=1 is

a consistent estimator of M0.

The proofs of Theorems 2.3.1 and 2.3.2 and Proposition 2.3.1 can be found in Section 2.7.3. The

main technical difficulty is that the MLE here is irregular in the sense that µ affects the support of

the observations Qt (since Qt > µ), so regularity conditions of standard MLE are violated. Another

technical complication is caused by the fact that the true initial value (σ0
1, α

0
1) is unknown. In the

literature, Smith (1985) proves consistency and asymptotic normality for such irregular MLE for

a wide range of distributions, including Fréchet distribution, with i.i.d. observations. See Dombry

(2015), Bücher and Segers (2016), and Bücher and Segers (2017) for a recent development on this

topic. Our proof extends the theoretical result to a dynamic model for dependent time series under

stationary and ergodic conditions. We note that this is the first formal treatment for statistical

properties of MLE under dynamic EVT framework. The technical tools developed here can also be

used for dynamic POT-GPD models.

2.4 Simulation Study

2.4.1 Convergence of maxima in factor model

In this section, we conduct numerical experiments to investigate the finite sample behavior of Qt

described in Proposition 2.2.1. Specifically, we study the convergence of the marginal distribution

of Qt to its Fréchet limit under a one-time period factor model. To simplify notation, we drop the

time index t in this section. We simulate data from the following one-factor linear model,

Xi = βiZ + σiεi, i = 1, . . . , p,

where Z ∼ N(0, 1) is the latent factor, βi’s are i.i.d. random coefficients generated from a uniform

distribution U(−2, 2) and εi’s are i.i.d. t-distributions with degrees of freedom ν. The σi’s are i.i.d.

random variables generated from a mixture of uniform distribution 1
2U(0.5, 1.5) + 1

2U(0.75, 1.25)

such that most σi’s are moderate in (0.75, 1.25) and the ratio between maximum and minimum σi’s
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are 3. This setting roughly matches the pattern of volatilities of different stocks in S&P100 index.

For t-distribution, ν corresponds to the tail index α in Definition 1. We set Q = max1≤i≤p(Xi).

We compare the finite sample empirical distribution of Q and its corresponding Fréchet limit

stated in Proposition 2.2.1 under different ν and p. For each (ν, p) combination, 1000 sets of i.i.d.

{Xi}pi=1 are generated, resulting in 1000 sampled Q = max1≤i≤p(Xi). Figure 2.2 plots the empirical

cdf of the normalized Q in (2.7) along with the corresponding limiting Fréchet distribution. It is

clearly seen that as p increases, the empirical distribution of Q approaches its Fréchet limit. A large

ν requires larger p for accurate approximation. We also conduct experiments with t-distributed

latent factors Z and observe similar results.

Figure 2.2: Finite sample empirical distribution of the maxima Q and its corresponding Fréchet
limit, with different combinations of p and degrees of freedom (df) of the t-distribution in the factor
model.
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2.4.2 AcF estimation for conditional VaR of maxima

In this section, we investigate the temporal approximation ability of AcF to the maxima {Qt}

process from a general factor model in terms of 1-day conditional Value at Risk (cVaR). cVaR is

the most commonly used measure for tail risk in financial applications. For 0 < q < 1, cVaRq
t is

defined as the 1− q extreme quantile of Qt given all past information Ft−1, where q is often taken

to be 0.1, 0.05 or 0.01. Here, we model the {Qt} process using AcF and calculate the corresponding

cVaRq
t for Qt using the fitted AcF.

Specifically, we simulate the {Qt} process from a similar one-factor linear model as in Section

2.4.1,

Xit = 0.009(βiZt + σiεit), i = 1, . . . , p; t = 1, . . . , T,

where Zt ∼ N(0, 1) is the latent factor, βi’s are i.i.d. random coefficients generated from U(−2, 2),

σi’s are i.i.d. random variables generated from a mixture of uniform distribution 1
2U(0.5, 1.5) +

1
2U(0.75, 1.25) and εit’s are i.i.d. t-distributions with degrees of freedom νt. The multiplier 0.009

is used to control the magnitude of Xit to be at the same level of typical stock returns. We fix

p = 100 and change the observation length T throughout this section. For each day t we obtain

Qt = max1≤i≤pXit. We allow νt to evolve, following

log νt = γ0 + γ1 log νt−1 + γ2 exp(−γ3Qt−1),

which resembles the tail index evolution scheme in AcF. Note that the volatility of εit also evolves

implicitly through time due to the dynamics of νt. We set the parameters to be (γ0, γ1, γ2, γ3) =

(−0.1, 0.9, 0.3, 5) such that the typical range of νt is [2, 6].

We use AcF to model the simulated {Qt}Tt=1 process and assess the goodness of approximation

by AcF’s out-sample performance on predicting 1-day cVaR for Qt. Specifically, we first fit AcF

based on the training set {Qt}T1t=1. Then using the fitted AcF, we calculate cVaRq
t for each Qt on

the test set {Qt}T1+T2
t=T1+1. The true {Qt}T1+T2

t=T1+1 are then compared with the {cVaRq
t}
T1+T2
t=T1+1 and the

number of violations are recorded. A violation happens when the observed daily maxima Qt is

larger than the corresponding cVaRq
t given by AcF. If AcF approximates the tail behavior of {Qt}

process well, the expected proportion of violations in the test set should be close to q.
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We set T1 = 1000, 2000, 5000, T2 = 100 and q0 = 0.1, 0.05, 0.01. For each combination of

(T1, T2, q
0), we repeat the experiment 500 times. The ith experiment gives a realized violation

percentage qi and we report the average percentage, q̄ =
∑500

i=1 qi/500, in Table 2.1. We also report

the p-value for testing E(qi) = q0 using one-sample Z-test based on {qi}500
i=1. It is clear that the 1-day

T1 q̄ (q0 = 0.1) p-value q̄ (q0 = 0.05) p-value q̄ (q0 = 0.01) p-value

1000 0.095 0.104 0.049 0.758 0.012 0.093

2000 0.096 0.229 0.049 0.748 0.012 0.110

5000 0.097 0.340 0.051 0.613 0.012 0.077

Table 2.1: The performance of AcF on approximation of 1-day conditional VaR for {Qt} process
with independent errors εit.

cVaR given by AcF performs well. Also, a larger training set tends to produce better performance.

To further investigate the performance of AcF when εit’s are dependent, we repeat the ex-

periment for the case where εit’s are generated from multivariate t-distributions. Specifically, we

assume εit’s are generated from 10 different multivariate t-distributions of size 10. There are 45

pairwise correlations in the correlation matrix of each multivariate t-distribution, 30 of them are

generated from U(0, 0.3), 10 are from U(0.3, 0.4) and 5 are from U(0.4, 0.5). For each day t, the 100

εit’s are generated independently from the 10 multivariate t-distributions with degrees of freedom

νt and corresponding correlation matrices. Note that marginally each εit is still a t-distribution

with degrees of freedom νt. We keep all the other settings unchanged and report the result in Table

2.2. Again, AcF performs well in terms of 1-day cVaR.

T1 q̄ (q0 = 0.1) p-value q̄ (q0 = 0.05) p-value q̄ (q0 = 0.01) p-value

1000 0.094 0.053 0.048 0.308 0.012 0.104

2000 0.097 0.270 0.047 0.154 0.011 0.460

5000 0.096 0.081 0.048 0.222 0.011 0.189

Table 2.2: The performance of AcF on approximation of 1-day conditional VaR for {Qt} process
with dependent errors εit.

All together, it indicates that AcF can accurately approximate the tail behavior of the maxima

{Qt} process that originates from a general factor model and AcF is robust under misspecification

of the scale parameter.
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2.4.3 Performance of the maximum likelihood estimator

To study the finite sample performance of the MLE, we simulate data from an AcF with the follow-

ing parameters (β0, β1, β2, β3, γ0, γ1, γ2, γ3, µ) = (−0.050, 0.96,−0.051, 6.68,−0.068, 0.89, 0.33, 5.33,−0.069).

This set of parameters is the MLE obtained from an analysis of the S&P100 returns using AcF,

shown in Section 2.5.1. Under this setting, the typical range of αt is [2, 8] and the typical range of

σt is [0.06, 0.21].

We investigate the performance of MLE and the corresponding confidence intervals with sample

sizes n = 1000, 5000, 10000. For each sample size, we conduct 500 experiments. Table 2.3 shows the

average of the estimates, the standard deviation from the 500 experiments, and the percentage of

estimates that fall into the various confidence intervals based on the asymptotic theory. It is seen

N = 1000 γ0 γ1 γ2 γ3 β0 β1 β2 β3 µ

True value -0.068 0.890 0.330 5.33 -0.050 0.960 -0.051 6.68 -0.069
Mean -0.060 0.884 0.346 6.28 -0.051 0.956 -0.054 5.88 -0.066
S.D. 0.029 0.028 0.058 1.93 0.028 0.019 0.023 3.25 0.011

90% C.I. 81 82 90 91 85 81 75 78 88
95% C.I. 84 88 93 94 87 87 79 80 95
99% C.I. 88 92 97 97 95 94 87 85 98

N = 5000 γ0 γ1 γ2 γ3 β0 β1 β2 β3 µ

True value -0.068 0.890 0.330 5.33 -0.050 0.960 -0.051 6.68 -0.069
Mean -0.066 0.889 0.332 5.52 -0.051 0.959 -0.052 6.53 -0.069
S.D. 0.014 0.012 0.029 0.88 0.012 0.008 0.009 1.83 0.005

90% C.I. 88 87 90 85 88 87 88 87 86
95% C.I. 92 96 93 94 92 91 93 93 94
99% C.I. 95 99 98 99 98 98 97 97 99

N = 10000 γ0 γ1 γ2 γ3 β0 β1 β2 β3 µ

True value -0.068 0.890 0.330 5.33 -0.050 0.960 -0.051 6.68 -0.069
Mean -0.067 0.890 0.330 5.44 -0.050 0.960 -0.051 6.55 -0.069
S.D. 0.010 0.007 0.018 0.61 0.007 0.005 0.006 1.37 0.003

90% C.I. 90 88 88 85 89 89 86 89 90
95% C.I. 93 94 94 94 92 94 93 94 98
99% C.I. 98 100 100 99 97 98 98 98 99

Table 2.3: Numerical results for performance of MLE with sample size 1000, 5000, 10000. Mean and
S.D. are the sample mean and standard deviation of the MLE’s obtained from 500 simulations. 90%
C.I. reports the coverage rate of the 90% C.I. constructed from the estimated Fisher Information
matrix; 95% C.I. and 99% C.I. report corresponding coverage rates.

that MLE is consistent and its accuracy increases with the sample size. Also, the coverage rate of
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the asymptotic confidence interval is quite close to the target, validating the asymptotic properties

presented in Section 2.3.

2.5 Real Data Applications

In this section, we present two real data applications of AcF, one on the cross-sectional maxima

of negative log-returns of stocks in two major U.S. stock indices and one on the intra-day maxima

of negative log-returns from high-frequency foreign exchange trading. In both cases, AcF shows

its superiority over the static GEV for modeling maxima and its ability to reveal the time-varying

nature of the financial market tail risk. Moreover, AcF demonstrates its potential usefulness as

a market tail risk measure and an early warning signal for potential extreme movement in the

financial market.

2.5.1 Cross-sectional maxima of the negative daily log-returns of stocks in

S&P100 index and DJI30 index

In this section, we consider the cross-sectional maxima of the negative daily log-returns (i.e. daily

losses) of component stocks in S&P100 Index (hereafter S&P100) and Dow Jones Industrial Average

Index (hereafter DJI30) respectively. For both indices, the time horizon we consider here is from

January 1, 2000 to December 31, 2014. The S&P100 index includes 100 leading U.S. stocks and

represents about 45% of the market capitalization of the U.S. equity market. The DJI30 index is

a major U.S. stock index, consisting of 30 largest publicly owned companies based in U.S. Both

indices are arguably the most important U.S. financial market indicators. To maintain a better

management of financial risk, it is essential for financial institutions, especially mutual funds and

banks, to understand the cross-sectional tail risks of S&P100 and DJI30.

We present the AcF modeling result for S&P100 in detail. For each trading day t we calculate

the negative daily log-returns of each component stock in S&P100 to obtain {Xit}100
i=1 and then

obtain the daily cross-sectional maxima Qt = max1≤i≤100Xit. The time series {Qt} has 3773

observations and is shown in the bottom panel of Figure 2.3.

The estimation result of AcF is summarized in Table 2.4. The estimated autoregressive param-

eter β̂1 for the scale parameter {σt} process is 0.96, which suggests a strong persistence of the {σt}
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S&P100 γ0 γ1 γ2 γ3 β0 β1 β2 β3 µ

Mean -0.068 0.890 0.328 5.33 -0.050 0.961 -0.051 6.68 -0.069
S.D. 0.014 0.013 0.063 1.27 0.006 0.004 0.0072 1.01 0.006

DJI30 γ0 γ1 γ2 γ3 β0 β1 β2 β3 µ

Mean 0.023 0.895 0.261 16.32 -0.052 0.964 -0.047 7.38 -0.059
S.D. 0.016 0.013 0.041 3.529 0.005 0.004 0.0066 0.813 0.006

Table 2.4: MLE for cross-sectional maxima of negative daily log-returns for S&P100 (top) and
DJI30 (bottom) from January 1, 2000 to December 31, 2014.

series. The estimated scale parameter {σ̂t} (solid line) is plotted in Figure 2.4. For comparison,

we also fit a GARCH(1,1) model for each component stock in S&P100 and plot the daily average

volatility given by the GARCH models (dashed line) across the 100 stocks in Figure 2.4. The two

series move very closely with each other with an overall correlation of 0.918. It suggests that AcF’s

dynamic scale parameter σt is an accurate measure of market volatility.

Figure 2.3: Estimated tail index {α̂t} (top) and cross-sectional maximum negative daily returns
{Qt} (bottom) from January 1, 2000 to December 31, 2014 for S&P100 Index. The horizontal solid
line is the estimated α̂ from the static GEV. The vertical dashed line marks the date when α̂t is at
its lowest for the first time over the past four years.

The estimated autoregressive parameter γ̂1 for the tail index {αt} process is 0.89, indicating

a strong persistence in the tail index process. The estimated tail index {α̂t} is shown in the top

panel of Figure 2.3. The estimated tail index by AcF is roughly in the range of 2 to 8, which agrees

with the empirical finding of Massacci (2016) via a dynamic POT-GPD model. The two periods
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of persistent small tail index (αt < 4) coincide with the early 2000’s U.S. recession and the 2008

financial crisis. Note that the difference between αt = 2 and αt = 8 is very significant. A Fréchet

type random variable has its k-th moment if and only if α > k. It is also noted that almost all α̂t’s

are greater than 2, hence the conditional mean and variance of the cross-sectional maxima always

exist, which agrees with the existing literature (e.g. Hansen, 1994).

The stationary mean of (αt, σt, µ) of the estimated AcF is (5.73, 0.099,−0.069). We also fitted

the static GEV model to the data, assuming the Qt’s are i.i.d. observations. The estimated

parameters are (α̂, σ̂, µ̂) = (2.56, 0.058,−0.025). It is seen that the estimated tail index of the

static GEV model is suspiciously low (see Figures 2.1 and 2.3). It is clear that the static GEV fails

to adequately model the time-varying tail risk. On the other hand, the estimated tail index α̂t given

by AcF matches the general pattern of the estimated tail index obtained by the moving-window

GEV in the ad-hoc analysis shown in Figure 2.1.

Figure 2.4: Estimated scale parameter {σ̂t} by AcF (solid line) v.s Estimated average volatility by
GARCH (dashed line) from January 1, 2000 to December 31, 2014. Both series are standardized
to be zero mean and unit variance for comparison.

As shown in Figure 2.3, there is a clear negative association between the daily maxima {Qt}

series and the estimated tail index {α̂t}, making α̂t a useful measure of the underlying market tail

risk. We also observe an interesting feature. The vertical dashed line in Figure 2.3 marks the date

when tail index α̂t is at its lowest for the first time over the past four years. The actual date,
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December 13, 2007, is in the very beginning stage of the 2008 financial crisis. It shows the ability

of AcF to capture the extreme tail movement of financial market in its early stage.

We have also applied the same procedure to DJI30. The estimation result of AcF is shown in

Table 2.4 and is similar to the one obtained for S&P100. Due to limited space, we only present its

estimated tail index plot (Figure 2.5) here. The typical range of tail index for DJI30 is [2.5, 10],

with a slight up-shift compared to the one of S&P100, indicating that the tail risk of DJI30 is lower

than that of S&P100. This is reasonable considering that the companies in DJI30 are more stable

and well-established than those in S&P100. The correlation between the estimated scale parameter

{σ̂t} from AcF and the average volatility obtained by fitting GARCH model to each stock is 0.909.

It again indicates that the evolution scheme of AcF’s scale parameter captures the dynamics of

the underlying stock market volatility very well. The date when the tail index of DJI30 is at its

Figure 2.5: Estimated tail index {α̂t} (top) and cross-sectional maximum negative daily return
{Qt} (bottom) from January 1, 2000 to December 31, 2014 for DJI30 Index. The horizontal solid
line is the estimated α̂ from the static GEV. The vertical dashed line marks the date when α̂t is at
its lowest for the first time over the past four years.

lowest for the first time over the past four years is November 09, 2007, which is very close to the

one in S&P100. Together, it shows that AcF has the potential to detect extreme tail risks in the

stock market and shows the possibility of using αt as a risk measure and indicator. More studies

are needed to test the notion that an abnormal downwards movement of the tail index, such as

reaching a four-year running minimum, can be used as an early warning signal of possible market
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crisis.

2.5.2 Intra-day maxima of 3-minute negative log-returns for USD/JPY foreign

exchange rate

In this section, we consider the modeling of intra-day maxima of 3-minute negative log-returns from

USD/JPY exchange trading. Specifically, we collect the historical 3-minute intra-day exchange rate

of USD/JPY from January 1, 2008 to June 26, 2013. The 3-minute negative log-returns {Xit}pi=1

are obtained and intra-day maxima Qt are calculated. The total length of the series is 1616. The

maxima {Qt} series is shown in Figure 2.6(a).

We fit AcF to the intra-day maxima series. Estimated parameters with their standard deviations

are shown in Table 2.5. Similar to the result in the stock market, the estimated autoregressive

parameter β̂1 for {σt} is 0.89, showing a strong persistence of the {σt} series; while the autoregressive

parameter γ̂1 for {αt} is 0.59, indicating a less persistent tail index series for the foreign exchange

market. The stationary mean of (αt, σt, µ) is (3.47, 0.167,−0.051) under the estimated AcF, while

(α̂, σ̂, µ̂) = (3.25, 0.180,−0.068) for the static GEV model. The static GEV model gives a relatively

smaller estimated tail index.

γ0 γ1 γ2 γ3 β0 β1 β2 β3 µ

Mean 0.448 0.587 0.658 20.84 -0.120 0.890 -0.195 6.59 -0.051
S.D. 0.144 0.123 0.203 4.52 0.016 0.012 0.024 0.955 0.010

Table 2.5: MLE for intra-day maxima of 3-minute negative log-returns for USD/JPY from January
1, 2008 to June 26, 2013.

The estimated tail index {α̂t} is shown in Figure 2.6(b). It is seen that the tail index is small

around 2009, showing a riskier foreign exchange market during the financial crisis. Compared to

the tail index of stock market, the tail index series here is also more volatile due to the smaller

autoregressive parameter γ̂1. The range of the tail index is roughly [3, 5], which suggests that

the high-frequency trading of USD/JPY has relatively high risks, as observed by Malinowski et al.

(2015). We simulate a {Qt} series of length 10000 from the estimated AcF and compare its station-

ary marginal distributions with the observed series using a quantile-quantile plot in Figure 2.6(c).

It confirms that AcF is a suitable model for the series.

We further test the out-sample performance of AcF for predicting 1-day cVaRq for the intra-day
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Figure 2.6: (a) Daily maxima of 3-minute negative log-returns of USD/JPY from January 1, 2008
to June 26 2013; (b) Estimated tail index {α̂t} from the fitted AcF; (c) Quantile-quantile plot of
real data and simulated data from the fitted AcF.

maxima. First, we fit AcF using the 1000 observations where 1 ≤ t ≤ 1000 (roughly 4 years). For

the rest 616 observations where 1001 ≤ t ≤ 1616, based on the fitted AcF and past information

Ft−1, we calculate their 1-day cVaRq0 at q0 = 0.1, 0.05, 0.01, 0.005, 0.001. The true daily maxima are

then compared with the estimated cVaR and the number of violations is recorded. For comparison,

we also fit the static GEV model using the first 1000 observations and calculate the corresponding

1-day cVaR for the rest 616 observations.

Table 2.6 shows the comparison results. For each q0, the table presents the number of expected

violations (616q0) and the number of actual violations. We also report the p-value of a binomial

test for the hypothesis that the actual violation probability and the corresponding q0 are the same.

It is clearly seen that the 1-day cVaR based on AcF performs extremely well, with large p-values for

all levels of q0. On the other hand, the static GEV tends to produce much more conservative cVaR

estimates. The comparison clearly demonstrates the time-varying nature of the tail index and the

importance of having a dynamic structure such that current market condition is incorporated in

the estimation of cVaR.
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AcF static GEV
q0(%) Expected Violation Violation p-value Violation p-value

10 61.6 60 0.89 32 0.00
5.0 30.8 35 0.41 17 0.01
1.0 6.2 8 0.41 2 0.10
0.5 3.1 4 0.56 1 0.39
0.1 0.6 0 1.00 0 1.00

Table 2.6: Result of 1-day cVaR calculated from AcF and static GEV for intra-day maxima of
negative log-returns of USD/JPY exchange rate.

2.6 Conclusion and Future Research

In this paper, we propose a general dynamic GEV framework for the modeling of time series

of maxima. By allowing time-varying scale parameter and tail index of a conditional Fréchet

distribution, AcF provides a direct modeling of dynamics of maxima in financial time series and

offers a new angle to study the tail risk dynamics in financial markets. Probabilistic properties of

AcF are investigated. We implement a maximum likelihood estimator for AcF and investigate its

asymptotic properties, using a set of unique technical tools due to the irregularity of the MLE. The

real data examples illustrate the efficacy of AcF in practice and its potential broad use in financial

risk management and other types of tail risk monitoring.

The AcF can be extended to incorporate other structures and phenomenon observed in real

applications. One potential extension is to assume a parametric dynamic structure for the location

parameter µ. An ARMA model is a natural choice and is currently being studied. The choices

for function η(·) may need further study when it comes to different applications. Another natural

extension is to construct multivariate AcF for multivariate maxima. Incorporating the idea of Chen

and Fan (2006a), an extreme value copula can be used to “link” different univariate AcF models

and thus provide a natural model for multivariate time series of maxima. One limitation of AcF is

that it can not model time series with marginal distributions of Weibull type, a distribution used

in certain applications. Further investigation is required.
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2.7 Appendix

2.7.1 Proof of stationarity and ergodicity

Proof of Theorem 2.2.1: The proof of Theorem 2.2.1 follows closely the result of Chan and Tong

(1994) on non-linear dynamic system. In the following, we assume {σt, αt} comes from an AcF

with parameter θ ∈ Θ as specified in Theorem 2.2.1. Without loss of generality, in the following

proof, we assume µ = 0. In AcF, (log σt, logαt) forms a non-linear dynamic system according to

the following equation,

log σt = β0 + β1 log σt−1 − β2 exp(−β3(σt−1Y
1/αt−1

t−1 )),

logαt = γ0 + γ1 logαt−1 + γ2 exp(−γ3(σt−1Y
1/αt−1

t−1 )).

To fit {log σt, logαt} into the framework of Chan and Tong (1994), we reparametrize the au-

toregressive equations as follows:

log σt = [β0 − z1 + β1 log σt−1] +
[
z1 − β2 exp(−β3(σt−1Y

1/αt−1

t−1 ))
]
,

logαt = [γ0 + z2 + γ1 logαt−1] +
[
γ2 exp(−γ3(σt−1Y

1/αt−1

t−1 ))− z2

]
,

where z1 is a positive constant such that 0 < z1 < β2 (e.g. we can set z1 = β2/2) and z2 is a positive

constant such that 0 < z2 = γ2 exp( γ3β3 log( z1β2 )) < γ2. The reason for defining z1, z2 as above will

be made more clear in the proof of Lemma 2.7.2. Let Xt = (log σt, logαt) and

T (Xt−1) = [β0 − z1 + β1 log σt−1, γ0 + z2 + γ1 logαt−1] ,

S(Xt−1, Yt−1) =
[
z1 − β2 exp(−β3(σt−1Y

1/αt−1

t−1 )), γ2 exp(−γ3(σt−1Y
1/αt−1

t−1 ))− z2

]
,

we can rewrite the nonlinear dynamic system of (log σt, logαt) as

Xt = T (Xt−1) + S(Xt−1, Yt−1),

where {Yt} is a sequence of i.i.d. Fréchet innovations.
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Following the terminology in Chan and Tong (1994), T (·) admits a compact attractor Λ =(
β0−z1
1−β1 ,

γ0+z2
1−γ1

)
, which is a singleton in R2, and the domain of attraction for Λ is R2. In other

words, for any x ∈ R2, we have that the iterates Tn(x) → Λ as n → ∞. We further define

G =
(
β0−β2
1−β1 ,

β0
1−β1

)
×
(

γ0
1−γ1 ,

γ0+γ2
1−γ1

)
, which is an open rectangle in R2.

Lemma 2.7.1. G is absorbing for Xt.

Proof. We only prove the result for logαt, the proof for log σt is the same. Suppose logαt >
γ0

1−γ1 ,

then logαt+1 = γ0 + γ1 logαt + γ2 exp(−γ3Qt) > γ0 + γ1
γ0

1−γ1 = γ0
1−γ1 . Similarly, we can show that

logαt+1 <
γ0+γ2
1−γ1 if logαt <

γ0+γ2
1−γ1 .

To prove the geometric ergodicity of Xt, we only need to verify conditions (a)-(e) of Theorem

1 in Chan and Tong (1994). The verification of conditions (a), (b), (c) and (e) is trivial and thus

is omitted. We verify condition (d) here.

Lemma 2.7.2. For any x ∈ G, 0 is in the support of |S(x, Yt−1)| where | · | is the norm of the

vector. And there exists a continuous and positive function r(x) for x ∈ G, such that the second step

transition probability for Xt, P
2(x, dy), has an absolutely continuous component whose probability

density function is positive over B(T 2(x), r(x)) where B(x, δ) denotes the open ball in G with center

at x and radius equal to δ.

Proof. Since σt−1, αt−1 > 0 and 0 < Yt−1 < ∞, it is easy to see that for any Xt−1, there always

exists a unique Y ∗t−1 depending on Xt−1 such that Q∗t−1 = σt−1(Y ∗t−1)1/αt−1 = − 1
β3

log( z1β2 ). By the

definition of z1 and z2 in |S(Xt−1, Yt−1)|, it can be verified that given Xt−1, Y ∗t−1 is the unique

value that makes S(Xt−1, Y
∗
t−1) = 0. Hence for any x ∈ G, 0 is in the support of |S(x, Yt−1)|. In

the following, we denote Q∗ = − 1
β3

log( z1β2 ).

We now show that there exists a positive constant r(x) = C such that P 2(x, dy) has an ab-

solutely continuous component whose probability density function is positive over B(T 2(x), C).

Given Xt−1, we have for Xt+1 = (log σt+1, logαt+1),

log σt+1 = T 2(Xt−1)[1] + [z1 − β2 exp(−β3Qt)] + β1 [z1 − β2 exp(−β3Qt−1)] ,

logαt+1 = T 2(Xt−1)[2] + [γ2 exp(−γ3Qt)− z2] + γ1 [γ2 exp(−γ3Qt−1)− z2] ,
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where T 2(Xt−1)[1] and T 2(Xt−1)[2] denote the first and second component of T 2(Xt−1) respectively.

Given Xt−1, Xt+1 is a vector function of (Qt−1, Qt), thus we denote Xt+1 = FXt−1(Qt−1, Qt). At

(Q∗t−1, Q
∗
t ) = (Q∗, Q∗), we have Xt+1 = FXt−1(Q∗, Q∗) = T 2(Xt−1). It is easy to verify that

the determinant of the Jacobian matrix of Xt+1 = FXt−1(Q∗, Q∗) at (Q∗, Q∗) is exp(−(β3 +

γ3)Q∗)β2β3γ2γ3(β1 − γ1), which is not zero since θ ∈ Θ.

By the Inverse Function Theorem, we know that an inverse function to FXt−1(·) exists in an

open neighborhood of Xt+1 = FXt−1(Q∗, Q∗) = T 2(Xt−1). By the nature of the vector function

FXt−1(·), Xt−1 does not affect the size of the open neighborhood. Thus for all Xt−1 ∈ G, we can

find a uniform C such that B(T 2(Xt−1), C) is a subset of the open neighborhood. The rest of the

proof simply follows from the fact that (Yt−1, Yt) are i.i.d. unit Fréchet random variables and there

is a one-to-one relationship between (Yt−1, Yt) and (Qt−1, Qt) given Xt−1.

Now we have verified all five conditions of Theorem 1 in Chan and Tong (1994). Hence

{log σt, logαt}, as a Markov chain on G ∈ R2, is stationary and geometrically ergodic. �

2.7.2 Proof of conditional distribution of Qt in general factor model

Proof of Proposition 2.2.1: In the following, we drop the time index t for notation simplicity.

The conditioning on Ft−1 is implicit here. The proof follows standard procedure in the extreme

value literature by deriving the cdf of (Qp − ap)/bp directly. Here, Qp = max1≤i≤pXi, ap = 0 and

bp = (
∑p

i=1 σ
α
i )1/α. We have

P

(
Qp − ap
bp

≤ x
)

= P

(
max1≤i≤pXi − ap

bp
≤ x

)
= P

(
max
1≤i≤p

Xi ≤ ap + bpx

)
= P (fi(Z1, Z2, . . . , Zd) + σiεi ≤ ap + bpx, for all 1 ≤ i ≤ p)

= P (εi ≤ bpx/σi − fi(Z1, Z2, . . . , Zd)/σi, for all 1 ≤ i ≤ p)

= E
[
P
(
εi ≤ bpx/σi − fi(Z1, Z2, . . . , Zd)/σi, for all 1 ≤ i ≤ p

∣∣Z1, . . . , Zd
)]

= E

(
p∏
i=1

Fε (bpx/σi − fi(Z1, Z2, . . . , Zd)/σi)

)
,
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where the last equality follows from the independence between εi’s and the latent factors Zi’s. By

the assumption that

sup
1≤p<∞

sup
1≤i≤p

|fi(Z1, Z2, . . . , Zd)| <∞ a.s.

and

lim
p→∞

p∑
i=1

σαi =∞ and lim
p→∞

sup
1≤i≤p

σαi∑p
j=1 σ

α
j

= 0,

it is easy to see that, for any fixed x > 0,

lim
p→∞

inf
1≤i≤p

(bpx/σi − fi(Z1, Z2, . . . , Zd)/σi) =∞ a.s.

Together with the assumption that Fε is in the Domain of Attraction of Fréchet distribution,

we have uniformly for all i,

Fε(bpx/σi − fi(Z1, Z2, . . . , Zd)/σi) ∼

1− l(bpx/σi − fi(Z1, Z2, . . . , Zd)/σi)(bpx/σi − fi(Z1, Z2, . . . , Zd)/σi)
−α a.s.,

where ∼ has the same meaning as in Definition 1. Together with the fact that limx→∞ l(x) = 1,

we have

p∑
i=1

l(bpx/σi − fi(Z1, Z2, . . . , Zd)/σi)(bpx/σi − fi(Z1, Z2, . . . , Zd)/σi)
−α

=
1

bαp

p∑
i=1

l(bpx/σi − fi(Z1, Z2, . . . , Zd)/σi)(x/σi − b−1
p fi(Z1, Z2, . . . , Zd)/σi)

−α → x−α a.s.,

where the last equality follows from the fact that bp →∞ and sup
1≤p<∞

sup
1≤i≤p

|fi(Z1, Z2, . . . , Zd)| <∞.

By the bounded convergence theorem, we have for any fixed x > 0,

P

(
Qp − ap
bp

≤ x
)

= P

(
max
1≤i≤p

Xi ≤ ap + bpx

)
→ exp

(
−x−α

)
, as p→∞.

�
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2.7.3 Proof of consistency and asymptotic normality

To facilitate the proof of Theorems 2.3.1, 2.3.2 and Proposition 2.3.1, we first give several technical

lemmas (Lemmas 2.7.3 to 2.7.15). As mentioned in Section 2.3, the main technical difficulty is that

the location parameter µ0 is unknown and the support of Qt depends on µ0, so that the standard

argument for MLE cannot be directly applied. Also, the true initial value (σ0
1, α

0
1) is unknown.

New uniform convergence results about the log-likelihood function L̃n(θ), its first and second order

derivatives need to be established. The main result on uniform convergence is stated in Lemma

2.7.14. Part of the proof follows that in Francq and Zakoian (2004) for MLE of GARCH model.

In the following, we assume the conditions in Theorem 2.3.1 hold, i.e. the parameter space Θ

is a compact set of Θs and the observations {Qt}nt=1 come from a stationary and ergodic AcF with

true parameter θ0 where θ0 is in the interior of Θ. We use Yn,k and Qn,k to denote the kth order

statistics of {Yt}nt=1 and {Qt}nt=1. In the following, τn ∼ n−r means τn/n
−r → 1 as n → ∞. We

denote the upper bound of β1, γ1 in Θ by Cb < 1 and use C to denote a generic positive constant.

We first prove the identifiability of AcF in Lemma 2.7.3, which states that each parameter value

θ defines a unique AcF.

Lemma 2.7.3. (Identifiability) If Qt(θ) = Qt(θ0) a.s. for all t, then θ = θ0. Here a.s. is for

the infinite product space generated by {. . . , Y−1, Y0, Y1, Y2, . . .}, where Yi’s are i.i.d. unit Fréchet

random variables.

Proof. We denote σt = σt(θ), αt = αt(θ) and σ0
t = σt(θ0), α0

t = αt(θ0). Suppose there exist θ and

θ0 such that Qt(θ) = Qt(θ0) a.s., then

µ0 + σ0
t Y

1/α0
t

t = µ+ σtY
1/αt
t , a.s.

Since Yn,1 ↘ 0 a.s., by the boundedness of (σt, αt) and (σ0
t , α

0
t ), we have µ = µ0. After rearrange-

ment,

Y
1/α0

t−1/αt
t = σt/σ

0
t , a.s.

Denote Ft = σ(Yt, Yt−1, . . .), we know that Yt ⊥ Ft−1 and αt, α
0
t ∈ Ft−1, so the above equation

holds if and only if σt(θ) = σt(θ0) and αt(θ) = αt(θ0) a.s. From the autoregressive equation of
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logαt, we know that if αt(θ) = αt(θ0) a.s., we have

γ0
0 + γ0

1 logαt−1 + γ0
2 exp(−γ0

3Qt−1) = γ0 + γ1 logαt−1 + γ2 exp(−γ3Qt−1).

After rearrangement, we have

γ0
0 − γ0 + (γ0

1 − γ1) logαt−1 = γ2 exp(−γ3Qt−1)− γ0
2 exp(−γ0

3Qt−1).

By the same argument as above, since αt−1 ∈ Ft−2 and Qt−1 /∈ Ft−2, we must have γ0 = γ0
0 ,

γ1 = γ0
1 , γ2 = γ0

2 and γ3 = γ0
3 . Similarly, we can prove that β0 = β0

0 , β1 = β0
1 , β2 = β0

2 and

β3 = β0
3 .

Given parameter θ and an initial value (σ1, α1), {σt, αt}nt=1 can be recovered recursively by their

autoregressive equations. In the following, we use σt(θ), αt(θ) (or σt, αt for simplicity) to denote

the scale parameter series and the tail index series based on θ and true initial (σ0
1, α

0
1), and use

σ̃t(θ), α̃t(θ) (or σ̃t, α̃t for simplicity) to denote the ones based on θ and an arbitrary initial value

(σ̃1, α̃1). We denote the unobserved true hidden process by σt(θ0), αt(θ0) (or σ0
t , α

0
t for simplicity).

By the compactness of Θ and the boundedness of −β2 exp(−β3Qt−1), γ2 exp(−γ3Qt−1), there

exist uniform lower bound and the upper bound of {σt, αt} and {σ̃t, α̃t} for all θ ∈ Θ. We denote

the lower bound by (σL, αL) and upper bound by (σU , αU ). The uniform boundedness plays a key

role in the following proof.

Given (σt, αt), the conditional log-likelihood function lt(θ) of Qt is,

lt(θ) = logαt + αt log σt − (αt + 1) log(Qt − µ)−
(
Qt − µ
σt

)−αt
.

By conditional independence, the log-likelihood function

Ln(θ) =
1

n

n∑
t=1

lt(θ) =
1

n

n∑
t=1

logαt + αt log σt − (αt + 1) log(Qt − µ)−
(
Qt − µ
σt

)−αt
.

We use l̃t(θ) and L̃n(θ) to denote the corresponding log-likelihood functions when (σ̃t, α̃t) are used.

Lemma 2.7.4 gives the result about the behavior of score function and Fisher information matrix

at the true parameter θ0 given true initial value (σ0
1, α

0
1).
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Lemma 2.7.4. Under the conditions in Theorem 2.3.1, Eθ0( ∂∂θ lt(θ0)) = 0 and for M0, the Fisher

information matrix at θ0, we have M0 = Varθ0( ∂∂θ lt(θ0)) = −Eθ0( ∂2

∂θ∂θT
lt(θ0)) and M0 is well defined

and positive definite.

Proof. At θ = θ0, all the first order partial derivatives ∂
∂θ lt(θ0) and second order partial derivatives

∂2

∂θi∂θj
lt(θ0) can be simplified and written as functions of {Yt, σ0

t , α
0
t }nt=1. The formulas for ∂

∂θ lt(θ)

and ∂2

∂θi∂θj
lt(θ) are postponed to Section 2.7.4 due to their complexity.

By the fact that (σ0
t , α

0
t ) is bounded between [σL, σU ] × [αL, αU ], Yt ⊥ Ft−1 = σ(Ys, s ≤

t − 1) and (σ0
t , α

0
t ) ∈ Ft−1, it is easy to prove that Eθ0( ∂∂θ lt(θ0)) = 0, M0 = Varθ0

(
∂
∂θ lt(θ0)

)
=

−Eθ0( ∂2

∂θ∂θT
lt(θ0)) and M0 is well defined, i.e. M0 <∞.

To prove that M0 is positive definite, notice that M0 = Varθ0( ∂∂θ lt(θ0)), so we only need to show

that there does not exist a c ∈ R9 such that cT ∂
∂θ lt(θ0) = 0 a.s. The argument is the same as the

one used in Lemma 2.7.3, where the essential idea is that Yt ⊥ Ft−1.

The result of Lemma 2.7.4 is standard and expected, since θ0 is the true parameter and we

assume the data come from a correctly specified model. Lemma 2.7.5 gives moment conditions for

functions of {Qt}nt=1, which serve as building blocks for the proof of latter lemmas.

Lemma 2.7.5. Under the conditions in Theorem 2.3.1, we have (a) for any α > 0, 1
n

∑n
t=1(Qt −

µ0)−α →p Eθ0(Q1 − µ0)−α < ∞, (b) for any positive integer k, 1
n

∑n
t=1[log(Qt − µ0)]k →p

Eθ0 [log(Q1 − µ0)]k <∞.

Proof. By the boundedness of scale parameter {σ0
t } and tail index {α0

t }, we have Qt − µ0 >

σL min(Y
1/αL
t , Y

1/αU
t ), so Eθ0(Qt − µ0)−α < ∞ for any α > 0 since Y −1

t follows exponential

distribution. The result of (a) follows from the ergodicity of AcF and the Law of Large Numbers.

For (b), we have | log(Qt − µ0)|k = | log σt + 1/αt log Yt|k ≤ 2k(C + 1/αkL| log Yt|k). It is known

that log Yt follows a Gumbel distribution thus Eθ0(| log Yt|k) < ∞ for any positive integer k. The

result of (b) follows from the ergodicity of AcF and the Law of Large Numbers.

As mentioned above, the main technical difficulty is that the support of Qt depends on the

unknown location parameter µ0. Lemma 2.7.6 to Lemma 2.7.14 aim to solve this difficulty by

establishing uniform convergence between 1
n

∑n
t=1 h(Qt−µn) and 1

n

∑n
t=1 h(Qt−µ0) for µn within
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a neighborhood of µ0, where h(·) denotes some generic function that appears in the first and second

order derivatives of L̃n(θ). The main result is stated in Lemma 2.7.14.

Lemma 2.7.6 gives an asymptotic bound on the distance between Qn,1 and µ0, stating that Qn,1

converges to µ0 at a rate that is slower than polynomial.

Lemma 2.7.6. Under the conditions in Theorem 2.3.1, Qn,1 − µ0 ≥ Op((log n)−1/αL).

Proof. Notice that when Yt < 1, we have Qt − µ0 = σtY
1/αt
t ≥ σLY

1/αL
t . Since Yn,1 < 1 a.s. as

n → ∞, it is obvious that Qn,1 − µ0 ≥ σLY
1/αL
n,1 a.s. as n → ∞. The result follows from the fact

that (log n)Yn,1 →p 1.

Lemma 2.7.7 gives the foundation for the uniform convergence result of first and second order

derivatives of Ln(θ) given in Lemma 2.7.11, Lemma 2.7.14.

Lemma 2.7.7. Denote Sαn (µ) = n−1
∑n

k=1(Qn,k−µ)−α, α > 0 or Sαn (µ) = n−1
∑n

k=1 log(Qn,k−µ)

or Sαn (µ) = n−1
∑n

k=1(Qn,k−µ)−α[log(Qn,k−µ)]m for m = 1, 2, 3. Under the conditions in Theorem

2.3.1, given positive sequence τn, s.t. τn ∼ n−r, r > 0, the following result holds uniformly over

|µn − µ0| < τn,

|Sαn (µn)− Sαn (µ0)| ≤ Op(τn).

Proof. We prove the result for (a) Sαn (µ) = n−1
∑n

k=1(Qn,k−µ)−α, (b) Sαn (µ) = n−1
∑n

k=1 log(Qn,k−

µ) and (c) Sαn (µ) = n−1
∑n

k=1(Qn,k − µ)−α log(Qn,k − µ) , a similar argument with more in-

volved calculus can be used for the proof of others. By Lemma 2.7.6, we know that Qn,1 − µ0 ≥

Op((log n)−1/αL), so (Qt−µn)−α and log(Qt−µn) are asymptotically well defined for |µn−µ0| < τn.

(a) For Sαn (µ) = n−1
∑n

k=1(Qn,k − µ)−α, assume that µn > µ0, we have

|Sαn (µn)− Sαn (µ0)| ≤ 1

n

n∑
k=1

|(Qn,k − µn)−α − (Qn,k − µ0)−α| ≤ 1

n

n∑
k=1

(α+ 1)|µn − µ0|
min{Qn,k − µn, Qn,k − µ0}α+1

≤ τn
n

n∑
k=1

α+ 1

(Qn,k − µn)α+1
=
τn
n

n∑
k=1

α+ 1

(Qn,k − µ0 + µ0 − µn)α+1
≤ τn

n

n∑
k=1

α+ 1

(Qn,k − µ0 − τn)α+1
,

where the second inequality follows from the fact that a− aα+1 ≤ (α+ 1)(1− a) for all α > 0 and

0 < a < 1.

Since Qn,1−µ0 ≥ Op((log n)−1/αL), for any fixed 0 < ρ < 1, we have P (ρ(Qn,1−µ0) > τn)→ 1,
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so P (ρ(Qn,k − µ0) > τn, for all 1 ≤ k ≤ n)→ 1. With probability goes to 1, we have

τn
n

n∑
k=1

α+ 1

(Qn,k − µ0 − τn)α+1
≤ τn

n

n∑
k=1

α+ 1

[(Qn,k − µ0)(1− ρ)]α+1
= Op(τn),

which follows from Lemma 2.7.5 (a). For µn < µ0, the proof is similar but easier.

(b) For Sαn (µ) = n−1
∑n

k=1 log(Qn,k − µ), assume that µn > µ0, we have

|Sαn (µn)− Sαn (µ0)| ≤ 1

n

n∑
k=1

| log(Qn,k − µn)− log(Qn,k − µ0)|

=
1

n

n∑
k=1

log

(
1 +

µn − µ0

Qn,k − µn

)
≤ τn

n

n∑
k=1

1

Qn,k − µn
= Op(τn),

where the last inequality follows from the fact that log(1 +x) < x when x > 0 and the last equality

follows from the result for Sαn (µ) = n−1
∑n

k=1(Qn,k − µ)−α. For µn < µ0, the proof is similar but

easier.

(c) For Sαn (µ) = n−1
∑n

k=1(Qn,k − µ)−α log(Qn,k − µ), assume that µn > µ0, we have

|Sαn (µn)− Sαn (µ0)| ≤ 1

n

n∑
k=1

(Qn,k − µn)−α| log(Qn,k − µn)− log(Qn,k − µ0)|

+
1

n

n∑
k=1

∣∣(Qn,k − µn)−α − (Qn,k − µ0)−α
∣∣ | log(Qn,k − µ0)|.

For the first term in the sum,

1

n

n∑
k=1

(Qn,k − µn)−α| log(Qn,k − µn)− log(Qn,k − µ0)|

=
1

n

n∑
k=1

(Qn,k − µn)−α log

(
1 +

µn − µ0

Qn,k − µn

)

≤ τn
n

n∑
k=1

(Qn,k − µn)−(α+1) = Op(τn),

where the last equality follows from the result for Sαn (µ) = n−1
∑n

k=1(Qn,k − µ)−α. For the second
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term in the sum,

1

n

n∑
k=1

∣∣(Qn,k − µn)−α − (Qn,k − µ0)−α
∣∣ | log(Qn,k − µ0)|

≤ τn
n

n∑
k=1

α+ 1

(Qn,k − µn)α+1
| log(Qn,k − µ0)| ≤ τn

(
1

n

n∑
k=1

(α+ 1)2

(Qn,k − µn)2α+2

)1/2(
1

n

n∑
k=1

| log(Qn,k − µ0)|2
)1/2

= Op(τn),

where the last inequality follows from the Cauchy-Schwartz inequality and the last equality follows

from Lemma 2.7.5 and the result for Sαn (µ) = n−1
∑n

k=1(Qn,k − µ)−α. For µn < µ0, the proof is

similar but easier.

Lemmas 2.7.8 and 2.7.9 provide the impact of parameter difference |θ − θ0| on |αt − α0
t | and

|σt − σ0
t | uniformly over t.

Lemma 2.7.8. Denote Φ = (γ0, γ1, γ2, γ3) and Φ0 = (γ0
0 , γ

0
1 , γ

0
2 , γ

0
3), if ‖Φ− Φ0‖ < τn and τn ↘ 0,

under the conditions in Theorem 2.3.1, we have

(a) sup
1≤t≤n

∣∣αt − α0
t

∣∣ = O(τn), (b) sup
1≤t≤n

∣∣∣∣∂αt∂Φ
− ∂α0

t

∂Φ

∣∣∣∣ = O(τn), (c) sup
1≤t≤n

∣∣∣∣ ∂2αt
∂Φi∂Φj

− ∂2α0
t

∂Φi∂Φj

∣∣∣∣ = O(τn),

uniformly over ‖Φ− Φ0‖ < τn.

Proof. We only prove (a), the proof for others is similar but more involved. Using the fact that

a continuously differentiable function is Lipschitz continuous on a compact set, we only need to

prove that sup
1≤t≤n

∣∣logαt − logα0
t

∣∣ = O(τn). By repeatedly applying the autoregressive relation, we

can get

logαt = γ0

t−1∑
k=1

γk−1
1 + γ2

t−1∑
k=1

γk−1
1 exp(−γ3Qt−k) + γt−1

1 logα0
1.

We have

| logαt − logα0
t | ≤

∣∣∣∣∣γ0

t−1∑
k=1

γk−1
1 − γ0

0

t−1∑
k=1

(γ0
1)k−1

∣∣∣∣∣+
∣∣γt−1

1 logα0
1 − (γ0

1)t−1 logα0
1

∣∣
+

∣∣∣∣∣γ2

t−1∑
k=1

γk−1
1 exp(−γ3Qt−k)− γ0

2

t−1∑
k=1

(γ0
1)k−1 exp(−γ0

3Qt−k)

∣∣∣∣∣ .
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By the fact that
∑t

k=1 γ
k−1
1 < 1/(1 − γ1) ≤ 1/(1 − Cb) and

∣∣∣∑t−1
k=1(γ0

1)k−1 −
∑t−1

k=1(γ1)k−1
∣∣∣ ≤∣∣∣ 1

1−γ01
− 1

1−γ1

∣∣∣ ≤ τn
(1−Cb)2

= O(τn), it is easy to see that the first two terms of the sum are O(τn) for

any 1 ≤ t ≤ n. For the third term, we have

∣∣∣∣∣γ2

t−1∑
k=1

γk−1
1 exp(−γ3Qt−k)− γ0

2

t−1∑
k=1

(γ0
1)k−1 exp(−γ0

3Qt−k)

∣∣∣∣∣
≤
∣∣γ2 − γ0

2

∣∣ t−1∑
k=1

γk−1
1 exp(−γ3Qt−k) + γ0

2

t−1∑
k=1

∣∣∣γk−1
1 − (γ0

1)k−1
∣∣∣ exp(−γ3Qt−k)

+ γ0
2

t−1∑
k=1

(γ0
1)k−1

∣∣exp(−γ3Qt−k)− exp(−γ0
3Qt−k)

∣∣ .
The first two terms of the sum are O(τn) for any 1 ≤ t ≤ n by the boundedness of exp(−γ3Qt−k).

For the third term we have,

γ0
2

t−1∑
k=1

(γ0
1)k−1

∣∣exp(−γ3Qt−k)− exp(−γ0
3Qt−k)

∣∣
= γ0

2

t−1∑
k=1

(γ0
1)k−1Qt−k exp(−γ′3kQt−k)

∣∣γ3 − γ0
3

∣∣ = O(τn), for any 1 ≤ t ≤ n,

where γ′3k > 0 is a number between γ3 and γ0
3 depending on Qt−k, and γ′3k → γ0

3 uniformly over

all k ≥ 1. By the compactness of Θ, γ′3k ≥ C > 0 for all k ≥ 1. Mean value theorem is used to get

the first equality and the uniform boundedness of Qt−k exp(−γ′3kQt−k) is used to get the second

equality.

Lemma 2.7.9. Denote Ψ = (β0, β1, β2, β3) and Ψ0 = (β0
0 , β

0
1 , β

0
2 , β

0
3), if ‖Ψ−Ψ0‖ < τn and

τn ↘ 0, under the conditions in Theorem 2.3.1, we have

(a) sup
1≤t≤n

∣∣σt − σ0
t

∣∣ = O(τn), (b) sup
1≤t≤n

∣∣∣∣∂σt∂Ψ
− ∂σ0

t

∂Ψ

∣∣∣∣ = O(τn), (c) sup
1≤t≤n

∣∣∣∣ ∂2σt
∂Ψi∂Ψj

− ∂2σ0
t

∂Ψi∂Ψj

∣∣∣∣ = O(τn),

uniformly over ‖Ψ−Ψ0‖ < τn.

Proof. The proof is the same as the one for Lemma 2.7.8 and thus omitted.

Lemma 2.7.10 is used for the proof of Lemma 2.7.11.
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Lemma 2.7.10. Suppose τn ∼ n−r, r > 0 and sup
1≤t≤n

|αt − α′t| = O(τn) where {αt} and {α′t}

represent two different series of tail index. Under the conditions in Theorem 2.3.1, we have

1

n

n∑
t=1

∣∣∣(Qt − µn)−αt − (Qt − µn)−α
′
t

∣∣∣ = Op(τn),

uniformly over |µn−µ0| < τn. The same result holds for 1
n

∑n
t=1

∣∣∣(Qt − µn)−αt − (Qt − µn)−α
′
t

∣∣∣ [log(Qt−

µn)]k, k = 1, 2.

Proof. We only prove the result for 1
n

∑n
t=1

∣∣∣(Qt − µn)−αt − (Qt − µn)−α
′
t

∣∣∣, the proof for others is

the same. Assume α′t > αt, the proof for the other direction is the same. By mean value theorem,

1

n

n∑
t=1

∣∣∣(Qt − µn)−αt − (Qt − µn)−α
′
t

∣∣∣ ≤ C

n

n∑
t=1

(Qt − µn)−α
∗
t |log(Qt − µn)| τn

≤ τnC

n

n∑
t=1

(
(Qt − µn)−αL + (Qt − µn)−αU

)
|log(Qt − µn)| = Op(τn),

where α∗t ∈ (αt, α
′
t). The last equality follows from Lemma 2.7.7.

Lemma 2.7.11 gives the uniform convergence result of the second order derivatives of Ln(θ) over

a neighborhood of θ0, which is used in the proof of Lemma 2.7.14 (a). In the following, we denote

mθiθj (θ0) = −Eθ0( ∂2

∂θi∂θj
l1(θ0)).

Lemma 2.7.11. Under the conditions in Theorem 2.3.1, for all second order derivatives of Ln(θn),

we have ∂2

∂θi∂θj
Ln(θn)→p −mθiθj (θ0), uniformly over ‖θn − θ0‖ < τn, where τn ∼ n−r, r > 0.

Proof. We only prove the case for ∂2

∂µ2
Ln(θn), the proof for others is similar but more involved. By

the Law of Large Numbers, we know that ∂2

∂µ2
Ln(θ0) →p mµµ(θ0), so we only need to prove that

∂2

∂µ2
Ln(θn)− ∂2

∂µ2
Ln(θ0)→p 0 uniformly over the claimed region.

∂2

∂µ2
Ln(θn)− ∂2

∂µ2
Ln(θ0) =

1

n

n∑
t=1

[
(αt + 1)(Qt − µn)−2 − (α0

t + 1)(Qt − µ0)−2
]

− 1

n

n∑
t=1

[
αt(αt + 1)σαtt (Qt − µn)−(αt+2) − α0

t (α
0
t + 1)(σ0

t )
α0
t (Qt − µ0)−(α0

t+2)
]
.



45

We now analyze the difference term by term. For the first term,

∣∣∣∣∣ 1n
n∑
t=1

[
(αt + 1)(Qt − µn)−2 − (α0

t + 1)(Qt − µ0)−2
]∣∣∣∣∣

≤ 1

n

n∑
t=1

∣∣(αt + 1)[(Qt − µn)−2 − (Qt − µ0)−2]
∣∣+

Cτn
n

n∑
t=1

(Qt − µ0)−2 = Op(τn)→ 0,

where the inequality comes from the fact that |αt − α0
t | = O(τn) uniformly for all 1 ≤ t ≤ n by

Lemma 2.7.8 (a), and the equality comes from Lemma 2.7.7 and boundedness of {αt}. For the

second term,

∣∣∣∣∣ 1n
n∑
t=1

αt(αt + 1)σαtt (Qt − µn)−(αt+2) − 1

n

n∑
t=1

α0
t (α

0
t + 1)(σ0

t )
α0
t (Qt − µ0)−(α0

t+2)

∣∣∣∣∣
≤ 1

n

n∑
t=1

αt(αt + 1)σαtt

∣∣∣(Qt − µn)−(αt+2) − (Qt − µ0)−(αt+2)
∣∣∣

+
1

n

n∑
t=1

αt(αt + 1)σαtt

∣∣∣(Qt − µ0)−(αt+2) − (Qt − µ0)−(α0
t+2)

∣∣∣
+

1

n

n∑
t=1

∣∣∣αt(αt + 1)σαtt − α0
t (α

0
t + 1)(σ0

t )
α0
t

∣∣∣ (Qt − µ0)−(α0
t+2).

By Lemma 2.7.8 (a), we know that sup
1≤t≤n

|αt − α0
t | = O(τn). The first two terms go to zero by

Lemma 2.7.7 and Lemma 2.7.10 respectively, and the last term goes to zero by the boundedness of

{σt, αt}, the differentiable continuity of αt(αt + 1)σαtt w.r.t. σt, αt and Lemma 2.7.8 (a), Lemma

2.7.9 (a).

Note that our ultimate goal is to establish uniform convergence result about L̃n(θ). Lemmas

2.7.12 and 2.7.13 state that the impact of arbitrary initial value (σ̃1, α̃1) on the behavior of L̃n(θ)

is asymptotically negligible over a neighborhood of µ0.

Lemma 2.7.12. Under the conditions in Theorem 2.3.1, there exists a positive constant C such

that for all θ ∈ Θ and t ≥ 1,

(a) |αt − α̃t| ≤ C · Ct−1
b , (b)

∣∣∣∣∂αt∂Φ
− ∂α̃t
∂Φ

∣∣∣∣ ≤ C · tCt−1
b , (c)

∣∣∣∣ ∂2αt
∂Φi∂Φj

− ∂2α̃t
∂Φi∂Φj

∣∣∣∣ ≤ C · t2Ct−1
b ,

(d) |σt − σ̃t| ≤ C · Ct−1
b , (e)

∣∣∣∣∂σt∂Φ
− ∂σ̃t
∂Φ

∣∣∣∣ ≤ C · tCt−1
b , (f)

∣∣∣∣ ∂2σt
∂Φi∂Φj

− ∂2σ̃t
∂Φi∂Φj

∣∣∣∣ ≤ C · t2Ct−1
b .
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Proof. We skip the proof since it is obvious.

Lemma 2.7.13. Under the conditions in Theorem 2.3.1, we have 1
n

∑n
t=1

∣∣(Qt − µn)−αt − (Qt − µn)−α̃t
∣∣→p

0, uniformly over |µn − µ0| < τn, where τn ∼ n−r, r > 0. The same result holds for

1

n

n∑
t=1

∣∣(Qt − µn)−αt − (Qt − µn)−α̃t
∣∣ [log(Qt − µn)]k, k = 1, 2.

Proof. We only prove the result for 1
n

∑n
t=1

∣∣(Qt − µn)−αt − (Qt − µn)−α̃t
∣∣, the proof for others is

the same. By Lemma 2.7.12 (a), we have |αt − α̃t| ≤ C · Ct−1
b . Assume α̃t > αt, the proof for the

other direction is the same. By mean value theorem,

1

n

n∑
t=1

∣∣(Qt − µn)−αt − (Qt − µn)−α̃t
∣∣ ≤ C

n

n∑
t=1

(Qt − µn)−α
∗
t |log(Qt − µn)|Ct−1

b

≤ C

n

n∑
t=1

(
(Qt − µn)−αL + (Qt − µn)−αU

)
|log(Qt − µn)|Ct−1

b →p 0

where α∗t ∈ (αt, α̃t). The result follows from Lemma 2.7.7 and that

Eθ0
[∑∞

t=1 ((Qt − µ0)−αL + (Qt − µ0)−αU ) |log(Qt − µ0)|Ct−1
b

]
<∞.

Lemma 2.7.14 states the main uniform convergence result used in the proof of Theorems 2.3.1

and 2.3.2.

Lemma 2.7.14. Under the conditions in Theorem 2.3.1, (a) for all second order derivatives of

L̃n(θ), we have ∂2

∂θi∂θj
L̃n(θ) →p −mθiθj (θ0), uniformly over ‖θ − θ0‖ < τn, where τn ∼ n−r, r > 0

(b) for the score function of L̃n(θ), we have (τ∗n)−1
(
∂
∂θ L̃n(θ0)− ∂

∂θLn(θ0)
)
→p 0 if τ∗nn→∞, e.g.

τ∗n = 1/
√
n.

Proof. (a) is a direct result of Lemma 2.7.11 and the fact that ∂2

∂θi∂θj
L̃n(θ) − ∂2

∂θi∂θj
Ln(θ) →p 0

uniformly over ‖θ − θ0‖ < τn. The proof of ∂2

∂θi∂θj
L̃n(θ) − ∂2

∂θi∂θj
Ln(θ) →p 0 uniformly is based on

Lemmas 2.7.12 and 2.7.13. The argument is the same as that in the proof of Lemma 2.7.11, thus

we skip it.

We prove (b) for ∂
∂µ L̃n(θ0), the proof for other first order partial derivatives is similar. Let

g(σt, αt) = αtσ
αt
t , by the fact that |σt − σ̃t| ≤ C · Ct−1

b , |αt − α̃t| ≤ C · Ct−1
b , we have |g(σt, αt) −
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g(σ̃t, α̃t)| ≤ C · Ct−1
b .

1

τ∗n

(
∂

∂µ
L̃n(θ0)− ∂

∂µ
Ln(θ0)

)
=

1

nτ∗n

n∑
t=1

(
αt − α̃t
Qt − µ0

− g(σt, αt)

(Qt − µ0)αt+1
+

g(σ̃t, α̃t)

(Qt − µ0)α̃t+1

)

=
1

nτ∗n

n∑
t=1

(
αt − α̃t
Qt − µ0

− g(σt, αt)− g(σ̃t, α̃t)

(Qt − µ0)αt+1
+ g(σ̃t, α̃t)[(Qt − µ0)−(α̃t+1) − (Qt − µ0)−(αt+1)]

)
.

The first term is bounded C
nτ∗n

∑n
t=1

Ct−1
b

Qt−µ0 and the second term by C
nτ∗n

∑n
t=1

Ct−1
b

(Qt−µ0)αt+1 . Both

terms go to zero in probability since nτ∗n →∞ and Eθ0
[∑∞

t=1C
t−1
b (Qt − µ0)−α

]
<∞ for all α > 0.

The same argument applies to the third term after applying mean value theorem.

Lemma 2.7.15 gives the standard Martingale CLT.

Lemma 2.7.15. Under the conditions in Theorem 2.3.1,

1√
n

n∑
i=1

∂lt(θ0)

∂θ
⇒ N(0,M−1

0 ),

where M is the Fisher Information matrix at θ0.

Proof. We prove this result by using CLT for martingale difference (Billingsley (1961)). It is easy

to verify that,

Eθ0

(
∂lt(θ0)

∂θ

∣∣∣∣Ft−1

)
= 0 and Varθ0

(
∂lt(θ0)

∂θ

)
= M0 <∞.

So for any λ ∈ R9, {λ′ ∂lt(θ0)
∂θ ,Ft}t is a square-integrable stationary martingale difference. By

CLT of Billingsley (1961) and Wold-Cramér device, Lemma 2.7.15 is true.

Proof of Theorem 2.3.1: The proof mainly uses Taylor expansion. Let {τn} be any sequence

s.t. τn ∼ n−r and n1/2τn → ∞ (i.e. 0 < r < 1/2), let t ∈ R, y ∈ R8 and define fn(t, y) =

τ−2
n L̃n(µ0 + τnt, φ

0 + τny), where we denote φ0 = (β0
0 , β

0
1 , β

0
2 , β

0
3 , γ

0
0 , γ

0
1 , γ

0
2 , γ

0
3).

By Taylor Expansion we have,

∂

∂t
fn(t, y) = τ−1

n

∂L̃n(µ0 + τnt, φ
0 + τny)

∂µ
= τ−1

n

∂L̃n(µ0, φ
0)

∂µ
+
∂2L̃n(µ∗, φ∗)

∂µ2
t+

8∑
i=1

∂2L̃n(µ∗, φ∗)

∂µ∂φi
yi

= τ−1
n

(
∂L̃n(µ0, φ

0)

∂µ
− ∂Ln(µ0, φ

0)

∂t

)
+ τ−1

n

(
∂Ln(µ0, φ

0)

∂µ

)
+
∂2L̃n(µ∗, φ∗)

∂µ2
t+

8∑
i=1

∂2L̃n(µ∗, φ∗)

∂µ∂φi
yi,
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where the second equality comes from a Taylor expansion of ∂L̃n(µ0+τnt,φ0+τny)
∂t at (µ0, φ

0), and we

have |µ∗−µ0| < τnt and ‖φ∗−φ0‖ < τn‖y‖. The first term goes to 0 by Lemma 2.7.14 (b) and the

second term goes to 0 by Lemma 2.7.15 and the fact that τn
√
n → ∞. By Lemma 2.7.14 (a), the

last two terms converge uniformly over t2 + ‖y‖2 ≤ 1, i.e.,

∂2L̃n(µ∗, φ∗)

∂µ2
t+
∑
i

∂2L̃n(µ∗, φ∗)

∂µ∂φi
yi →p −mµµ(θ0)t−

8∑
i=1

mµφi(θ0)yi.

So together we have ∂
∂tfn(t, y) = −mµµ(θ0)t −

∑8
i=1mµφi(θ0)yi + op(1). Similarly, we have

∂
∂yk

fn(t, y) = −mφkµ(θ0)t−
∑8

i=1mφkφi(θ0)yi + op(1), for k = 1, . . . , 8, where op(1)’s are uniformly

decaying over t2 + ‖y‖2 ≤ 1. Let t2 + ‖y‖2 = 1, we have

t
∂fn
∂t

(t, y) +
∑
i

yi
∂fn
∂yi

(t, y) = −t2mµµ(θ0)− 2t
8∑
i=1

yimµφi(θ0)−
8∑
i=1

8∑
j=1

yiyjmφiφj (θ0) + op(1) < 0,

where the negative sign follows from the fact that the Fisher Information matrix M0 is positive

definite.

By the above argument and Lemma 5 in Smith (1985), we have that with probability going

to 1, fn has a local maximum over the open set t2 + ‖y‖2 < 1, so there exists a sequence of local

maximizer θ̂n of L̃n(θ) such that θ̂n →p θ0 and ‖θ̂n − θ0‖ ≤ τn, where τn ∼ n−r, 0 < r < 1/2. �

Proof of Theorem 2.3.2: Theorem 2.3.1 shows the existence of θ̂n with P (‖θ̂n − θ0‖ ≤ τn)→ 1,

where τn ∼ n−r, 0 < r < 1/2. By Lemma 2.7.14 (a), we have that the second derivatives of L̃n are

asymptotically constant in this region. The result therefore follows by standard Taylor expansion

argument, Lemma 2.7.14 (b) and Lemma 2.7.15. �

Proof of Proposition 2.3.1: The arguments used in the proof of Proposition 2.3.1 are similar to

the ones used in the proof of Theorems 2.3.1 and 2.3.2, thus we only give an outline of the proof

since the actual argument is very tedious. In the following, we use δ to denote a generic small

positive value and denote φ = (β0, β1, β2, β3, γ0, γ1, γ2, γ3). As in Proposition 2.3.1, Vn = {θ ∈

Θ|µ ≤ cQn,1 + (1− c)µ0}. Note that for any 0 < c < 1, we have µ0 < cQn,1 + (1− c)µ0 < Qn,1 and

cQn,1 + (1− c)µ0 ↘ µ0 a.s.

Denote Θδ
n = {θ ∈ Vn

∣∣‖θ − θ0‖ ≥ δ}, Θµ
n = {θ ∈ Vn

∣∣‖θ − θ0‖ ≥ δ, µ > µ0} and Θδ = {θ ∈
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Vn
∣∣‖θ − θ0‖ ≥ δ, µ ≤ µ0}. Note that Θδ

n = Θµ
n ∪Θδ. We first prove that,

(I) for any δ > 0, P

(
sup
Θδn

L̃n(θ) ≥ L̃n(θ0)

)
→ 0, as n→∞.

By the same argument in Lemmas 2.7.7 and 2.7.13, it can be proved that supΘδn

∣∣∣L̃n(θ)− Ln(θ)
∣∣∣→p

0, as n→∞. By the same argument in Lemma 2.7.7, we can further prove supΘµn
|Ln(µ, φ)− Ln(µ0, φ)| →p

0, as n→∞. Together, we have supΘδn
L̃n(θ) = supΘδn

Ln(θ)+op(1) = max
(
supΘδ Ln(θ), supΘµn

Ln(θ)
)
+

op(1) = max
(
supΘδ Ln(θ), supΘµn

Ln(µ0, φ)
)

+ op(1) ≤ supΘδ/2 Ln(θ) + op(1). The last inequality

comes from the fact that Qn,1 ↘ µ0 a.s., so with probability going to 1, we have {φ|φ ∈ Θµ
n} ⊆

{φ|φ ∈ Θδ/2}. It is also easy to prove that L̃n(θ0) = Ln(θ0) + op(1) →p Eθ0(l1(θ0)). The rest of

the proof for (I) follows from the proof of Proposition 2 in Dombry (2015), which is based on the

standard compactness argument.

Denote Θδc
n = {θ ∈ Vn

∣∣‖θ − θ0‖ < δ}, Θµc
n = {θ ∈ Vn

∣∣‖θ − θ0‖ < δ, µ > µ0} and Θδc = {θ ∈

Vn
∣∣‖θ − θ0‖ < δ, µ ≤ µ0}. Note that Θδc

n = Θµc
n ∪ Θδc. We now prove that there exists a δ∗ > 0

such that

(II) P

(
All Hessian matrices

∂2

∂θ∂θT
L̃n(θ) over θ ∈ Θδ∗c

n is negative definite

)
→ 1, as n→∞.

By the same argument in Lemmas 2.7.7 and 2.7.13, we can prove that

sup
Θδcn

∣∣∣∣ ∂2

∂θi∂θj
L̃n(θ)− ∂2

∂θi∂θj
Ln(θ)

∣∣∣∣→p 0, as n→∞,

and

sup
Θµcn

∣∣∣∣ ∂2

∂θi∂θj
Ln(µ, φ)− ∂2

∂θi∂θj
Ln(µ0, φ)

∣∣∣∣→p 0, as n→∞.

Since µ ≤ µ0 over Θδc, it can be proved that supΘδc

∣∣∣ ∂2

∂θi∂θj
lt(θ)

∣∣∣ is integrable. By ergodicity of AcF

and Uniform Law of Large Numbers, we have

sup
Θδc

∣∣∣∣ ∂2

∂θi∂θj
Ln(µ, φ)− Eθ0

(
∂2

∂θi∂θj
l1(µ, φ)

)∣∣∣∣→p 0, as n→∞.

By Lemma 2.7.4, Eθ0

(
∂2

∂θ∂θT
l1(θ0)

)
= −M0 is negative definite. By the continuity of Eθ0

(
∂2

∂θ∂θT
l1(θ)

)
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w.r.t. θ over Θδc, we can find a δ∗ > 0 such that Eθ0

(
∂2

∂θ∂θT
l1(θ)

)
is negative definite for all θ ∈ Θδ∗c.

Together with the above argument, we can prove (II).

By (I), with probability going to 1, the global maximizer of L̃n(θ) over Vn is located within Θδ∗c
n .

By Theorem 2.3.1, there exists a sequence θ̂n of local maximizer of L̃n(θ) such that ‖θ̂n− θ0‖ ≤ τn,

where τn = Op(n
−r), 0 < r < 1/2. Thus P (θ̂n ∈ Θδ∗c

n ) → 1. Also, we know that ∂L̃n
∂θ (θ̂n) = 0.

Together with (II) and Theorem 2.6 in Makelainen et al. (1981), we can prove Proposition 2.3.1. �

2.7.4 First and second order partial derivative of lt(θ)

In this section, we give the formula for ∂lt(θ)
∂θ and ∂2lt(θ)

∂θ∂θT
. Denote Φ = (γ0, γ1, γ2, γ3), i.e. we use Φ

as a generic symbol for (γ0, γ1, γ2, γ3). Similarly, we set Ψ = (β0, β1, β2, β3).

For the first order partial derivative, we have

∂lt(θ)

∂µ
=
αt + 1

Qt − µ
− αt
σt

(
Qt − µ
σt

)−(αt+1)

,

∂lt(θ)

∂Φ
=

[
1

αt
− log

(
Qt − µ
σt

)
+

(
Qt − µ
σt

)−αt
log

(
Qt − µ
σt

)]
∂αt
∂Φ

,

∂lt(θ)

∂Ψ
=

[
αt
σt
− αt
σt

(
Qt − µ
σt

)−αt] ∂σt
∂Ψ

.

For the second order partial derivative, we have

∂2lt(θ)

∂µ2
= (αt + 1)(Qt − µ)−2 − αt(αt + 1)σαtt (Qt − µ)−(αt+2),

∂2lt(θ)

∂µ∂Φ
=

[
1

Qt − µ
− σαtt (Qt − µ)−(αt+1) + αtσ

αt
t (Qt − µ)−(αt+1) log

(
Qt − µ
σt

)]
∂αt
∂Ψ

,

∂2lt(θ)

∂µ∂Ψ
= −α

2
t

σ2
t

(
Qt − µ
σt

)−(αt+1) ∂σt
∂Ψ

,

∂2lt(θ)

∂Φ∂Ψ
=

[
1

σt
− 1

σt

(
Qt − µ
σt

)−αt
+
αt
σt

(
Qt − µ
σt

)−αt
log

(
Qt − µ
σt

)]
∂σt
∂Ψ

∂αt
∂Φ

,

∂2lt(θ)

∂Ψi∂Ψj
=

[
αt
σt
− αt
σt

(
Qt − µ
σt

)−αt] ∂2σt
∂Ψi∂Ψj

+

[
−αt
σ2
t

− αt(αt − 1)

σ2
t

(
Qt − µ
σt

)−αt] ∂σt
∂Ψi

∂σt
∂Ψj

,

∂2lt(θ)

∂Φi∂Φj
=

[
1

αt
− log

(
Qt − µ
σt

)
+

(
Qt − µ
σt

)−αt
log

(
Qt − µ
σt

)]
∂2αt

∂Φi∂Φj

+

[
− 1

α2
t

+

(
Qt − µ
σt

)−αt [
log

(
Qt − µ
σt

)]2
]
∂αt
∂Φi

∂αt
∂Φj

.
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2.7.5 Observation-driven functions η1(·), η2(·) implied by GAS

Under the GAS framework described in Creal et al. (2013), we give the formulas of η1(·) and η2(·)

implied by GAS in the dynamic GEV context. Set τt = logαt and ζt = log σt to ensure the positivity

of parameters. Given (ζt, τt), the conditional distribution of Qt is Fréchet(µ, exp(ζt), exp(τt)). The

log-likelihood function lt(·) of Qt is

lt(Qt|µ, ζt, τt) = τt + exp(τt)ζt − (exp(τt) + 1) log(Qt − µ)−
(
Qt − µ
exp(ζt)

)− exp(τt)

.

To derive GAS, we need to obtain the score function of lt(Qt|µ, ζt, τt) w.r.t. (ζt, τt), which is

∂lt
∂ζt

= exp(τt)− exp(τt)

(
Qt − µ
exp(ζt)

)− exp(τt)

,

∂lt
∂τt

= 1− exp(τt) log

(
Qt − µ
exp(ζt)

)
+ exp(τt)

(
Qt − µ
exp(ζt)

)− exp(τt)

log

(
Qt − µ
exp(ζt)

)
.

Following the recommendation in Creal et al. (2013), we take the scaling matrix function St = I

and obtain the following GAS model,

Qt = µ+ σtY
1/αt
t

log σt = β0 + β1 log σt−1 + β2
∂lt−1

∂ζt−1

logαt = γ0 + γ1 logαt−1 + γ2
∂lt−1

∂τt−1
,

where we assume 0 ≤ β1, γ1 < 1 and β2, γ2 > 0. Notice that the evolution scheme given by GAS is

complicated. It is easy to see that η1(Qt−1) = β2
∂lt−1

∂ζt−1
is a monotone increasing function of Qt−1,

which is expected for volatility clustering. It is also easy to prove that η2(Qt−1) = γ2
∂lt−1

∂τt−1
is an

increasing function of Qt−1 when Qt−1−µ
σt−1

< 1 and decreasing when Qt−1−µ
σt−1

> 1, which is quite

counter-intuitive in terms of econometric meaning. On the contrary, for AcF, a larger Qt−1 always

give a smaller αt.

By the fact that ∂lt
∂ζt
≤ exp(τt) and ∂lt

∂τt
≤ 1, it is easy to see that (σt, αt) of the GAS model is

upper bounded.
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Chapter 3

Semiparametric Dynamic Max-copula

Model for Multivariate Time Series

3.1 Motivation

Modeling the multivariate joint behavior of random variables is one of the most fundamental tasks

in statistical modeling. The construction of multivariate distributions is technically difficult and

most of the early multivariate modeling is restricted within the Gaussian/elliptical family. Thanks

to Sklar (1959)’s theorem, which states that multivariate dependency can be separated into a copula

and individual marginal distributions, the “time of the copula” has emerged for the construction

of multivariate distributions. Various copulas have been proposed in the literature, see Joe (2014)

and Nelsen (1999) for a summary. Copula-based models for multivariate distributions are widely

used in a variety of applications, see Frees and Valdez (1998) in actuarial science and insurance,

Cherubini et al. (2004) in finance, and Genest and Favre (2007) in hydrology.

Due to its tractability, interpretability, and flexibility in modeling non-extremal joint behavior,

the Gaussian copula is arguably the most widely used copula. While Gaussian copulas perform

well in many areas of applications, the financial market may turn out to be an exception. One of

the most significant characteristics of financial data is its tail dependence, i.e., during a crisis, asset

prices tend to move together. The failure of Gaussian copulas to capture this tail dependence in

the pricing of CDOs and related securities is considered one of the prominent causes of the recent
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financial crisis, e.g., see Coval et al. (2009) and Salmon (2012) for more details.

The Gaussian copula’s inability to model joint tail events inspires more research in the construc-

tion of copulas that can offer more sophisticated dependence structures. One direction is to exploit

and extend the linear structure in Gaussian factor models by changing the distribution of latent

factors from Gaussian to other distributions like skewed-t, e.g., Hull and White (2004), Murray

et al. (2013), and Oh and Patton (2015). This framework is capable of offering more sophisticated

dependence like tail dependence and tail asymmetry. Also, it is particularly attractive in high-

dimensional applications thanks to the factor structure. Another promising direction is to use vine

copulas, which builds high-dimensional copulas based on a sequentially iterative pairwise construc-

tion of bivariate copulas, see Aas et al. (2009), Min and Czado (2010), and Almeida et al. (2012)

for more details. Vine copulas can offer flexible dependence relationships and can be represented in

graphs, which helps the modeler to visually understand the dependence structure. Combining the

“latent factor” idea with the pairwise construction idea of C-vine copulas, Krupskii and Joe (2013)

proposed a factor copula model, where instead of imposing a Gaussian linear structure, bivariate

copulas are used to specify the dependence between latent factors and observed variables. Theorem

3.7.1 in the Appendix establishes a weak equivalence between the factor copula model based on the

C-vine copula and the linear factor copula model under the additive model framework.

A much different yet important direction is to construct new sophisticated copulas based on

existing ones. The idea is that the new copula inherits various merits from its parents and thus offers

more versatile dependence structures. In the literature, mixture of distributions is a long existing

technique for generating new distributions based on existing ones. The mixture copula has a closed

form c.d.f. and is interpretable. Inspired by Cui and Zhang (2016) and the mixture technique, in

this paper we propose a novel non-linear copula construction framework named the max-copula,

which generates new copulas based on existing ones via a straightforward pairwise max function.

The max-copula has a closed form c.d.f. and has strong interpretability, especially in financial

applications. Compared to mixture copulas, it can actively generate more flexible dependence

structures, including asymmetric dependence structures. Moreover, due to its unique “pairwise

max” characteristic, it can offer a better modeling of non-extremal behavior while attaining an

accurate modeling of tail dependence. Combined with semiparametric time series models, the max-

copula has shown its advantages over the mixture copula: it can accurately capture asymmetric
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dependence and joint extremal movements of multivariate financial time series while simultaneously

offering a better modeling of non-extremal market behavior.

The remainder of the paper is structured as follows. Section 3.2 presents the max-copula model,

derives its quantile and tail dependence properties and discusses the selection of component copulas

for the max-copula. Unique characteristics of max-copulas are emphasized. For high-dimensional

applications, single-factor and block-factor max-copulas are developed. Section 3.3 describes the

composite maximum likelihood estimation (CMLE) method under the semiparametric time series

setting. Numerical experiments on the flexibility of max-copulas and the performance of CMLE are

conducted in Section 3.4. In Section 3.5, we present empirical applications of max-copulas in the

estimation of conditional Value at Risk (VaR) for a financial portfolio and in the construction of

optimal portfolios based on 30 component stocks from the Dow Jones Industrial Average. Section

3.6 concludes with a discussion of potential extensions. All the proofs can be found in the Appendix.

3.2 Max-copula Model

3.2.1 Model specification

The idea of the max-copula is partially motivated by the mixture copula. Suppose we have two

copulas of the same dimension d ≥ 2, say C1 and C2. For any 0 ≤ c ≤ 1, the linear mixture

C = cC1 + (1− c)C2 is a new copula. The stochastic representation of C can be built as follows:

Suppose U1 = (U11, . . . , U1d) ∼ C1, U2 = (U21, . . . , U2d) ∼ C2, X ∼ Bernoulli(c), and (U1,U2, X)

are mutually independent, then U = (U1, . . . , Ud) = max(U
1
X
1 ,U

1
1−X
2 ) ∼ C, where max(·) is a

pairwise max function, i.e., Ui = max(U
1
X
i1 , U

1
1−X
i2 )1. In the following, we always assume that

(U1,U2, X) are mutually independent.

A closer examination reveals that the joint distribution of U is always a copula, as long as X

is a random variable on [0, 1]. A general distribution on the interval [0,1] is Beta(a, b). Suppose

X ∼ Beta(a, b), we obtain the following copula model,

U = max(U
1
X
1 ,U

1
1−X
2 ), (3.1)

1Here we define 1/0=∞
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where U1 ∼ C1, U2 ∼ C2 and X ∼ Beta(a, b). By an elementary argument, the copula CU of U

is

CU(u1, . . . , ud) = E
(
C1(uX1 , . . . , u

X
d ) ·C2(u1−X

1 , . . . , u1−X
d )

)
. (3.2)

A closed form solution of (3.2) is generally not available due to the expectation on X, however,

it can be computed numerically via a one-dimensional integration. In this paper, we consider the

case when X is a Dirac mass on c, where 0 < c < 1. Under this framework, the expectation can be

dropped and we have

U = max(U
1
c
1 ,U

1
1−c
2 ), i.e., Ui = max(U

1
c

1i, U
1

1−c
2i ), for i = 1, 2, . . . , d,

where U1 ∼ C1, U2 ∼ C2 and C1, C2 are two existing copulas. Given u, u1/c is an increasing

function of c and u1/(1−c) is a decreasing function of c. For each Ui, we have P (Ui = U
1/c
1i ) =

P (U
1/c
1i > U

1/(1−c)
2i ) = c, so c can be viewed as the weight parameter that controls the relative

strength of C1 and C2 in the max-copula C, with a large c favoring C1 and small c favoring C2.

The newly constructed C takes the form

C(u1, . . . , ud) = C1(uc1, . . . , u
c
d) ·C2(u1−c

1 , . . . , u1−c
d ), (3.3)

and we call C a max-copula.

Remark 1: Both the mixture copula and the max-copula can be seen as limiting cases of the

general copula (3.2) where X ∼ Beta(a, b). Let X ∼ Beta( cn ,
1−c
n ), we have X →d Bernoulli(c)

as n → ∞ and X →d Dirac mass(c) as n → 0. Therefore, the general copula (3.2) can be seen

as a “bridge” between the max-copula and the mixture copula and is capable of generating more

flexible dependence structures. Its properties are being investigated in a separate project.

Remark 2: We derive the max-copula (3.3) under the novel stochastic representation (3.1). We

note that a more general form of (3.3) can be found in Liebscher (2008) and Durante and Sempi

(2015), which can be seen as a generalization of the Khoudraji device in Khoudraji (1995). To our

best knowledge, the present paper provides the first thorough study of the max-copula’s probabilis-

tic properties and establishes novel semiparametric statistical inference procedures that make its
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real data application feasible.

Remark 3: An obvious generalization of max-copulas is to allow different c’s for different (U1i, U2i)’s.

This extension can produce non-exchangeable max-copulas even when its components C1 and C2

are exchangeable. Such extension is not obvious in corresponding mixture copulas.

For mixture copulas, whether U behaves like U1 or U2 does not depend on (U1,U2) itself, but

on an independent Bernoulli random variable X, while for max-copulas it does depend on (U1,U2).

Following the pairwise max rule, for each Ui in U, we have Ui = max(U
1/c
1i , U

1/(1−c)
2i ), so U behaves

like the more extreme one between U
1/c
1 and U

1/(1−c)
2 . This direct interaction between U1 and U2

is more realistic and has more meaningful interpretability in many areas. In financial applications,

we can think of U as the risks for multiple stocks. Marginally speaking, for each stock Ui, there

are two sources of risks coming from U1i and U2i with c controlling the relative weight and each

stock taking the larger risk from the two sources. Jointly speaking, U1 and U2 represent the two

sources of joint risks with different joint behavior, e.g., U1 may follow a copula C1 with weak

multivariate dependence, representing the joint risks in a “normal state” market; while U2 can

follow a copula C2 with strong joint tail dependence, representing the joint risks in a “crisis state”

market. Further details about the interpretation can be found in Section 3.2.3. As is seen later in

real data applications, this unique characteristic of the max-copula helps it accurately capture the

joint behavior of multivariate financial time series.

3.2.2 Quantile dependence and tail dependence coefficient

Suppose the bivariate random vector (U1, U2) ∼ C, where C is the max-copula derived from C1

and C2, by (3.3). The quantile dependence λqmax between (U1, U2) takes the closed form

λqmax =


P (U1 ≤ q|U2 ≤ q) =

C1(qc, qc) ·C2(q1−c, q1−c)

q
, q ∈ (0, 0.5];

P (U1 > q|U2 > q) =
1− 2q + C1(qc, qc) ·C2(q1−c, q1−c)

1− q
, q ∈ (0.5, 1).
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Sibuya (1959) introduced the concept of tail dependence coefficient as a simple criteria to quantify

the joint extreme behavior of two random variables. Let (X1, X2) be a random vector, the quantity

λU = lim
x→xF

P (X2 > x|X1 > x), where xF = sup{x : F (x) < 1}, 2

is called the upper tail dependence coefficient, provided the limit exists. The joint distribution of

(X1, X2) is said to have upper tail dependence if λU > 0 and upper tail independence if λU = 0

respectively. Similarly, we can define the lower tail dependence coefficient λL. Theorem 3.2.1 states

that the tail dependence coefficients of max-copulas have nice closed form expressions and behave

differently from the ones of mixture copulas. In the following, we denote the upper and lower tail

dependence coefficients of C1 as λU1 and λL1 , and the ones of C2 as λU2 and λL2 .

Theorem 3.2.1. For the max-copula Cmax based on C1 and C2 with weight c, the upper and lower

tail dependence coefficients are λUmax = cλU1 + (1 − c)λU2 and λLmax = λL1 · λL2 . For the mixture

copula Cmix based on C1 and C2 with weight c, the upper and lower tail dependence coefficients are

λUmix = cλU1 + (1− c)λU2 and λLmix = cλL1 + (1− c)λL2 .

By Theorem 3.2.1, there is a clear difference between the tail behavior of max-copulas and

mixture copulas. If both component copulas C1 and C2 have symmetric tail dependence (i.e.,

λL1 = λU1 , λ
L
2 = λU2 ), the mixture copula gives symmetric tail dependence, while the max-copula can

clearly offer asymmetric tail dependence, which is often found more appealing in many applications.

For example, a mixture of two most widely used copulas, the Gaussian and the t copula, gives

symmetric tail dependence, while the corresponding max-copula offers asymmetric tail dependence

with upper tail dependence and lower tail independence. Based on Theorem 3.2.1, we can obtain

the following corollary.

Corollary 3.2.1. Assume both component copulas C1 and C2 are “diagonally” symmetric (i.e.,

Ci(q, q) = 2q−1+Ci(1−q, 1−q), for all q ∈ (0, 1), i = 1, 2). By symmetry we have λL1 = λU1 = λ1

and λL2 = λU2 = λ2. If min(λ1, λ2) < 1 and max(λ1, λ2) > 0, then for the upper quantile dependence

λqmax and lower quantile dependence λ1−q
max of Cmax, there always exists a q∗ > 0.5 such that λqmax >

λ1−q
max, for all q ∈ (q∗, 1). On the contrary, for Cmix, we have λqmix = λ1−q

mix, for all q ∈ (0.5, 1).

2In this definition, X1 and X2 are required to have identical marginal distribution F (x).
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Remark 4: In Nelsen (1999), a copula C is said to be “radially” symmetric if C(u, v) = C̄(u, v) for all (u, v) ∈

(0, 1)2, where C̄(u, v) = u+v−1+C(1−u, 1−v) is the survival copula of C. Diagonal symmetry in

Corollary 3.2.1 is a weaker condition than radial symmetry and all copulas in the elliptical copula

family are radially symmetric.

Corollary 3.2.1 further demonstrates the fundamental difference between the max-copula and

the mixture copula. The max-copula is an “asymmetric system” that is capable of actively gener-

ating asymmetric dependence from symmetric component copulas, while the mixture copula is a

“symmetric system” that can only inherit asymmetric dependence from an asymmetric component

copula.

An extreme example is when C1 = C2 = C. For all copulas C we have Cmix = C, while for

almost all widely used copulas C (except extreme value copulas which are max-stable) we have

Cmax 6= C. Under the condition of Corollary 3.2.1, the upper quantile dependence of Cmax is

stronger than its corresponding lower quantile dependence, which is a desirable property, especially

in financial risk management.

3.2.3 Choice of copulas and unique characteristics of the max-copula

Since the max-copula is based on component copulas C1 and C2, to construct a max-copula, we

need to specify C1 and C2, which is a model selection problem. For bivariate max-copulas, a rule

of thumb can be developed based on Theorem 3.2.1: if we want the max-copula to have upper tail

dependence, at least one of the copulas need to be upper tail dependent, while if we need lower

tail dependence, both of the copulas are required to have lower tail dependence. Users can choose

different copulas to suit different applications. In the elliptical copula family, the Gaussian copula

has no upper and lower tail dependence; the t copula has both upper and lower tail dependence.

Meanwhile, in the Archimedean copula family, the Gumbel copula has upper tail dependence and

the Clayton copula has lower tail dependence.

In general, the selection of max-copulas is a hard topic, as is the selection of mixture copulas. A

standard procedure in the literature is to use a likelihood based information criteria (e.g., AIC, BIC)

to select C1 and C2 from a pool of candidate copulas. There are various extensions of AIC/BIC

for composite likelihood (which is later used for the estimation of max-copulas), e.g., Gao and Song

(2010) and Varin et al. (2011). Another promising direction is to follow the work in Cai and Wang
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(2014), where the authors proposed a penalized likelihood procedure via shrinkage operators for the

selection of mixture copulas, which selects appropriate copulas and estimates related parameters

simultaneously.

The primary purpose of this paper is to model multivariate financial time series, e.g., negative

daily returns of multiple stocks. One of the most significant characteristics of the stock market

is that stock returns tend to have greater dependence during a crisis and tend to behave more

“independently” otherwise. In other words, negative stock returns have asymmetric tail dependence

with strong upper tail dependence and weak to none lower tail dependence, see Oh and Patton

(2015) for an example. Thus, in general, we want to design a max-copula that has asymmetric tail

behavior with strong upper tail dependence.

As mentioned above, the Gaussian copula has no tail dependence and thus lacks the ability to

capture the “joint crash” property of the stock market. However, it performs well in capturing

moderate scale stock returns, i.e., the Gaussian copula can be used to model the “normal state”

stock market. On the other hand, the Gumbel copula is capable of modeling joint upper tail

dependence, while it may not perform well under moderate scale since it is an extreme-value

copula, i.e., the Gumbel copula can be used to model the “crisis state” stock market.

Based on the above observations, to better capture the multivariate dependence structure of

the stock market, in this paper we choose C1 to be a Gaussian copula with correlation matrix

Σ and C2 to be a Gumbel copula with parameter α. By Theorem 3.2.1, the constructed max-

copula C has a lower tail dependence coefficient of zero and an upper tail dependence coefficient

of (1 − c)(2 − 21/α). Since the Gaussian copula is a special case of the elliptical copula and the

Gumbel copula is a special case of the Archimedean copula, the generalization of the max-copula

based on the elliptical family and the Archimedean family easily follows.

If c = 1, the max-copula C degenerates to a Gaussian copula C1 and there is no upper or lower-

tail dependence between the Ui’s. If c = 0, the max-copula C degenerates to a Gumbel copula

C2. When 0 < c < 1, the Gaussian copula C1 helps regulate the Ui’s dependence structure under

moderate scale and the Gumbel copula C2 helps achieve upper tail dependence between the Ui’s.

To help better understand the unique dependence structure of the max-copula, Figure 3.1 shows

scatter plots of simulated data U = (U1, U2) from three sets of parameters (c, α, ρ) for a bivariate

max-copula C(u1, u2). For a better visual illustration, the data are transformed to be marginally
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normally distributed using Φ−1(Ui), where Φ is the c.d.f. of standard normal distribution. In the

graph, circle points correspond to data where the Gumbel copula dominates (i.e., both points of

U come from the Gumbel copula), triangle points correspond to data where the Gaussian copula

dominates (i.e., both points of U come from the Gaussian copula) and cross points correspond

to the “mixed” case where one point of U comes from the Gumbel copula and one from the

Gaussian copula. The three plots demonstrate the case where the Gaussian copula has positive

correlation (ρ = 0.5) and the Gumbel copula has moderate upper tail dependence (α = 2). From

left to right, c decreases from 0.8 to 0.2, i.e., the influence of the Gaussian copula is declining and

that of the Gumbel copula is increasing. As is expected, the Gumbel copula dominantly regulates

the upper tail area, while the Gaussian copula mainly affects the distribution in the non-extremal

area.

The unique characteristic of the max-copula is well demonstrated in Figure 3.1. Notice here in

the upper tail region, for all three c’s, U always come from the Gumbel copula due to its upper

tail dependence, while in the non-extremal region, the graph is a mix of three shapes with triangle

or cross points taking the dominance, depending on the magnitude of c. Since in comparison to

the Gaussian copula, the Gumbel copula is not suitable for modeling non-extremal behavior, the

existence of the “mixed” cross points helps achieve a better modeling of the non-extremal area

by “decreasing” the influence of the Gumbel copula. This mechanism takes effect especially in

the case of multivariate max-copulas (i.e., d ≥ 3), since multiple points of U = (U1, . . . , Ud) can

come from the Gaussian copula, e.g., (U1, . . . Up) come from the Gaussian copula and (Up+1, . . . Ud)

come from the Gumbel copula. This is a unique feature of the max-copula that is not shared by

the mixture copula. With the unique feature, the max-copula achieves better modeling flexibility

for the non-extremal behavior while attaining good modeling for tail dependence. This feature is

further demonstrated through simulation experiments in Section 3.4.1 and real data applications

in Section 3.5.

3.2.4 Factor structured max-copula

The number of parameters of an unstructured Gaussian copula’s correlation matrix Σ increases

quadratically as the dimension increases, which imposes a huge challenge on the estimation and

inference of the model. To bypass this obstacle, we propose two factor structured max-copulas,
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Figure 3.1: Scatterplots of simulated two-dimensional max-copula under three sets of parameters
(c, α, ρ). The marginals are transformed to Gaussian scale for better illustration.

which offer flexible multivariate dependence modeling while remaining numerically tractable.

3.2.4.1 Single-factor max-copula

For low-dimensional applications, we design a parsimonious max-copula by imposing a factor struc-

ture on the correlation matrix Σ of the Gaussian copula. For the single-factor max-copula, Σ takes

a single-factor structure, where ρij = βi · βj for all 1 ≤ i, j ≤ d and |βi| < 1. For identification

purpose, we assume β1 > 0. The Gumbel copula belongs to the one-parameter Archimedean copula

family, which offers parsimonious modeling at the cost of assuming a rather restrictive exchangeable

dependence structure among variables. Such assumption is acceptable when the dimension is low,

so we keep it unchanged in the single-factor max-copula. Thus, the parameters associated with

the d-dimensional single-factor max-copula are (c, β1, . . . , βd, α), which is of length d+ 2 and much

smaller than O(d2).

3.2.4.2 Block-factor max-copula

In practice, especially in high-dimensional applications, situations where the multivariate observa-

tions come from several groups with similar characteristics are not uncommon. For example, in

financial applications, stocks may come from different industrial sectors and it is expected that

stocks from the same sector have common behavior and are more closely related. In order to have

a better modeling of such data, we propose the block-factor max-copula. Assume U consists of

p groups and for each group i = 1, 2, . . . , p, it contains di group members. By a slight abuse of
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notation, we denote U =
⋃p
i=1(Ui1, Ui2, . . . , Uidi), where U is of dimension d =

∑p
i=1 di.

For the Gaussian copula, we take advantage of the natural group structure by imposing a

block-factor structure on the correlation matrix Σ. Specifically, we assume the Gaussian copula is

implied by a multivariate normal distribution, denoted by Z =
⋃p
i=1(Zi1, Zi2, . . . , Zidi), which has

the stochastic representation:

Zij = βi · F0 + γi · Fi + εij ,

where i = 1, . . . , p, j = 1, . . . , di, F0 is the common factor across different groups, Fi’s are group-

specific factors, and εij ’s are subject-level noise. Also, all random variables are mutually indepen-

dent and standard normal. Here F0 introduces correlations across groups while Fi’s are responsible

for group-specific correlations. The block-factor structure requires 2p parameters instead of O(d2),

which provides a much more parsimonious model.

We impose the group structure on the Gumbel copula by using the theory of hierarchical

Archimedean copula (HAC). Intuitively, HAC can be thought as a block-factor Archimedean cop-

ula. Here we extend the Gumbel copula to the one-level hierarchical Gumbel copula, which of-

fers different within group dependence and common between group dependence. More formally,

U =
⋃p
i=1(Ui1, Ui2, . . . , Uidi) is said to follow a one-level hierarchical Gumbel copula if its c.d.f. can

be written as

C(u) = ψ0

(
p∑
i=1

ψ−1
0 [Ci(ui1, . . . , uidi)]

)
,

where ψ0 = exp(−x1/α0) is the Gumbel copula generator with parameter α0, Ci(·)’s are Gumbel

copulas with Ci(ui1, . . . , uidi) = ψi

(∑di
j=1 ψ

−1
i (uij)

)
, and ψi = exp(−x1/αi)’s are the Gumbel

copula generators with parameter αi’s. For C(u) to be a valid copula, we require α0 ≤ min
1≤i≤p

αi,

i.e., the between group dependence is weaker than the within group dependence. Under the one-

level hierarchical Gumbel copula, the within group dependence parameter is αi for the ith group

and the between group dependence parameter is α0 for all different groups. For more details of

HAC, we refer readers to Joe (2014).

Based on the block-factor Gaussian copula C1 and the hierarchical Gumbel copula C2, we now
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specify the block-factor max-copula. Assume that U1 =
⋃p
i=1(Ui1,1, Ui2,1, . . . , Uidi,1) follows a block-

factor Gaussian copula C1 and U2 =
⋃p
i=1(Ui1,2, Ui2,2, . . . , Uidi,2) follows a one-level hierarchical

Gumbel copula C2. We call the copula of

U = max(U
1/c
1 ,U

1/(1−c)
2 )

a block-factor max-copula. The parameters associated with the d-dimensional multivariate copula

are (c, β1, . . . , βp, γ1, . . . , γp, α0, . . . , αp), which is of length 3p+ 2, where p is the number of groups

of U. For variables within the same group i, i.e., (Ui1, Ui2, . . . , Uidi), the block-factor max-copula

reduces to a max-copula based on a Gaussian copula with exchangeable correlation ρ =
β2
i +γ2i

1+β2
i +γ2i

and a Gumbel copula with parameter αi. For two variables from different groups i and j, e.g.,

(Ui1, Uj1), the block-factor max-copula reduces to a bivariate max-copula based on a Gaussian

copula with correlation ρ =
βi·βj√

1+β2
i +γ2i

√
1+β2

j+γ2j
and a Gumbel copula with parameter α0.

For parsimony, we use the same weight c for all p groups. Additional flexibility can be obtained

by imposing group-specific weights. Here we use the factor Gaussian copula and the hierarchical

Gumbel copula as component copulas for the block-factor max-copula, the generalization to the

factor elliptical copula and the hierarchical Archimedean copula follows readily.

3.2.5 Semiparametric dynamic max-copula model

The ultimate purpose of the max-copula is to model the joint behavior of multivariate time series. In

reality, it is almost impossible to observe an i.i.d. sequence of multivariate time series. Furthermore,

the marginals by no means can behave like uniform random variables on [0,1]. To tackle these

two problems, we follow the procedure in Chen and Fan (2006a) and propose a Semiparametric

Dynamic Max-copula (hereafter SDM) model. Let {Yt}Tt=1 be a multivariate time series where

Yt is of dimension d and let Ft−1 denote the information set at time t − 1, i.e., the sigma field

generated by {Yt−1,Yt−2, . . .}. We specify the SDM model as follows:

I. Parametric dynamic component: We assume that the dynamics of multivariate time series

happen in first and second order conditional moments and we further assume that the conditional

mean and variance can be correctly parametrized up to a finite-dimensional unknown parameter
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λ0, i.e.,

Yt = µt(λ0) +
√
Ht(λ0)ηt,

where µt(λ0) = (µt,1(λ0), . . . , µt,d(λ0))′ = E(Yt|Ft−1) and Ht(λ0) = diag(ht,1(λ0), . . . , ht,d(λ0)), in

which ht,j(λ0) = E[(Yt,j − µt,j(λ0))2|Ft−1], j = 1, . . . , d.

II. Nonparametric marginal component: We do not impose any parametric assumption on the

marginals of ηt = (ηt1, . . . , ηtd)
′. Instead, we only assume that each marginal of ηtj is continuous

and denote the true marginal distribution function as F 0
j .

III. Parametric max-copula component: According to Sklar (1959), there is a unique copula

C0 such that F 0(η) = C0(F 0
1 (η1), . . . , F 0

d (ηd)), where F 0 is the true joint distribution of ηt. In an

SDM model, we assume C0 is a max-copula based on component copulas C1, C2 and denote θ0 as

true parameters for the max-copula C0.

In the following, C0 is taken to be a single-factor max-copula or a block-factor max-copula

depending on different applications, and we call the corresponding SDM model a single-factor

SDM model or a block-factor SDM model respectively.

3.3 Semiparametric Composite Maximum Likelihood Estimation

In order to fully estimate the SDM model, we need to estimate all three components of it. We

largely follow the semiparametric copula estimation framework in Genest et al. (1995) and Chen

and Fan (2006a). The multivariate time series we observe are {Yt}Tt=1 and the ultimate goal is to

estimate the parameter θ0 of the max-copula C0.

3.3.1 Estimation of the dynamic and marginal components

The parametric dynamic component and the nonparametric marginal component are treated as

nuisance parameters and the estimation procedure is standard. After the parametric assumption

on the dynamic component is fixed, standard MLE can be employed to estimate λ0 using the

observations {Yt}Tt=1. Based on estimated λ̂0, we can construct the fitted errors {η̂t}Tt=1. An

empirical distribution function F̂Tj is employed to estimate the nonparametric F 0
j , for j = 1, . . . , d,



65

where F̂Tj(·) = 1
T+1

∑T
t=1 I(η̂tj ≤ ·).

3.3.2 Estimation of the max-copula component

Using estimated F̂T = (F̂T1, . . . , F̂Td), we can turn the fitted errors {η̂t}Tt=1 into the transformed

errors {Ût = F̂T (η̂t)}Tt=1, which can be seen as an approximation for the unobserved true copula

processes {Ut}Tt=1 that drive {Yt}Tt=1.

In Genest et al. (1995) and Chen and Fan (2006a), the authors used standard MLE on {Ût}Tt=1

to estimate the copula parameter θ0. In our SDM model, due to the nature of max-copulas, the

full log-likelihood function is analytically complicated and may also introduce numerical difficulty

during optimization, especially when the dimension of the multivariate time series is high. To

bypass the problem, we employ the composite maximum likelihood estimation method (CMLE).

To our best knowledge, this is the first time CMLE is applied to the semiparametric dynamic

modeling of time series.

Consider a d-dimensional random vector U = (U1, . . . , Ud), with p.d.f. f(u; θ) for some un-

known parameter vector θ. Denote by A = {A1, . . . ,AK} a set of marginal events with associated

likelihoods Lk(u; θ) ∝ f(u ∈ Ak; θ). Following Lindsay (1988), a composite log-likelihood is the

weighted sum CL(u; θ) =
∑K

k=1wk logLk(u; θ) , where wk’s are nonnegative weights to be chosen.

For more details of CMLE, see Varin et al. (2011).

In this paper, we set A to be all pairwise combinations between elements of U = (U1, . . . , Ud),

so K = d(d−1)
2 , Ak = {i, j} for some 1 ≤ i < j ≤ d and Lk(u; θ) = fij(ui, uj ; θ), where fij(·) denotes

the pairwise p.d.f. between Ui and Uj . Also, we set wk = 1 for all k = 1, . . . ,K. As a result, the

composite log-likelihood function based on one observation u = (u1, . . . , ud) takes the form

CL(u; θ) =
K∑
k=1

logLk(u; θ) =
d−1∑
i=1

d∑
j=i+1

log fij(ui, uj ; θ).

3.3.2.1 Pairwise likelihood function

Suppose U = (U1, . . . , Ud) follows the max-copula C(u; θ). To employ CMLE, we first need to

derive the pairwise copula density for each pair of (Ui, Uj). In the following, we set i = 1 and j = 2,

while others can be derived similarly. To be generic, in the following, we assume the correlation
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parameter of the Gaussian copula to be ρ and the parameter of the Gumbel copula to be α. Later,

ρ and α can be replaced by the parameters in the single-factor or block-factor max-copula. By

construction, the pairwise c.d.f. of (U1, U2) can be written as

C12(u1, u2) = CGaussian(uc1, u
c
2, ρ) · CGumbel(u1−c

1 , u1−c
2 , α)

= Φ(Φ−1(uc1),Φ−1(uc2), ρ) · exp

−( 2∑
i=1

(− log u1−c
i )α

)1/α


= Φ(Φ−1(uc1),Φ−1(uc2), ρ) · exp

−(1− c)

(
2∑
i=1

(− log ui)
α

)1/α
 .

The pairwise p.d.f. can be obtained by taking the partial derivatives w.r.t. u1 and u2. The detailed

expression can be found in Section 3.7.2 of the Appendix.

3.3.2.2 Composite likelihood method

Suppose we have a d-dimensional single-factor max-copula C with true parameter θ0 = (c0, β
0
1 , β

0
2 , . . . , β

0
d , α0).

Following Section 3.3.2.1, the composite log-likelihood function based on the transformed errors

{Ût}Tt=1 can be written as

CLT (θ) =
1

T

T∑
t=1

d−1∑
i=1

d∑
j=i+1

lt,ij(Ûti, Ûtj ; θ) =
1

T

T∑
t=1

lt(Ût; θ),

where lt,ij(Ûti, Ûtj ; θ) = log fij(Ûti, Ûtj ; θ) = log fij(Ûti, Ûtj ; c, βi, βj , α) is the pairwise log-likelihood

function between Ui and Uj based on the tth transformed error Ût = (Ût1, . . . , Ûtd) and lt(Ût; θ) =∑d−1
i=1

∑d
j=i+1 lt,ij(Ûti, Ûtj ; θ). Denote θ̂T as the maximizer of the composite likelihood function

CLT (θ) and call it the CMLE of θ.

For the block-factor max-copula, we can further separate the composite likelihood function into

the within group likelihood and between group likelihood. Suppose there are p groups, each with

group size di, and denote the tth transformed error as Ût =
⋃p
i=1(Ût,i1, . . . , Ût,idi). The composite

log-likelihood function can be written as

CLT (θ) =
1

T

T∑
t=1

[CLWGt(θ) + CLBGt(θ)],
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where CLWGt(θ) stands for the within group composite likelihood and CLBGt(θ) stands for the

between group composite likelihood. Following the above formulation, we have

CLWGt(θ) =

p∑
k=1

dk−1∑
i=1

dk∑
j=i+1

lt,(ki,kj)(Ût,ki, Ût,kj ; θ),

CLBGt(θ) =

p−1∑
k=1

p∑
g=k+1

dk∑
i=1

dg∑
j=1

lt,(ki,gj)(Ût,ki, Ût,gj ; θ),

where lt,(ki,kj)(Ût,ki, Ût,kj ; θ) = log fki,kj(Ût,ki, Ût,kj ; θ) = log fki,kj(Ût,ki, Ût,kj ; c, βk, γk, αk) is the

pairwise log-likelihood function between Uki and Ukj that both come from kth group, and lt,(ki,gj)(Ût,ki, Ût,gj ; θ)

= log fki,gj(Ût,ki, Ût,gj ; θ) = log fki,gj(Ût,ki, Ût,gj ; c, βk, γk, βg, γg, α0) is the pairwise log-likelihood

function between Uki and Ugj that come from kth group and gth group respectively.

If we re-index Ût as Ût = (Ût1, Ût2, . . . , Ûtd) with d =
∑p

i=1 di, it is easy to verify that we have

CLT (θ) =
1

T

T∑
t=1

[CLWGt(θ) + CLBGt(θ)] =
1

T

T∑
t=1

d−1∑
i=1

d∑
j=i+1

lt,ij(Ûti, Ûtj ; θ) =
1

T

T∑
t=1

lt(Ût; θ),

where lt(Ût; θ) =
∑d−1

i=1

∑d
j=i+1 lt,ij(Ûti, Ûtj ; θ). By re-indexing, we unify the notation of CLT (θ)

for the single-factor and block-factor max-copulas.

As mentioned before, we set wk = 1 for all pairwise likelihoods. It is known that all weights lead

to consistent estimation while some weights are more efficient. For the block-factor max-copula,

since pairwise likelihoods come from various sources (i.e., within group and between group), it is

natural to set different weights for likelihoods from different sources, which may help improve the

estimation efficiency. However, since efficiency is not the main focus here and the simulation studies

show satisfactory performance of the current weights, we leave the investigation of finding efficient

weights as a future research question.

3.3.3 Asymptotic theory

In Genest et al. (1995) and Chen and Fan (2006a,b), the authors showed that under the semi-

parametric setting, the standard MLE based on the transformed errors {Ût}Tt=1 is consistent and

asymptotically normal. It is also well known that with the classical i.i.d. setting, under some regu-

larity conditions, both MLE and CMLE are consistent and asymptotically normal, while CMLE is
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less efficient in terms of asymptotic covariance. Based on the above two observations, it is not sur-

prising that CMLE is also consistent and asymptotically normal under the SDM model, as stated

in Theorems 3.3.1 and 3.3.2.

Theorem 3.3.1. Suppose the observations {Yt}Tt=1 and the composite likelihood function lt(·) sat-

isfy Assumption C and D in Chen and Fan (2006a), we have θ̂T →p θ0 as T → ∞, i.e., θ̂T is

consistent.

Before we state Theorem 3.3.2, we first introduce some notations. Denote l(u1, . . . , ud; θ)

=
∑d−1

i=1

∑d
j=i+1 lij(ui, uj ; θ) =

∑d−1
i=1

∑d
j=i+1 log fij(ui, uj ; θ), lθ(u1, . . . , ud; θ) = ∂l(u1, . . . , ud; θ)/∂θ,

lj(u1, . . . , ud; θ) = ∂l(u1, . . . , ud; θ)/∂uj , lθθ(u1, . . . , ud; θ) = ∂2l(u1, . . . , ud; θ)/∂θ∂θ
′, and lθj(u1, . . . , ud; θ)

= ∂2l(u1, . . . , ud; θ)/∂uj∂θ, for j = 1, . . . , d. Also, denote {Ut = (Ut1, . . . , Utd)}Tt=1 as the unob-

served true copula processes that drive the observations {Yt}Tt=1. Further denote

A0
T =

1

T

T∑
t=1

{lθ(Ut1, Ut2, . . . , Utd; θ0) +

d∑
j=1

Q(Utj ; θ0)},

where Q(Utj ; θ) ≡ Eθ0

[
lθj(Us; θ0)(I{Utj ≤ Usj} − Usj)

∣∣∣Utj] , s 6= t. Denote B = −Eθ0 [lθθ(Ut; θ0)]

and Σ = Varθ0 [lθ(Ut; θ0) +
∑d

j=1Q(Utj ; θ0)].

Theorem 3.3.2. Let θ0 ∈ int(Θ). Under Assumption D and N in Chen and Fan (2006a), we have

(1) θ̂T −θ0 = B−1A0
T +op(T

−1/2), (2)
√
T (θ̂T −θ0)→d N(0, B−1ΣB−1), i.e., θ̂T is asymptotically

normal.

As mentioned in Chen and Fan (2006a), the additional term Q(Utj ; θ0) in A0
T is introduced by

the estimation of the marginal distribution functions F 0
j (·), j = 1, . . . , d, and if F 0

j (·) is completely

known, Q(Utj ; θ0) will disappear. We note that CMLE implicitly imposes an incorrect working

independence assumption, which may make it less efficient in terms of asymptotic covariance.

However, the benefits of CMLE are that it bypasses the analytical difficulty of the full likelihood

function and lowers the computational complexity and instability of the estimation procedures,

especially in high dimension.

The classical plug-in estimator for the asymptotic covariance matrix is available. However, due

to analytical complexity, a parametric bootstrap procedure is proposed to estimate the asymptotic
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variance for CMLE, which is consistent and gives good finite sample performance, as is shown in

Section 3.7.3.2 of the Appendix.

3.4 Simulation Study

3.4.1 Comparison between the max-copula and the mixture copula

In this section, we demonstrate the advantage of max-copulas over mixture copulas in the modeling

of non-extremal behavior. Specifically, we use a bivariate Gaussian copula as a “surrogate” for the

non-extremal joint behavior of random vector (U1, U2). We compare the Kullback-Leibler (KL)

distance3 of the max-copula and the mixture copula to the Gaussian copula, while keeping the up-

per tail dependence coefficients of the max-copula and the mixture copula the same. We conduct

experiments for two scenarios where the component copulas are either Gaussian + Gumbel copula

or Gaussian + t copula. We demonstrate the simulation procedure for Gaussian + Gumbel copula

in detail and report the results for both scenarios. Denote C1(ρ) as a Gaussian copula and denote

C2(α) as a Gumbel copula. Denote the max-copula based on (c, C1(ρ), C2(α)) as Cmax(c, ρ, α)

and the corresponding mixture copula as Cmix(c, ρ, α). By Theorem 3.2.1, Cmax(c, ρ, α) and

Cmix(c, ρ, α) have the same upper tail dependence coefficient. We conduct experiments for two

different cases of settings.

In Case 1, we calculate the KL distance of the max-copula Cmax(c, ρ, α) and the mixture copula

Cmix(c, ρ, α) to its component Gaussian copula C1(ρ). We set ρ = 0.5 and α = 2 since they are

the typical parameters obtained in real data applications in Section 3.5, and we change c from 0.1

to 0.9. The result is summarized in Figure 3.2 (A). As can be seen, the max-copula is always closer

to the component Gaussian copula C1(ρ) in terms of KL distance. It confirms the observation

in Figure 3.1 that the unique pairwise max rule of the max-copula helps decrease the influence

of the Gumbel copula in the non-extremal region and thus helps offer a better modeling of the

non-extremal joint behavior.

In Case 2, we first set a target bivariate Gaussian copula CGau(ρ0). We then seek the max-

copula Cmax(c, ρ, α) and the mixture copula Cmix(c, ρ, α) that minimize their KL distance to the

target CGau(ρ0) and also attain a given upper tail dependence coefficient λU . This is a constrained

3All the KL distance calculated in this section are based on Monte Carlo integration.
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optimization problem where the parameters are (c, ρ, α) and the constraint is (1−c)(2−21/α) = λU .

We fix λU = 0.24, the same as the estimated one in Section 3.5.1. We change the target Gaussian

copula from ρ0 = 0.1 to ρ0 = 0.9 and report the minimized KL distance attained by the max-copula

and the mixture copula in Figure 3.2 (B). The max-copula attains a better ability to approximate

the Gaussian copula in the range 0 < ρ0 < 0.6, which is the most commonly encountered range of

Gaussian copulas in real data applications in Section 3.5. It indicates that for Gaussian copulas

with low to medium level correlation, the max-copula has a stronger approximation ability than

the mixture copula, while attaining the same level of tail dependence.

Figure 3.2: KL distances of the max-copula and the mixture copula based on either Gaussian copula
+ Gumbel copula or Gaussian copula + t-copula to the pre-specified Gaussian copulas.

We have also conducted experiments where C1(ρ1) is a Gaussian copula and C2(ρ2, ν) is a
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t-copula. We fix ν = 4 for the t-copula. For Case 1, we set ρ1 = ρ2 = 0.5 and change c from 0.1 to

0.9. For Case 2, we use the same target Gaussian copula CGau(ρ0) and the same λU . Similar results

have been observed in Figure 3.2 (C) and (D), which confirm the advantage of the max-copula in

achieving good non-extremal behavior modeling while attaining desired tail dependence.

3.4.2 Performance of CMLE

In this section, we examine the performance of CMLE under single-factor and block-factor SDM

models. The data generating process is as follows:

Yti = φ0 + φ1Yt−1,i + σtiηti, t = 1, 2, . . . , T and i = 1, . . . , d,

σ2
ti = ω + βσ2

t−1,i + ασ2
t−1,iη

2
t−1,i,

ηηηt ≡ [ηt1, . . . , ηtd]
′ i.i.d.∼ Fη = C(Φ,Φ, . . . ,Φ),

where Φ is the standard normal distribution function and C is the max-copula. Here we assume

an AR(1)-GARCH(1,1) structure for the dynamic component of Yt. We set the parameters to

be [φ0, φ1, ω, β, α] = [0.01, 0.05, 0.05, 0.85, 0.10], which according to Oh and Patton (2013), broadly

match the values of estimation from real world financial data.

3.4.2.1 Single-factor max-copula result

We conduct experiments on single-factor SDM models with d = 4, where we set the true parameters

(c, α, β1, β2, β3, β4) = (0.5, 2, 0.2, 0.4, 0.6, 0.8). Under this setting, the Gaussian copula has correla-

tions of 0.08, 0.12, 0.16, 0.24, 0.32, 0.48, and the Gumbel copula has an upper tail dependence

coefficient of 0.59.

We simulate 500 data sets of sample size T = (1000, 2000, 5000) and report the sample mean

and sample standard deviation based on the 500 estimators. The result is summarized in Table

3.1. As can be seen, under the single-factor SDM model, the CMLE is consistent, where both bias

and variance of the estimators get smaller as sample size T gets bigger.
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c α β1 β2 β3 β4

T=1000 0.503 (0.080) 2.010 (0.148) 0.195 (0.105) 0.407 (0.072) 0.596 (0.075) 0.822 (0.087)
T=2000 0.494 (0.057) 1.992 (0.105) 0.193 (0.067) 0.403 (0.049) 0.601 (0.053) 0.813 (0.076)
T=5000 0.497 (0.037) 1.991 (0.075) 0.197 (0.043) 0.402 (0.033) 0.602 (0.031) 0.807 (0.040)

Table 3.1: Semiparametric CMLE for data generated by the single-factor SDM model with d = 4
and (c, α, β1, β2, β3, β4) = (0.5, 2, 0.2, 0.4, 0.6, 0.8). The standard deviations of estimators are in
brackets.

3.4.2.2 Block-factor max-copula result

In this section, we conduct numerical investigations on block-factor SDM models. We assume

d = 20 and p = 4, i.e., the observations are of dimension 20 with five subjects in each of the four

groups. We set c = 0.5, (β1, . . . , β4) = (1, 1, 1.2, 1.2), and (γ1, . . . , γ4) = (0.8, 0.8, 1, 1) for the block-

factor Gaussian copula, and set (α0, α1, . . . , α4) = (1.5, 1.75, 1.75, 2, 2) for the one-level hierarchical

Gumbel copula. Under the current setting, the Gaussian copula has within group correlations of

0.62, 0.71 and between group correlations of 0.38, 0.40, 0.42; the Gumbel copula has within group

upper tail dependence coefficients of 0.51, 0.59 and a common between group upper tail dependence

coefficient of 0.41.

We simulate 500 data sets of sample size T = (1000, 2000, 5000) and report the sample mean

and sample standard deviation based on the 500 estimators. The result is summarized in Table

3.2. As can be seen, the CMLE is consistent where both bias and variance of the estimators get

smaller as sample size T gets bigger.

We have also conducted a simulation for a much larger block-factor SDM model with d = 108

and p = 9, i.e., the observations are of dimension 108 with twelve subjects in each of the nine

groups. Though there are 29 parameters in total, the CMLE still performs well and provides

decent accuracy when T = 500. Due to limited space, the result is provided in Section 3.7.3.1 of

the Appendix.

3.5 Real Data Application

In this section, we give two real data applications of the max-copula. The first one is about the

single-factor SDM model in the estimation of conditional VaR for a financial portfolio, and the

second one is about the block-factor SDM model in the construction of optimal portfolios based
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c β1 β2 β3 β4

T = 1000 0.501 (0.092) 1.020 (0.110) 1.031 (0.100) 1.231 (0.122) 1.236 (0.125)
T = 2000 0.492 (0.064) 1.018 (0.078) 1.008 (0.070) 1.216 (0.101) 1.214 (0.073)
T = 5000 0.499 (0.039) 1.007 (0.042) 1.010 (0.048) 1.203 (0.051) 1.206 (0.050)

γ1 γ2 γ3 γ4 α0

T = 1000 0.840 (0.133) 0.805 (0.159) 1.000 (0.158) 1.027 (0.144) 1.493 (0.084)
T = 2000 0.821 (0.084) 0.827(0.084) 1.002 (0.088) 1.006 (0.086) 1.500 (0.041)
T = 5000 0.802 (0.056) 0.810 (0.054) 1.003 (0.056) 0.998 (0.045) 1.501 (0.028)

α1 α2 α3 α4

T = 1000 1.742 (0.142) 1.745 (0.147) 2.011 (0.127) 1.992 (0.137)
T = 2000 1.736 (0.065) 1.737 (0.078) 2.000 (0.071) 1.998 (0.075)
T = 5000 1.746 (0.046) 1.741 (0.057) 1.999 (0.053) 1.996 (0.047)

Table 3.2: Semiparametric CMLE for data generated by the block-factor SDM model with d = 20
and p = 4. The standard deviations of estimators are in brackets.

on 30 component stocks from the Dow Jones Industrial Average. For comparison purposes, in

each section, we fit the data with four different copulas (the max-copula, its component Gaussian

copula, its component Gumbel copula, and the corresponding mixture copula) and compare their

performances.

3.5.1 Value at Risk estimation for financial portfolios

Monitoring negative returns of a portfolio is essential in financial risk management. The most

common practice is to use the Value at Risk (VaR), which is a certain extreme quantile (e.g.,

0.95, 0.99, 0.995) of the portfolio’s negative return. Since a portfolio usually contains multiple

constituents, in order to obtain an accurate estimation of its VaR, it is essential to have a good

modeling of the joint behavior of the portfolio components. For a given portfolio with d-constituents

Yt = (Yt1, . . . , Ytd) and weight wt = (wt1, . . . , wtd), the conditional daily VaR for day t+ 1 can be

defined as certain conditional quantile of
∑d

i=1wt+1,iYt+1,i given the current information Ft. For

simplicity, here we only consider the case where the weight wt is constant. Following McNeil and

Frey (2000), we propose a semiparametric copula framework for estimating conditional VaR of a

given portfolio based on the SDM model.

We consider the analysis of negative daily stock returns of Citigroup, General Electric and Pfizer,

between September 1, 1995 and August 31, 2012, which consists of 4295 observations. The paramet-

ric dynamic component of each time series {Yti}Tt=1, i = 1, 2, 3, is set to be AR(1)+GARCH(1,1).
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For each pair (i, j) of the three stocks, we calculate the sample quantile dependence λ̂qij based on the

transformed errors {Ût}4295
t=1 and plot the average sample dependence (λ̂q12 + λ̂q13 + λ̂q23)/3 in Figure

3.3. A nonparametric bootstrap on the transformed errors {Ût}4295
t=1 with B = 1000 replications is

used to construct pointwise 95% C.I. for the sample quantile dependence estimates. As is clearly

shown, the sample quantile dependence diminishes to 0 as q approaches 0 with 0 in the 95% C.I.

and stays positive as q comes near 1 with 0 outside of the 95% C.I., which implies an asymmetric

tail dependence structure.

For this low-dimensional (d = 3) application, we set the copula component of the SDM model to

be the single-factor max-copula. We first fit the SDM model using the whole dataset and summarize

the result in Table 3.3. As can be seen, the Gumbel copula plays a substantial role with 1− ĉ = 0.42.

The estimated Gaussian copula has correlations of 0.27, 0.33 and 0.55, while the estimated Gumbel

copula has an upper tail dependence coefficient of 0.58. Together with ĉ = 0.58, it implies that the

three stocks have a strong upper tail dependence with λ̂U = 0.24.

c α β1 β2 β3

0.58 (0.07) 1.98 (0.37) 0.67 (0.07) 0.82 (0.06) 0.41 (0.12)

Table 3.3: Semiparametric CMLE for negative daily stock returns of Citigroup (β1), General Elec-
tric (β2), and Pfizer (β3). The bootstrapped standard deviations of estimators are in brackets.

To test the performance of the single-factor SDM model in estimating conditional VaR, we use

the back testing technique in McNeil and Frey (2000). Specifically, on each day t, we use a window

of size 1000 (i.e., days (t− 999, . . . , t)) to estimate the SDM model. Based on the fitted model, we

generate B = 1000 bootstrap samples {Yb
t+1 = (Y b

t+1,1, Y
b
t+1,2, Y

b
t+1,3)}Bb=1 for day t+1 and estimate

the conditional VaR using the B bootstrapped portfolio returns {
∑3

i=1wiY
b
t+1,i}Bb=1. A violation

happens when the actual daily loss is over the q-th quantile of the bootstrap sample, where q varies

among 0.95, 0.99 and 0.995. Along with the single-factor max-copula, we also use the Guassian

copula, the Gubmel copula, and the corresponding mixture copula for model comparison.

In total, we have a test sample of size 4295− 1000 = 3295 days. The back testing is conducted

for seven different weights w. The expected and actual number of violations, as well as p-values

of the binomial tests for three selected weights are reported in Table 3.4 due to limited space.

More details can be found in Section 3.7.4.1 of the Appendix. As can be seen, the estimated VaR
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performs well, indicating that the single-factor SDM model captures the joint dynamics of the three

stocks accurately. Due to limited space, the results for the other three copulas are not presented.

In summary, the Gaussian copula tends to underestimate the VaR and achieves 0.949, 0.989, 0.994

for the mean VaR level across the seven portfolios; the Gumbel copula tends to overestimate the

VaR and achieves 0.953, 0.991, 0.996 for mean VaR level; the mixture copula achieves a better

result with mean VaR level 0.951, 0.991 and 0.996. The numbers achieved by the max-copula are

0.952, 0.990 and 0.995, which are arguably the best among all copulas, particularly at the extreme

quantiles 0.99 and 0.995.

Portfolio Expected VaR Level Actual VaR Level Expected Violation Actual Violation p-value

w1 = .33 0.950 0.952 164.75 158 0.63
w2 = .33 0.990 0.991 32.95 28 0.43
w3 = .33 0.995 0.995 16.48 17 0.81

w1 = .2 0.950 0.952 164.75 158 0.63
w2 = .3 0.990 0.992 32.95 27 0.34
w3 = .5 0.995 0.997 16.48 10 0.14

w1 = .2 0.950 0.951 164.75 161 0.81
w2 = .5 0.990 0.992 32.95 27 0.34
w3 = .3 0.995 0.995 16.48 18 0.71

Table 3.4: Performance of conditional VaR based on the single-factor SDM model, with VaR level
0.95, 0.99, and 0.995.

The reason why the max-copula outperforms the others is illustrated more clearly in Figure

3.3, which plots the sample quantile dependence function along with those implied by the four

fitted copulas. As can be seen, the Gumbel copula overestimates the upper tail dependence and

also performs poorly in the non-extremal region. While the Gaussian copula has a good fit for the

non-extremal region, it suffers from an underestimation of the upper tail dependence. Both the

mixture copula and the max-copula perform decently with the max-copula having a slightly better

fit in the upper quantile and tail area.

We further conduct a formal Goodness of Fit test on all four copulas based on the Cramér-von

Mises type test in Genest et al. (2009). The estimated p-value is 0.036 for the Gaussian copula,

0.00 for the Gumbel copula, 0.066 for the mixture copula, and 0.072 for the max-copula, confirming

the advantage of the max-copula.
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Figure 3.3: This figure plots the average of the sample quantile dependence functions of the three
stocks and a bootstrap 95% (pointwise) confidence interval for it. The quantile dependence functions
based on estimated copulas (max-copula, Gaussian copula, Gumbel copula, and mixture copula) are
also plotted.

3.5.2 Optimal portfolio construction on Dow Jones Industrial Average

In this section, we extend the application of the SDM model from financial risk management to

optimal portfolio construction as described in Harris and Mazibas (2013). The task here is to

establish a weekly4 optimal portfolio construction framework for the 30 component stocks of Dow

Jones Industrial Average Index (hereafter DJI30). The DJI30 is a major U.S. stock index which

consists of 30 large publicly owned companies based in the U.S. The 30 companies come from six

industrial sectors, according to the Standard Industrial Classification (SIC) system. Detailed group

information can be found in Section 3.7.4.2 of the Appendix. It is known that stocks from the same

industrial sector have common behavior and closer relationships. Because of this natural group

structure among the 30 stocks, the block-factor SDM model is used for this high-dimensional (d =

30) application. To capture the leverage effect in the conditional volatility of stock returns, we set

the parametric dynamic component to be AR(1)+GJR-GARCH(1,1). More details about GJR-

4Compared to daily-frequency portfolio optimization, weekly-frequency portfolio optimization (i.e., we update the
portfolio weight every trading week) is more realistic due to the transaction cost in real trading. Here a week refers
to a trading week, which typically contains the five workdays in a week.
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GARCH(1,1) can be found in Glosten et al. (1993).

The initiative of this application is to demonstrate the block-factor SDM model’s ability to

capture both normal and extreme joint movements of multiple stocks, which can be utilized for the

construction of more risk-rewarding portfolios. To serve this end, we choose the observation period

from January 02, 2004 to December 30, 2011, which consists of T = 2015 days and roughly 403

trading weeks. It covers the so-called Financial crisis period from 2008 to 2009 and the post-crisis

market rally from 2009 to 2011, which are later used as test samples to examine the performance

of the proposed portfolio optimization framework under different market scenarios. Since VISA

is not listed until 2008 and Verizon is the only stock in SIC 4, we remove these two stocks from

the candidate pool for portfolio construction and consider the remaining 28 stocks from DJI30.

In summary, the 28 stocks can be classified into five groups with group sizes of 8, 9, 3, 5 and 3

respectively.

We now describe the weekly optimal portfolio construction framework. Roughly speaking, in

the proposed framework, we manage a portfolio that consists of the 28 component stocks in DJI30.

At the end of each trading week, say day t, based on the estimated block-factor SDM model,

we seek to forecast an optimal portfolio weight ŵt = {ŵti}28
i=1 for the next trading week of days

(t+1, t+2, . . . , t+5) such that a certain risk measure (e.g., Variance, VaR, Expected Shortfall, etc.)

of the constructed portfolio with the optimal weight ŵt is minimal among all possible portfolios.

More formally, denote the portfolio weight as w = {wi}28
i=1, we are solving the following constrained

optimization problem:

min
w

Φt(w), where w ≥ 0,w′1 = 1.

where Φt(w) denotes the selected risk measure of the portfolio with weight w, which can be calcu-

lated based on the estimated block-factor SDM model on day t. The minimizer ŵt is the optimal

portfolio weight.

In the following, we set Φt(w) to be the Expected Shortfall (ES) of the cumulative portfo-

lio returns in the next trading week of days (t + 1, . . . , t + 5). The reason we choose ES in-

stead of VaR is that ES is a convex function of portfolio weight w, which makes the optimiza-

tion an easier task. For a random variable Z, its (1 − α) level ES is defined to be ES1−α =
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− 1
α

(
E(Z1{Z≤zα}) + zα(α− P (Z ≤ zα))

)
, where zα denotes the α-quantile of Z. For more informa-

tion on ES, readers are referred to McNeil et al. (2005). Conditioned on the estimated SDM model

on day t, Φt(w) can be well approximated by parametric bootstrap. Using the estimated SDM

model, we generate B = 10000 times bootstrap samples {{Yb
t+k = (Y b

t+k,1, . . . , Y
b
t+k,28)}5k=1}Bb=1 for

the returns of the 28 stocks on days (t+1, . . . , t+5) and approximate the ES Φt(w) by its empirical

version based on the B bootstrap portfolio returns {
∑5

k=1

∑28
i=1wiY

b
t+k,i}Bb=1. For the level of ES,

we use 1 − α = 0.99. The reason why we set 1 − α close to 1 is that we only want to avoid the

extreme loss of the portfolio instead of all the risks. The intuition is that if we try to eliminate all

the risks, the constructed portfolio will also lack the ability to capture upward movements of the

stock market.

As in Section 3.5.1, we use a “back testing” procedure to examine the performance of the

weekly optimal portfolio constructed by the block-factor SDM model. The basic steps are as

follows. We initially estimate the block-factor SDM model using the first s = 1000 observations.

Based on the estimated model, we forecast the one-week ahead out-of-sample optimal portfolio

weight ŵs = {ŵsi }28
i=1 for the next trading week of days (s + 1, s + 2, . . . , s + 5) using the optimal

portfolio construction framework described above. The performance of the constructed optimal

portfolio is r̂s =
∑s+5

t=s+1

∑28
i=1 ŵ

s
i ri,t, where ri,t is the actual log-return of the ith stock on day t.

The estimation window is then rolled forward one trading week (5 days) and the optimal portfolio

weight for the next week is generated. The last iteration uses days {T−1004, . . . , T−5} to generate

optimal portfolio weight for the trading week of days (T − 4, T − 3, . . . , T ). The starting date of

the out-of-sample test is December 21, 2007 and the ending date is December 30, 2011, consisting

of 203 weeks.

Besides the block-factor max-copula, we also conduct experiments using the block-factor Gaus-

sian copula, the hierarchical Gumbel copula, and the corresponding block-factor mixture copula.

The summary statistics of the portfolio returns in the out-of-sample test set for DJI30 and optimal

portfolios constructed by each of the four copulas can be found in Table 3.5. As can be seen,

compared to DJI30, all the copula-constructed portfolios deliver considerably higher annualized

returns and lower risks, in terms of standard deviation, VaR, and ES of the portfolio. Moreover,

the portfolio constructed by the max-copula achieves the highest return and offers the best overall

Sharpe ratio among all portfolios, followed by the mixture copula. We note that the Sharpe ratio
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is the most commonly used measure for risk-adjusted returns in the financial industry. For a given

portfolio, its Sharpe ratio is defined to be
r−rf
σ , where r is its expected return, σ is its standard

deviation, and rf is the risk free rate. 5

To better demonstrate the comparison, we plot the cumulative portfolio values of the four

constructed portfolios and DJI30 throughout the test set in Figure 3.4. As is clearly shown, the

portfolio value constructed by the max-copula almost always stays on top. The vertical dotted line

marks the date (Feb 26, 2009) when DJI30 reaches its minimum level, and we call it the minimal

point. The market scenario before the minimal point can be seen as in “crisis” state and the one

after the minimal point can be seen as in post-crisis “normal/rally” state. To better assess different

copulas’ performance under different market scenarios, separate analyses have been performed on

portfolio returns before and after the minimal point. We summarize the Sharpe ratio in Table 3.5

and more detailed information is in Section 3.7.4.2 of the Appendix. As can be seen, the Gumbel

copula does not perform well during the “normal/rally” state, the Gaussian copula does not perform

well during the “crisis state”, while the max-copula offers the best balance of performance under

both market scenarios (best in “normal/rally” state and second best in “crisis state”).

TR AR SD VaR95 VaR99 ES95 ES99 SR(Overall) SR(Before) SR(After)

Max-copula 19.86 5.16 2.11 3.34 5.45 5.32 9.03 0.047 -0.169 0.165
Mixture 16.06 4.18 2.12 3.47 5.58 5.47 9.47 0.038 -0.179 0.155
Gaussian 12.87 3.35 2.19 3.19 5.90 5.63 9.58 0.029 -0.191 0.144
Gumbel 11.25 2.92 2.31 3.84 5.78 5.70 9.16 0.024 -0.143 0.113
DJI30 1.23 0.32 3.11 4.63 9.86 7.89 13.62 0.0019 -0.254 0.142

Table 3.5: Summary statistics of the returns of different portfolios from December 21, 2007 to
December 30, 2011. “TR” stands for total return, “AR” stands for annualized return and “SR”
stands for Sharpe ratio. All numbers, except SR, are in percentage.

3.6 Conclusion and Future Research

In this paper, we have proposed and studied the max-copula, which is a novel nonlinear asymmetric

copula generating framework that constructs new flexible copulas based on existing ones through

a pairwise max function. The constructed max-copula enjoys tractable theoretical properties,

such as closed form quantile and tail dependence functions. Moreover, it is capable of modeling

5Here, we set rf to be the Federal funds rate, which is 0.00-0.25% during the test period. For simplicity we set
rf = 0.
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Figure 3.4: This figure plots cumulative portfolio values of copula-based portfolios and DJI 30 over
the period Dec 21, 2007 - Dec 30, 2011. The cumulative portfolio value on day t is calculated using
exp(

∑t
s=1 r̂s), where r̂s denotes the portfolio return on day s.

asymmetric dependence and joint tail behavior while offering good performance in non-extremal

behavior modeling. Max-copulas based on single-factor and block-factor models are developed to

offer parsimonious modeling for structured dependence, especially in high-dimensional applications.

Combined with semiparametric time series models, the proposed framework can further help obtain

flexible and accurate models for multivariate time series. The consistency and asymptotic normality

of the proposed CMLE has been affirmed through extensive numerical experiments. The max-

copula’s ability to model multivariate financial time series has been demonstrated by the estimation

of conditional VaR for a financial portfolio and by weekly optimal portfolio constructions for the

Dow Jones Industrial Average under various market scenarios.

Since the max-copula is relatively new, much work remains to be done. Its advantage and

disadvantage relative to the mixture copula and the factor copula can further be explored. There

are also several interesting extensions of the max-copula itself. A natural extension is to design a

time-varying max-copula. Instead of setting the weight parameter c to be constant, we can design

an autoregressive structure for ct, such that ct depends on {ct−i, i > 0} and on whether C1 or C2

takes lead on day t− 1. Compared to constant c, a dynamic ct may be more realistic in real data

applications.
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3.7 Appendix

3.7.1 Weak equivalence between linear factor copula model and factor copula

based on C-vine

The idea of applying factor model in copula construction has been widely employed in the literature,

e.g., Hull and White (2004) and Oh and Patton (2015). Most of the existing literature focus on

constructing copulas from a linear factor model, one exception may be Krupskii and Joe (2013), in

which the authors developed a general nonlinear factor copula construction framework. Under the

proposed framework, bivariate copulas are used to iteratively specify the dependence relationship

between latent factors and observed variables under a simplifying assumption (which is the same

as the one made in vine copula, see below for more details). Because of the use of bivariate copula,

the proposed framework is general and flexible, and it offers tail dependence and tail asymmetry.

As is shown in Theorem 3.7.1, due to the simplifying assumption, under additive model framework,

Krupskii and Joe (2013)’s factor copula model partially coincides with the copula constructed by

linear factor model, e.g., Oh and Patton (2015).

Suppose we have an additive factor model such that, for i = 1, . . . , d,

Yi = fi(X1, X2, . . . , Xp) + ξi,

where {Yi}di=1 are observed random variables, {Xi}pi=1 are independent latent factors and {ξi}di=1

are independent random noise. Assume that fi(·)’s are continuous and differentiable, {Xi}pi=1

are continuous random variables and {ξi}di=1 are continuous random variables with p.d.f. fξi(x) >

0 for all x ∈ R. Also, assume that {Yi}di=1 and {Xi}pi=1 fulfill the simplifying assumption in Krupskii

and Joe (2013). Before presenting Theorem 3.7.1, we first state the simplifying assumption.

Definition 2. Under the above framework, the simplifying assumption states that for each ob-

served random variable Yk, where k = 1, . . . , d, the conditional copula between Yk and Xi given

X1, X2, . . . , Xi−1 does not depend on the values of X1, X2, . . . , Xi−1, for i = 2, . . . , p, i.e., the
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conditional distribution of (Yk, Xi) given X1, X2, . . . , Xi−1 can be written as,

FYk,Xi|X1,...,Xi−1
(y, xi|X1, . . . , Xi−1)

= Ck,i|1,2,...,i−1(FYk|X1,...,Xi−1
(y|X1, . . . , Xi−1), FXi|X1,...,Xi−1

(xi|X1, . . . , Xi−1))

= Ck,i|1,2,...,i−1(FYk|X1,...,Xi−1
(y|X1, . . . , Xi−1), FXi(xi)),

where the last equality follows from the independence among Xi’s.

Intuitively, the simplifying assumption is saying that the values of (X1, . . . , Xi−1) only affect the

conditional distribution of (Y,Xi|X1, . . . , Xi−1) through the conditional marginal FYk|X1,...,Xi−1
(y|X1, . . . , Xi−1),

but not the conditional copula Ck,i|1,2,...,i−1(·, ·). Now we state Theorem 3.7.1.

Theorem 3.7.1. Under the above framework and the simplifying assumption, we have

fi(X1, X2, . . . , Xp) = fi1(X1) + fi2(X2) + . . .+ fip(Xp), i = 1, 2, . . . , d,

i.e., fi(X1, X2, . . . , Xp)’s take the additive form.

Based on Theorem 3.7.1, if the observed variables {Yi}di=1 are summation of functions of latent

factors fi(X1, X2, . . . , Xp)’s and independent noise ξi’s, then the simplifying assumption implies that

the general function fi(·)’s actually take the additive form, which means that the newly constructed

copulas taken by {Yi}di=1 are in the linear factor model framework. In this sense, Krupskii and Joe

(2013) partially coincides with copulas constructed by additive linear factor models.

Roughly speaking, Theorem 3.7.1 establishes a weak equivalence of the nonlinear factor copula

construction technique in Krupskii and Joe (2013) with the linear copula construction technique un-

der additive model framework. Also, as is pointed out in Oh and Patton (2015), most of the widely

used copulas (e.g., Gumbel copula, Clayton copula etc.) attain nonlinear stochastic representation.

This motivates us to seek a general nonlinear copula construction technique.
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3.7.2 Bivariate p.d.f. of the max-copula

As mentioned in Section 3.3.2.1 of the main text, the pairwise c.d.f. of (U1, U2) can be written as

C12(u1, u2) =

= CGaussian(uc1, u
c
2, ρ) · CGumbel(u1−c

1 , u1−c
2 , α)

= Φ(Φ−1(uc1),Φ−1(uc2), ρ) · exp

−( 2∑
i=1

(− log u1−c
i )α

)1/α


= Φ(Φ−1(uc1),Φ−1(uc2), ρ) · exp

−(1− c)

(
2∑
i=1

(− log ui)
α

)1/α
 .

By taking partial derivatives w.r.t. u1 and u2, the pairwise p.d.f. of (U1, U2) can be written as

f12(u1, u2) =

1√
1− ρ2

c2

u1−c1 u1−c2

exp

−ρ2 (Φ−1(uc1)
)2

+ ρ2
(
Φ−1(uc2)

)2 − 2ρΦ−1(uc1)Φ−1(uc2)

2(1− ρ2)
− (1− c)

(
2∑
i=1

(− log ui)
α

)1/α


+
(1− c)c
u1−c1 u2

Φ

(
Φ−1(uc2)− ρΦ−1(uc1)√

1− ρ2

)
exp

−(1− c)

(
2∑
i=1

(− log ui)
α

)1/α
 (− log u2)α−1

(
2∑
i=1

(− log ui)
α

)1/α−1

+
(1− c)c
u1−c2 u1

Φ

(
Φ−1(uc1)− ρΦ−1(uc2)√

1− ρ2

)
exp

−(1− c)

(
2∑
i=1

(− log ui)
α

)1/α
 (− log u1)α−1

(
2∑
i=1

(− log ui)
α

)1/α−1

+ Φ
(
Φ−1(uc1),Φ−1(uc2), ρ

)
exp

−(1− c)

(
2∑
i=1

(− log ui)
α

)1/α
 1− c
u1u2

(log u1 log u2)
α−1

(
2∑
i=1

(− log ui)
α

)1/α−2

·

(1− c)

(
2∑
i=1

(− log ui)
α

)1/α

+ α− 1

 .

3.7.3 Simulation performance

3.7.3.1 Block-factor max-copula result

In this section we conduct numerical investigations on the performance of CMLE in the block-

factor SDM model. We conduct a simulation experiment for a large block-factor SDM model

with d = 108 and p = 9, i.e., the observations are of dimension 108 with 12 subjects in each of
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the 9 groups. We set c = 0.5, (β1, . . . , β9) = (0.8, 0.8, 0.8, 1, 1, 1, 1.2, 1.2, 1.2), and (γ1, . . . , γ9) =

(0.6, 0.6, 0.6, 0.8, 0.8, 0.8, 1, 1, 1) for the factor Gaussian copula, and set

(α0, α1, . . . , α9) = (1.5, 1.7, 1.7, 1.7, 1.9, 1.9, 1.9, 2.1, 2.1, 2.1) for the one-level hierarchical Gumbel

copula. Under the current setting, the Gaussian copula has within group correlations of 0.5, 0.62,

0.71 and between group correlations of 0.32, 0.35, 0.37, 0.38, 0.40, 0.42; the Gumbel copula has within

group upper tail dependence coefficients of 0.50, 0.56, 0.61 and common between group upper tail

dependence coefficient of 0.41.

Due to computational complexity, 500 simulations have been conducted for each T = (100, 500, 1000)

and the result is summarized in Table 3.6. As can be clearly seen, although there are 29 parame-

ters in total, the CMLE still performs well and gives consistent estimators, where the CMLE gives

decent accuracy when T = 500.
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3.7.3.2 Performance of bootstrap estimated variance

As mentioned in the main text, although the classical plug-in estimator for asymptotic covariance is

available, due to analytical complexity, we instead use a parametric bootstrap method to estimate

the variance for each of the estimators. The basic procedures are as follows. Based on the estimated

λ̂ for the dynamic component, F̂j ’s for the nonparametric marginal component and θ̂ for the

parametric max-copula component, we simulate the multivariate time series of length T by B

times. For each of the B parametric bootstrap sample, we obtain a bootstrapped CMLE and we

use the sample variance of the B bootstrapped CMLE’s as an estimator for variance of the true

CMLE.

We test the performance of the parametric bootstrap for the single-factor SDM model and block-

factor SDM model in Section 3.4.2 of the main text. We set B = 100 and set all the parameters

to be the same as the ones in Section 3.4.2. The performance of the 95% C.I. for true parameters

constructed using the above parametric bootstrap method is summarized in Table 3.7 and Table

3.8.

c α β1 β2 β3 β4

T=1000 0.91 0.98 0.93 0.93 0.93 0.90
T=2000 0.90 0.95 0.95 0.93 0.94 0.91
T=5000 0.96 0.98 0.95 0.94 0.94 0.94

Table 3.7: Performance of 95 % parametric bootstrap C.I. for the single-factor SDM model with
d = 4.

c β1 β2 β3 β4 γ1 γ2

T = 1000 0.93 0.95 0.97 0.94 0.98 0.97 0.98
T = 2000 0.94 0.96 0.94 0.96 0.97 0.97 0.95
T = 5000 0.97 0.97 0.94 0.95 0.98 0.96 0.95

γ3 γ4 α0 α1 α2 α3 α4

T = 1000 0.96 0.97 0.96 0.93 0.98 0.97 0.97
T = 2000 0.98 0.97 0.97 0.98 0.93 0.97 0.99
T = 5000 0.95 0.98 0.93 0.95 0.94 0.97 0.95

Table 3.8: Performance of 95 % parametric bootstrap C.I. for the block-factor SDM model with
d = 20 and p = 4.

As is clearly shown in Tables 3.7 and 3.8, the performance of parametric bootstrap C.I. is

improving with the increase of sample size T and can achieve satisfactory results for all T , which
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verifies that CMLE is asymptotically normally distributed.

3.7.4 Real data application

3.7.4.1 Back testing on Value at Risk

The expected and actual number of violations, as well as p-values of the binomial tests for all seven

different portfolio weights are reported in Table 3.9. As can be seen, the estimated VaR by the

max-copula performs well, which indicates that the single-factor SDM model captures the joint

dynamics of the three stocks accurately.

Portfolio Expected VaR Level Actual VaR Level Expected Violation Actual Violation p-value

w1 = .33 0.950 0.952 164.75 158 0.63
w2 = .33 0.990 0.991 32.95 28 0.43
w3 = .33 0.995 0.995 16.48 17 0.81

w1 = .2 0.950 0.952 164.75 158 0.63
w2 = .3 0.990 0.992 32.95 27 0.34
w3 = .5 0.995 0.997 16.48 10 0.14

w1 = .2 0.950 0.951 164.75 161 0.81
w2 = .5 0.990 0.992 32.95 27 0.34
w3 = .3 0.995 0.995 16.48 18 0.71

w1 = .3 0.950 0.954 164.75 150 0.25
w2 = .2 0.990 0.992 32.95 26 0.25
w3 = .5 0.995 0.996 16.48 13 0.46

w1 = .3 0.950 0.950 164.75 164 1
w2 = .5 0.990 0.990 32.95 32 1
w3 = .2 0.995 0.994 16.48 21 0.26

w1 = .5 0.950 0.953 164.75 156 0.52
w2 = .2 0.990 0.989 32.95 36 0.60
w3 = .3 0.995 0.995 16.48 16 1

w1 = .5 0.950 0.951 164.75 161 0.81
w2 = .3 0.990 0.989 32.95 35 0.66
w3 = .2 0.995 0.995 16.48 18 0.71

Table 3.9: Performance of conditional daily VaR based on the single-factor SDM model, with VaR
level 0.95, 0.99 and 0.995.

3.7.4.2 Optimal portfolio construction on Dow Jones Industrial Average

The 30 companies in DJI30 index come from six industrial sectors, according to the Standard

Industrial Classification (SIC) system. The SIC system assigns each stock a three-digit code and
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the first number of the code represents the industrial sector that the stock is in. The detailed group

information of DJI30 in terms of SIC code is summarized in Table 3.10.

Company AAPL AXP BA CAT CSCO CVX DD DIS GE GS
SIC 357 614 372 351 367 291 287 799 351 621

Company HD IBM INTC JNJ JPM KO MCD MMM MRK MSFT
SIC 521 737 367 283 602 208 581 384 283 737

Company NKE PFE PG TRV UNH UTX V VZ WMT XOM
SIC 302 283 284 633 632 358 738 481 533 291

Table 3.10: SIC code for the 30 component stocks of Dow Jones Industrial Average Index

The summary statistics of the portfolio returns before the minimal point in the out-of-sample

test set for DJI30 and optimal portfolios constructed by each of the four copulas can be found in

Table 3.11, where the max-copula gives the second best Sharpe ratio after the Gumbel copula.

TR AR Mean SD VaR95 VaR99 ES95 ES99 Sharpe Ratio

Max-copula -26.67 -24.76 -0.48 2.81 5.09 8.97 7.94 10.23 -0.170
Mixture -28.40 -26.37 -0.51 2.84 4.68 9.42 8.10 10.41 -0.179
Gaussian -31.51 -29.26 -0.56 2.94 5.84 9.45 8.52 11.99 -0.192
Gumbel -24.45 -22.70 -0.44 3.04 5.51 9.14 8.13 9.63 -0.143
DJI30 -57.92 -53.78 -1.03 4.07 6.70 12.47 11.37 18.22 -0.254

Table 3.11: Summary statistics of the returns of different portfolios from December 21, 2007 to
February 26, 2009. “TR” stands for total return, “AR” stands for annualized return and “SR”
stands for Sharpe ratio. All numbers, except SR, are in percentage.

The summary statistics of the portfolio returns after the minimal point in the out-of-sample test

set for DJI30 and optimal portfolios constructed by each of the four copulas can be found in Table

3.12, where the max-copula gives the best Sharpe ratio and is followed by the mixture copula.

TR AR Mean SD VaR95 VaR99 ES95 ES99 Sharpe Ratio

Max-copula 42.12 15.10 0.29 1.77 2.47 4.32 3.79 5.14 0.164
Mixture 39.78 14.27 0.27 1.77 2.36 4.90 3.93 5.46 0.155
Gaussian 38.50 13.81 0.27 1.84 2.41 5.18 4.01 5.71 0.145
Gumbel 32.08 11.50 0.22 1.96 3.50 5.09 4.42 5.99 0.113
DJI30 53.56 19.21 0.37 2.59 3.92 5.61 5.79 9.71 0.143

Table 3.12: Summary statistics of the returns of different portfolios from February 27, 2009 to
December 30, 2011. “TR” stands for total return, “AR” stands for annualized return and “SR”
stands for Sharpe ratio. All numbers, except SR, are in percentage.
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3.7.5 Technical proof

3.7.5.1 Proof of theorems in the Appendix

Proof of Theorem 3.7.1: We only prove the case for p = 2, i.e., the two-factor case. The proof

for p > 2 follows easily by using the same argument and induction. By the simplifying assumption

in Definition 2, the conditional copula of (Yk, X2) given X1 does not depend on the value of X1, for

k = 1, . . . , d. The proof can proceed with any of the Yk’s, so in the following, we ignore the index

k and use Y to denote a generic Yk, where Y = f(X1, X2) + ξ.

Let Y ′ be an independent copy of Y , i.e., Y ′ = f(X ′1, X
′
2)+ξ′, where (X ′1, X

′
2, ξ
′) are independent

copies of (X1, X2, ξ). By an abuse of notation, we use Y1 to denote the conditional random variable

of Y given X1 = z1 and use Y2 to denote the conditional random variable of Y ′ given X ′1 = z2.

Due to independence among X1, X2, and ξ, we have Y1 = f(z1, X2) + ξ and Y2 = f(z2, X
′
2) + ξ′.

By the simplifying assumption, we know that the conditional copula of (Y,X2) given X1 does not

depend on the value of X1, so we have

(F1(Y1), FX2(X2))
d
= (F2(Y2), FX2(X ′2)),

hence (F1(Y1), X2)
d
= (F2(Y2), X ′2), since X2 is a continuous random variable,

where FX2 denotes the c.d.f. of X2, F1 and F2 denote the c.d.f. of Y1 and Y2, i.e., the conditional

c.d.f. of Y given X1 = z1 and X1 = z2 respectively. Notice that F1 and F2 depend on the values

of z1 and z2 respectively. Also, F1 and F2 are strictly monotone increasing functions since ξ is

continuous random variable with p.d.f. fξ(x) > 0, for all x ∈ R.

Take the conditional distribution on X2 and X ′2 respectively, we have

(F1(Y1)|X2 = x)
d
= (F2(Y2)|X ′2 = x), for all x ∈ Range(X2).

By independence we have F1(f(z1, x) + ξ)
d
= F2(f(z2, x) + ξ′) for all x ∈ Range(X2). We proceed

the proof by introducing Lemma 3.7.1.

Lemma 3.7.1. If F1(f(z1, x)+ξ)
d
= F2(f(z2, x)+ξ′) for all x ∈ Range(X2), then F1(f(z1, x)+m) =

F2(f(z2, x) +m) for all x ∈ Range(X2) and m ∈ R.
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Proof. By equivalence in distribution, we have P (F1(f(z1, x) + ξ) ≤ K) = P (F2(f(z2, x) + ξ′) ≤

K) for all K ∈ [0, 1], i.e., P (ξ ≤ F−1
1 (K)− f(z1, x)) = P (ξ′ ≤ F−1

2 (K)− f(z2, x)), so we have

F−1
1 (K)− f(z1, x) = F−1

2 (K)− f(z2, x) for all K ∈ [0, 1].

Let K = F1(f(z1, x) +m), where m ∈ R, we have f(z1, x) +m− f(z1, x) = F−1
2 (F1(f(z1, x) +

m))− f(z2, x), thus F1(f(z1, x) +m) = F2(f(z2, x) +m) for all x ∈ Range(X2) and m ∈ R.

By Lemma 3.7.1, the simplifying assumption implies that there exists a strictly monotonic

increasing function g(·) = F−1
2 ◦ F1(·) such that g(f(z1, x) + m) = f(z2, x) + m for all x ∈

Range(X2) and m ∈ R, where z1 and z2 are arbitrary fixed numbers in Range(X1). Note that

g(·) as a function depends on the values of z1 and z2.

Let g′(·) denote the derivative of g(·), we have at point f(z1, x) +m,

g′(f(z1, x) +m) = lim
h→0

g(f(z1, x) +m+ h)− g(f(z1, x) +m)

h
= 1,

where the last equality follows from the fact that g(f(z1, x) + m) = f(z2, x) + m for all x ∈

Range(X2) and m ∈ R. By integration, we have g(·) = ·+ b(z1, z2), where b(z1, z2) is a function of

(z1, z2). Thus we have f(z2, x) = f(z1, x)+b(z1, z2) for all z1, z2 ∈ Range(X1) and x ∈ Range(X2).

Take the partial derivative w.r.t. x, we have

∂f(z1, x)

∂x
=
∂f(z2, x)

∂x
for all z1, z2 ∈ Range(X1),

i.e., the partial derivative ∂f(z,x)
∂x is only a function of x, say h(x).

Based on the above arguments, we can fix a z1 ∈ Range(X1) and a x1 ∈ Range(X2) such that

for all z ∈ Range(X1) and x ∈ Range(X2) we have

f(z, x) = f(z1, x) + b(z1, z) = f(z1, x)− f(z1, x1) + f(z1, x1) + b(z1, z)

=

∫ x

x1

∂f(z1, s)

∂x
ds+ f(z1, x1) + b(z1, z) = f(z1, x1) +

∫ x

x1

h(s)ds+ b(z1, z),

so f(X1, X2) = f1(X1) + f2(X2), i.e., f(X1, X2) takes the additive form. �
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3.7.5.2 Proof of theorems in main text

Proof of Theorem 3.2.1: We only prove the case for λUmax, the proof for λLmax is similar. By

definition, suppose (U1, U2) ∼ C, then

λUmax = lim
u→1

P (U2 > u|U1 > u) = lim
u→1

1− P (U1 < u)− P (U2 < u) + P (U1 < u,U2 < u)

P (U1 > u)

= lim
u→1

1− 2u+ C1(uc, uc) ·C2(u1−c, u1−c)

1− u
= cλU1 + (1− c)λU2 .

where the last equality comes from L’Hospital rule and the fact that

λU1 = lim
u→1

1− 2u+ C1(u, u)

1− u
,

λU2 = lim
u→1

1− 2u+ C2(u, u)

1− u
.

�

Proof of Theorem 3.3.1 : The proof of Theorem 3.3.1 follows the same line as the proof of

Proposition 3.1 in Chen and Fan (2006a) and therefore is omitted. The proof details can be ob-

tained from the authors upon request. �

Proof of Theorem 3.3.2: The proof of Theorem 3.3.2 follows the same line as the proof of Propo-

sition 3.2 in Chen and Fan (2006a) and therefore is omitted. The proof details can be obtained

from the authors upon request. �
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Chapter 4

Semiparametric Multivariate D-vine

Copula Model for Multivariate Time

Series

4.1 Motivation

Modeling multivariate time series is the fundamental task for many statistical applications, see

Patton (2012) for applications in economics, Erhardt et al. (2015) for applications in climate moni-

toring and Smith (2015) for applications in energy markets. Roughly speaking, there are two types

of dependence for multivariate time series. The first type is the temporal dependence for each of

its component univariate time series. The second type is the cross-sectional dependence across all

of its component univariate time series. To capture the behavior of multivariate time series, it is

essential for the statistical model to have an accurate modeling of both the cross-sectional and the

temporal dependence. This requires the time series model to be highly flexible such that it is ca-

pable of modeling various dependence structures, including nonlinear dependence, tail dependence

and asymmetric dependence.

The construction of multivariate distributions is technically difficult and most of the early

multivariate modeling is restricted within the Gaussian/elliptical family. Thanks to Sklar (1959)’s

theorem, which states that multivariate dependency can be separated into a copula and individual
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marginal distributions, the “time of the copula” has emerged for the construction of multivariate

distributions. Copulas are d-dimensional distribution functions on [0, 1]d with uniform margins.

By Sklar (1959)’s theorem, any multivariate distribution F can be separated into its marginals

(F1, . . . , Fd) and its copula C, where the copula captures all the scale-free dependence in the

multivariate distribution. In particular, suppose there is a random vector Y ∈ Rd such that Y

follows F, then we have F(y) = C(F1(y1), . . . , Fd(yd)), where y = (y1, . . . , yd)
′ is the realization of

Y. If all the marginals of F are absolutely continuous, the copula C is unique.

Various copulas have been proposed in the literature, see Joe (2014) and Nelsen (1999) for

a summary. Copula-based models for multivariate distributions are widely used in a variety of

applications, see Frees and Valdez (1998) in actuarial science and insurance, Cherubini et al. (2004)

in finance, and Genest and Favre (2007) in hydrology.

Most applications of copulas under time series setting focus on the modeling of the cross-

sectional dependence of multivariate time series, see the semiparametric copula-based multivariate

dynamic (SCOMDY) models in Patton (2006) and Chen and Fan (2006a). Under the SCOMDY

framework, conventional univariate time series models, e.g. ARMA and GARCH (Engle, 1982,

Bollerslev, 1986), are used to capture the temporal dependence, in particular conditional mean

and variance, of each component univariate time series. A parametric copula and nonparametric

marginal distributions are used to specify the cross-sectional dependence across the innovations of

all the component univariate time series.

There are also applications where copulas are used for modeling the temporal dependence of

a univariate time series. Darsow et al. (1992) provide a necessary and sufficient condition for a

copula-based time series to be a Markov process. Joe (1997), Chen and Fan (2006b), Domma et al.

(2009), Ibragimov (2009) and Beare (2010) consider copula-based stationary Markov chains, where

copulas and flexible marginal distributions are used to specify the transitional probability of the

Markov chains. Most copula-based time series models focus on first-order Markov chains, since

there are many flexible and tractable bivariate copulas. For higher-order Markov chains, the result

is rare and mostly is based on elliptical copulas such as Gaussian copula and t copula due to their

tractability.

To extend the copula-based univariate time series model to higher-order Markov chains, a

framework to generate flexible yet tractable multivariate copulas is required. A promising direction
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is to use the recently developed vine-copula (see Aas et al. (2009)), which is a framework that

generates flexible multivariate copulas based on iterative pairwise construction of bivariate copulas.

The D-vine copula, which is a special structured vine-copula, is of particular interest due to its

simplicity and natural interpretation under time series setting. Smith et al. (2010) and Shi and

Yang (2017) use D-vine for modeling longitudinal data. According to Aas et al. (2009), the density

of a univariate time series Y = {Yt}Tt=1 ∈ RT based on D-vine is given by its marginal distribution

F (·) and T (T − 1)/2 bivariate copulas {{cs,t}t−1
s=1}Tt=1,

fD(y;β) =

T∏
t=1

f(yt|yt−1, . . . , y1)

=

T∏
t=1

f(yt)

t−1∏
s=1

cs,t(Fs|(s+1):(t−1)(ys|ys+1, . . . , yt−1), Ft|(s+1):(t−1)(yt|ys+1, . . . , yt−1);βs,t),

where f(·) is the pdf of F (·), Fs|(s+1):(t−1)(ys|ys+1, . . . , yt−1) and Ft|(s+1):(t−1)(yt|ys+1, . . . , yt−1)

are conditional distributions of Ys and Yt given variables (Ys+1, . . . , Yt−1), and can be calculated

recursively based on the marginal F (·) and the bivariate copulas {cs,t} by the algorithm in Aas

et al. (2009). The parameter of the bivariate copula cs,t is denoted by βs,t.

An example of a D-vine for T = 5 observations is exhibited in Figure 4.1. The nodes in tree 1

represent ordered marginals {F (Yt)}Tt=1 and the edges in each tree becomes the nodes in the next

tree. From left to right, the sth edge in tree t− s corresponds to the (conditional) bivariate copula

cs,t that is used in fD(y,β) to specify the conditional joint distribution of (Ys, Yt) given variables

(Ys+1, . . . , Yt−1). The edges of the entire D-vine indicate the bivariate copulas {{cs,t}t−1
s=1}Tt=1 that

contribute to the pair copula constructions. The key feature of the D-vine is that the nodes of each

tree only connect adjacent nodes, which makes it simple to understand and naturally interpretable

for time series.

As mentioned in Smith (2015), despite that copulas have been employed in either cross-sectional

or temporal dependence modeling of time series, there is few multivariate time series model that

uses copulas to simultaneously characterize both the cross-sectional and temporal dependence. One

exception is Smith (2015) itself, where the author stacks the multivariate time series into a uni-

variate time series and designs copula-based dependence structures for the resulted univariate time

series. The proposed model in Smith (2015) is flexible and can capture nonlinear and asymmetric
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Figure 4.1: A 5-dimension D-vine.

tail dependence, and it outperforms the conventional Vector AR model in various applications.

One potential drawback is that the model is complicated and may not be easily implemented by

practitioners.

In this paper, we aim to design a simple, intuitive and flexible multivariate time series model

that enables the simultaneous copula-based modeling for both temporal and cross-sectional depen-

dence. Specifically, based on the D-vine copula, we first design a univariate D-vine time series

model (uDvine) for the modeling of each component univariate time series. The uDvine generalizes

the existing first-order copula-based Markov chain to an arbitrary-order Markov chain and is ca-

pable of modeling various temporal dependence structures due to the use of D-vine copula. Using

the same idea of SCOMDY model, we further design a multivariate D-vine time series model (mD-

vine) based on the uDvine, where a parametric copula is employed to specify the cross-sectional

dependence among all the uDvine-based component univariate time series. The proposed mDvine

is interpretable, tractable and offers flexible dependence structures for the modeling of multivariate

time series.

In Section 4.2, we present a detailed description of uDvine and mDvine and investigate their

probabilistic properties. In Section 4.3, a sequential model selection procedure and a two-stage

maximum likelihood approach (MLE) are proposed for model inference and estimation, with their

statistical properties derived. Empirical studies are carried out in Section 4.4 to investigate the

flexibility of mDvine and to demonstrate the performance of the MLE. The results of mDvine in

two real data applications, one on Australian electricity price and one on Ireland wind speed, are
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shown in Section 4.5, where significant improvement over conventional time series models has been

observed. We conclude the paper in Section 4.6. The Appendix contains the proof of the theorems

and other technical materials.

4.2 The D-vine Based Time Series Model

4.2.1 Univariate D-vine time series model (uDvine)

In this section, we introduce the univariate D-vine time series model (uDvine), which generalizes

the popular existing first-order copula-based Markov chains to an arbitrary-order Markov chains

using D-vine copula. As is shown later, the proposed uDvine is intuitive and is capable of modeling

various temporal dependence structures due to the use of D-vine copula.

4.2.1.1 Model specification of uDvine

As mentioned above, the density of a univariate time series Y = {Yt}Tt=1 ∈ RT based on a D-vine

copula is given by its marginal distribution F (·) and T (T − 1)/2 bivariate copulas {{cs,t}t−1
s=1}Tt=1,

fD(y;β) =
T∏
t=1

f(yt|yt−1, . . . , y1)

=
T∏
t=1

f(yt)
t−1∏
s=1

cs,t(Fs|(s+1):(t−1)(ys|ys+1, . . . , yt−1), Ft|(s+1):(t−1)(yt|ys+1, . . . , yt−1);βs,t),

where f(·) is the pdf of F (·), Fs|(s+1):(t−1)(ys|ys+1, . . . , yt−1) and Ft|(s+1):(t−1)(yt|ys+1, . . . , yt−1)

are conditional distributions of Ys and Yt given variables (Ys+1, . . . , Yt−1), and can be calculated

recursively based on the marginal F (·) and the bivariate copulas {cs,t} by the algorithm in Aas

et al. (2009).

A necessary condition for the stationarity of {Yt}Tt=1 is that bivariate copulas in the same tree

must be exactly the same, i.e. cs,t = cs′,t′ if t−s = t′−s′, we call this the homogeneity condition of

the D-vine copula. Thus, under stationarity assumption of Y, to fully specify fD(y,β), we need to

specify all edges from tree 1 to tree T −1, which requires T −1 bivariate copulas. This is unrealistic

when T is large and keeps growing.

The natural solution is that we ‘truncate’ the D-vine after a certain tree (say tree p) and set
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all copulas beyond pth tree, {cs,t, t− s > p}, to be independent copulas, where p� T . We call the

univariate D-vine time series model truncated at level p the uDvine(p) model. As is shown later in

Proposition 4.2.1, uDvine(p) is a p-order homogeneous Markov chain.

To fully specify uDvine(p), we need the marginal distribution function F (·) and p bivariate

copulas for the p trees. In this paper, we only assume F is absolutely continuous and do not

impose any parametric assumption on F , which makes the uDvine a semiparametric time series

model. The joint distribution of {Yt}Tt=1 from uDvine(p) can be written as

fD(y;β) =
T∏
t=1

f(yt|yt−1, . . . , y1) =
T∏
t=1

f(yt|yt−1, . . . , y1∨(t−p))

=
T∏
t=1

f(yt)
t−1∏

s=1∨(t−p)

cs,t(Fs|(s+1):(t−1)(ys|ys+1, · · · , yt−1), Ft|(s+1):(t−1)(yt|ys+1, · · · , yt−1);βs,t),

where cs,t is the bivariate copula in tree t− s having parameters βs,t, Fs|(s+1):(t−1) and Ft|(s+1):(t−1)

are the conditional distribution functions of Ys and Yt given (Ys+1, · · · , Yt−1). By the homogeneity of

uDvine(p), we have Fs|(s+1):(t−1) = Ft|(s+1):(t−1) for all eligible (s, t). Also, we have Fs|(s+1):(t−1) =

Fs′|(s′+1):(t′−1), Ft|(s+1):(t−1) = Ft′|(s′+1):(t′−1) and cs,t = cs′,t′ for all eligible (s, t, s′, t′) such that

t′ − s′ = t − s. We denote β = {βs,t} as the collection of all parameters for the bivariate copulas

and denote Ft−1 = σ(Yt−1, Yt−2, . . .).

By Aas et al. (2009), for t > p, the conditional density function of Yt takes the form

f(yt|Ft−1) = f(yt|yt−1, yt−2, · · · , yt−p)

=f(yt) ·
t−1∏

s=(t−p)

cs,t(Fs|(s+1):(t−1)(ys|ys+1, · · · , yt−1), Ft|(s+1):(t−1)(yt|ys+1, · · · , yt−1);βs,t),

which is a function of f(yt), {F (yt−k)}pk=0 and β. For simplicity of notation, we denote

w(F (yt), F (yt−1), · · · , F (yt−p);β)

=
t−1∏

s=(t−p)

cs,t(Fs|(s+1):(t−1)(ys|ys+1, · · · , yt−1), Ft|(s+1):(t−1)(yt|ys+1, · · · , yt−1);βs,t).
(4.1)

where w(u1, u2, · · · , up+1;β) can be derived analytically based on the algorithms in Aas et al.

(2009). Together, we have f(yt|yt−1, yt−2, · · · , yt−p) = f(yt) · w(F (yt), F (yt−1), · · · , F (yt−p);β).
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Similarly, for t > p, the conditional cumulative distribution function of Yt given Ft−1 is also a

function of {F (yt−k)}pk=0 and β. For simplicity of notation, we denote

F (yt|Ft−1) = F (yt|yt−1, · · · , yt−p) = g(F (yt), F (yt−1), · · · , F (yt−p);β), (4.2)

where g(u1, u2, · · · , up+1;β) can be derived analytically based on the algorithms in Aas et al. (2009).

The uDvine(p) is a general time series model and incorporates many commonly used time series

model as special cases. All the first-order copula-based Markov chains in the literature, e.g. Chen

and Fan (2006b), are essentially uDvine(1). In fact, all the stationary first-order Markov chains

with absolute continuous marginals in R, e.g. AR(1) models and ARCH(1) models in Engle (1982),

are special cases of uDvine(1). Another important special case of uDvine(p) is a stationary AR(p)

process with Gaussian innovations (see Aas et al. (2009) for the detail).

4.2.1.2 A uDvine(2) example

In this section, we give the detailed formulas of distributions for uDvine(2). We assume that {Yt}Tt=1

follows uDvine(2) with marginal distribution F (·), first tree bivariate copula C1 with parameters

β1 and second tree bivariate copula C2 with parameters β2. Since p = 2, for a given t, we know

that s can be t− 1 or t− 2.

For s = t− 1, we have

Fs|(s+1):(t−1)(ys|ys+1, · · · , yt−1) = F (ys) and Ft|(s+1):(t−1)(yt|ys+1, · · · , yt−1) = F (yt).

For s = t− 2, we have

Fs|(s+1):(t−1)(ys|ys+1, · · · , yt−1) = F (ys|ys+1) =
∂

∂2
C1(F (ys), F (ys+1);β1),

Ft|(s+1):(t−1)(yt|ys+1, · · · , yt−1) = F (yt|yt−1) =
∂

∂2
C1(F (yt), F (yt−1);β1).

For t > 2, the conditional density function is

f(yt|yt−1, yt−2) = c2(F (yt|yt−1), F (yt−2|yt−1);β2) · c1(F (yt), F (yt−1);β1) · f(yt)

=c2

(
∂

∂2
C1(F (yt), F (yt−1);β1),

∂

∂2
C1(F (yt−2), F (yt−1);β1);β2

)
· c1(F (yt), F (yt−1);β1) · f(yt),
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thus w(u1, u2, u3;β) = c2

(
∂
∂2C1(u1, u2;β1), ∂∂2C1(u3, u2;β1);β2

)
· c1(u1, u2;β1).

For t > 2, the conditional cumulative distribution function is

F (yt|yt−1, yt−2) =
∂

∂2
C2(F (yt|yt−1), F (yt−2|yt−1);β2)

=
∂

∂2
C2

(
∂

∂2
C1(F (yt), F (yt−1);β1),

∂

∂2
C1(F (yt−2), F (yt−1);β1);β2

)
,

thus g(u1, u2, u3;β) = ∂
∂2C2

(
∂
∂2C1(u1, u2;β1), ∂∂2C1(u3, u2;β1);β2

)
.

4.2.1.3 Stationarity and ergodicity of uDvine

In this section, we show that under certain conditions, the univariate time series {Yt} generated by

uDvine(p) is stationary and ergodic.

Proposition 4.2.1. Under the homogeneity condition of D-vine, the univariate time series {Yt}

generated by uDvine(p) is a p-order homogeneous Markov chain.

By Proposition 4.2.1, if we define Xt = (F (Yt), F (Yt−1), . . . , F (Yt−p+1)), the new process {Xt}

is a first-order homogeneous Markov chain with state space (0, 1)p. Since the marginal distribution

F (·) of uDvine is absolutely continuous, we know that F (Yt) marginally follows the uniform distri-

bution on (0, 1). As is noted in Chen and Fan (2006b), the stationarity and ergodicity of {Yt} and

{F (Yt)} are equivalent due to the absolute continuity of the marginal distribution F (·). Theorem

4.2.1 gives sufficient conditions for the ergodicity of {Xt} and thus that of {Yt}.

Theorem 4.2.1. Under Assumption 4.7.1 and 4.7.2 in Section 4.7.1 in the Appendix, {Xt} is

Harris recurrent and geometrically ergodic, so is {Yt}, which follows uDvine(p).

A direct result of Theorem 4.2.1 is the β-mixing property of uDvine(p), which is later used for

the analysis of MLE properties.

Corollary 4.2.1. If Theorem 4.2.1 holds, uDvine(p) is β-mixing with an exponential decaying rate.

4.2.2 Multivariate D-vine time series model (mDvine)

The ultimate goal of this paper is to develop a flexible statistical model for multivariate time se-

ries. The proposed uDvine offers flexible modeling for the temporal dependence of the component
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univariate time series. To fully specify the multivariate time series model, we need to design the

cross-sectional dependence across the component univariate time series. Following the SCOMDY

framework in Chen and Fan (2006a), we propose the multivariate D-vine time series model (mD-

vine).

Denote a d-dimensional multivariate time series by {Yt = (Yt1, . . . , Ytd)}Tt=1. We say that

{Yt}Tt=1 follows an mDvine if marginally all its component univariate time series follow uDvine(pi),

for i = 1, . . . , d, and the conditional joint distribution F(·) of Yt given the past information Ft−1 =

σ(Yt−1,Yt−2, . . .) can be written as

F(yt|Ft−1) = F(yt1, . . . , ytd|Ft−1) = CJ(F1(yt1|F1
t−1), . . . , Fd(ytd|Fdt−1)), (4.3)

where CJ(·) is a d-dimensional copula designed to capture the cross-sectional dependence, F it−1 =

σ(Yt−1,i, Yt−2,i, . . .) is the sigma field generated by the ith component univariate time series and

Fi(·|F it−1) are the conditional distribution of Yti given its own history.

As mentioned before, since uDvine(pi) is a pi-order Markov chain, we have that Fi(yti|F it−1) =

Fi(yti|yt−1,i, . . . , yt−p,i). Given the marginal distribution Fi(·) and the bivariate copula parameter

βi of the ith uDvine(pi), Fi(yti|yt−1,i, . . . , yt−p,i) is a function of {Fi(yt−k,i)}pk=0 and βi such that

Fi(yti|F it−1) = Fi(yti|yt−1,i, . . . , yt−p,i) = gi(Fi(yti), Fi(yt−1,i), . . . , Fi(yt−p,i);βi), (4.4)

where gi(u1, . . . , up+1;βi) can be derived analytically based on the algorithms in Aas et al. (2009)

as demonstrated in Section 4.2.1.2.

Notice here there are two implicit assumptions of mDvine: A1. the conditional marginal distri-

bution of the ith component univariate time series Yti given Ft−1 only depends on its own history

F it−1; A2. the copula CJ for the conditional joint distribution of Yt given Ft−1 does not depend

on Ft−1. Both assumptions are standard in the literature of multivariate time series modeling, e.g.

see Chen and Fan (2006a), Dias and Embrechts (2010), Oh and Patton (2013) and Oh and Patton

(2015) for more examples.

The mDvine employs copulas for modeling both the temporal and cross-sectional dependence

of the multivariate time series. The use of semiparametric uDvine introduces extra flexibility in
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the modeling of the marginal behavior of each component univariate time series and the copula

CJ(·) in SCOMDY framework enables more sophisticated cross-sectional dependence structures.

As is seen later in real data analysis, the simultaneous copula-based modeling for temporal and

cross-sectional dependence provided by mDvine helps it generate more sophisticated dependence

structures such as nonlinear dependence and tail dependence and helps it offer a promising and

more favorable performance compared to the conventional multivariate time series models in many

cases.

4.3 Two-stage Semiparametric Maximum Likelihood Estimation

As is pointed out by Aas et al. (2009), the inference for D-vine consists of two parts: (a) the choice

of bivariate copula types and (b) the estimation of the copula parameters. The same tasks apply

to mDvine. In Section 4.3.1, we talk about the model selection of mDvine, specifically, we give a

sequential model selection procedure for its component uDvines. In Section 4.3.2, we propose a

two-stage MLE for the estimation of all the parameters of a given mDvine.

4.3.1 Selection of bivariate copulas for uDvine

To use mDvine as a statistical model, we need to select the order p and the bivariate copulas cs,t

for each of its component uDvine and we also need to select the cross-sectional copula CJ(·). The

selection of CJ(·) can be solved by Akaike information criterion (AIC) or Bayesian information

criterion (BIC), which is the standard procedure in the literature. Here we focus on the model

selection of the component uDvine.

For a uDvine, we need to select its order p and the bivariate copulas cs,t for its p trees. Given

a set of candidate copulas (say m copulas) and a given order p, the number of possible uDvines is

mp, which can be quite large even for moderate m and p. For computational feasibility, we adopt

the tree-by-tree sequential selection procedure as described in Shi and Yang (2017).

The basic procedure is as follows. We start with the first tree, selecting the appropriate copula

from a given set of candidates and estimating its parameters. Fixing the copula and its parameters

in the first tree, we then select the optimal copula and estimate its dependence parameters for

the second tree. We continue selecting copulas and estimating parameters for the next tree of a
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higher order while holding the selected copulas and their parameters fixed in all previous trees. If

an independence copula is selected for a certain tree, we then truncate the uDvine, i.e. assume

conditional independence in all higher order trees (see, for example, Brechmann et al. (2012)). The

commonly used model selection method BIC is employed for the copula selection of each tree.

As is shown in the simulation study, this sequential model selection procedure for uDvine is

computationally efficient and can select the optimal models accurately. Similar findings have been

reported in Shi and Yang (2017). More properties of the sequential estimation procedures for

D-vine can be found in Brechmann et al. (2012) and Haff (2013).

4.3.2 Two-stage MLE for mDvine

After fixing the parametric form of mDvine, there are three components that need to be estimated:

(a) the true marginal distributions F 0
1 (·), F 0

2 (·), . . . , F 0
d (·) of the d component uDvines, (b) the true

bivariate copula parameters β0
1, . . . ,β

0
d of the d component uDvines, (c) the true parameter γ0 of

the cross-sectional copula CJ(·).

The number of parameters to be estimated are at least
∑d

i=1 pi+d if we assume all the bivariate

copulas of uDvines are single-parameter copulas. The full likelihood based estimation can be

computationally expensive especially if dimension d is big. For feasible estimation purpose, we

instead use the standard two-stage maximum likelihood estimator (MLE) in the copula literature.

Throughout this section, we assume that the parametric form (i.e. the bivariate copula types for

each uDvine(pi) and the cross-sectional copula type for CJ(·)) of mDvine is known and we present

the properties of the two-stage MLE under the correct model specification.

Given observations {yt = {yti}di=1}Tt=1, the conditional likelihood function of yt given the history

can be written as

f(yt|Ft−1) = cJ(F1(yt1|F1
t−1), . . . , Fd(ytd|Fdt−1); γ)

d∏
i=1

fi(yti|F it−1), (4.5)

where the conditional marginal distributions Fi(yti|F it−1) and fi(yti|F it−1) can be derived from the

marginal distribution Fi(·) and bivariate copula parameter βi of the ith uDvine.

For simplicity of notation, without loss of generality, we assume that the order of all uDvines
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to be p. Based on (4.5), the conditional log-likelihood function is

L(F1, . . . , Fd;β1, . . . ,βd; γ
∣∣{yt}Tt=1) =

T∑
t=p+1

log f(yt|Ft−1)

=

T∑
t=p+1

log cJ(F1(yt1|F1
t−1), . . . , Fd(ytd|Fdt−1); γ) +

d∑
i=1

T∑
t=p+1

log fi(yti|F it−1).

(4.6)

In the first stage, the marginal distribution F 0
i (·) and bivariate copula parameter β0

i are esti-

mated based on each component univariate time series {yti}Tt=1. The marginal distributions F 0
i (·) is

estimated by the rescaled empirical distribution functions F̂i(·) where F̂i(·) = 1
T+1

∑T
t=1 I(yti ≤ ·).

Given the estimated marginal distribution F̂i(·), the MLE β̂i for β0
i can be calculated by maximizing

L1i(βi) =
T∑

t=p+1

log fi(yti|F it−1) =
T∑

t=p+1

[
log fi(yti) + logwi(F̂i(yti), · · · , F̂i(yt−p,i);βi)

]
, (4.7)

where the last equality follows from (4.1). The starting point of the optimization can be obtained

by the sequential estimation procedure described in Haff (2013).

In the second stage, given the first stage estimation of {F̂i(·)}di=1 and {β̂i}di=1, the MLE γ̂ for

the parameter γ0 can be calculated by maximizing

L2(γ) =
T∑

t=p+1

log cJ(F̂1(yt1|F1
t−1), . . . , F̂d(ytd|Fdt−1); γ)

=

T∑
t=p+1

log cJ(g1(F̂1(yt1), . . . , F̂1(yt−p,1); β̂1), . . . , gd(F̂d(ytd), . . . , F̂d(yt−p,d); β̂d); γ),

(4.8)

where the last equality follows from (4.2).

4.3.3 Consistency and normality

Both the first stage MLE of the bivariate copula parameters {β0
i }di=1 and the second stage MLE

of the cross-sectional copula parameter γ0 are essentially the so-called semiparametric two-stage

estimator in Newey and McFadden (1994), where the estimator is obtained based on estimating

equations that consist of some estimated infinite-dimensional functions. In our case, the estimated

infinite-dimensional functions for {β0
i }di=1 are the corresponding rescaled empirical distributions



104

{F̂i(·)}di=1 and the ones for γ0 are all the first stage estimators, i.e. {F̂i(·)}di=1 and {β̂i}di=1.

The semiparametric two-stage estimator is not uncommon in econometric literature. Newey

and McFadden (1994) offer a general treatment on its consistency and normality. In this paper we

mainly follow the theoretical result in Chen and Fan (2006b) and Chen and Fan (2006a), where the

authors provide the consistency and normality result for univariate first-order Markov chains based

on a bivariate copula and for multivariate time series model under SCOMDY framework. Here, we

extend the result to uDvine, which is an arbitrary-order Markov chain based on D-vine copulas.

4.3.3.1 First stage MLE

In the first stage, given the estimated marginal distribution F̂i(·), each β̂i is calculated by maxi-

mizing the log-likelihood function (4.7). Since uDvine(p) is a generalization of the bivariate copula

based first-order Markov chain in Chen and Fan (2006b), it is natural to expect the theoretical

properties of the first stage MLE for uDvines are the same as the ones in Chen and Fan (2006b).

Theorem 4.3.1. Assume conditions C1-C5 in Chen and Fan (2006b) hold for the ith uDvine, we

have ‖β̂i − β0
i ‖ = op(1), i.e. the first stage MLE estimator β̂i for β0

i is consistent.

Before stating the result for asymptotic normality, we first introduce some notations for the

ease of presentation. Denote li(u1, . . . , up+1;βi) = logwi(u1, . . . , up+1;βi), li,β(u1, . . . , up+1;βi) =

∂li(u1, . . . , up+1;βi)/∂βi, li,β,β(u1, . . . , up+1;βi) = ∂2li(u1, . . . , up+1;βi)/∂βi∂β
′
i and

li,β,k(u1, . . . , up+1;βi) = ∂2li(u1, . . . , up+1;βi)/∂βi∂uk, for k = 1, 2, . . . , p+ 1.

Further denote Uti = F 0
i (Yti), Bi = −E0(li,β,β(Uti, Ut−1,i, . . . , Ut−p,i;β

0
i )) and

AiT =
1

T − p

T∑
t=p+1

[
li,β(Uti, Ut−1,i, . . . , Ut−p,i;β

0
i ) +

p∑
k=0

W i
k(Ut−k,i)

]
,

whereW i
k(x) = E0

(
li,β,k+1(Uti, . . . , Ut−p,i;β

0
i )(I(x ≤ Ut−k,i)− Ut−k,i)

)
. Define Σi = lim

T→∞
V ar0(

√
TAiT ).

Theorem 4.3.2. Assume conditions A1-A6 in Chen and Fan (2006b) hold for the ith uDvine, we

have: (1) β̂i − β0
i = B−1

i AiT + op(1/
√
T ); (2)

√
T (β̂i − β0

i )→ N(0, B−1
i ΣiB

−1
i ) in distribution.

As is mentioned in Chen and Fan (2006b), the appearance of extra W i
k(Ut−k,i) terms in AiT is

due to the nonparametric estimation of marginal distribution F 0
i (·) and if F 0

i (·) is known, the W i
k

terms will disappear.
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4.3.3.2 Second stage MLE

In the second stage, given {F̂i(·)}di=1 and {β̂i}di=1, γ̂ can be obtained by maximizing the log-

likelihood function (4.8). Compared to the first stage MLE, the second stage MLE γ̂ is obtained

based on a log-likelihood function that depends on both the estimated infinite-dimensional functions

{F̂i(·)}di=1 and extra finite-dimensional estimators {β̂i}di=1. The presence of the extra {β̂i}di=1 is the

main difference between the setting of γ̂ and the setting of the first stage estimators {β̂i}di=1. How-

ever, the consistency and normality result still holds, with an extra term in asymptotic covariance

due to the presence of {β̂i}di=1.

Chen and Fan (2006a) have shown the consistency and normality of such second stage MLE

under the SCOMDY framework for a different setting, where the component univariate time series

are semiparametric GARCH model. Note that mDvine is also under the SCOMDY framework with

semiparametric uDvine as the component univariate time series. Thus, it is not unexpected to see

that the second stage MLE for mDvine is also consistent and asymptotically normal.

Theorem 4.3.3. Under assumptions D and C stated in Chen and Fan (2006a), we have ‖γ̂−γ0‖ =

op(1), i.e. the second stage MLE estimator γ̂ for γ0 is consistent.

Given the true marginal distributions {F 0
i (·)}di=1 and true bivariate copula parameters {β0

i }di=1,

we denote

Fi(Yti|F it−1) = gi(F
0
i (Yti), F

0
i (Yt−1,i), . . . , F

0
i (Yt−p,i);β

0
i ) = Vti,

where the first equality follows from (4.4) and {(Vt1, . . . , Vtd)}Tt=1 can be thought as the unob-

served i.i.d. copula process generated by the cross-sectional copula cJ(v1, . . . , vd; γ
0). Denote

gi,β(u1, . . . , up+1;βi) = ∂gi(u1, . . . , up+1;βi)/∂βi and gi,k(u1, . . . , up+1;βi) = ∂gi(u1, . . . , up+1;βi)/∂uk

for k = 1, . . . , p+ 1.

We denote h(v1, . . . , vd; γ) = log cJ(v1, . . . , vd; γ), hγ(v1, . . . , vd; γ) = ∂h(v1, . . . , vd; γ)/∂γ,

hγ,γ(v1, . . . , vd; γ) = ∂2h(v1, . . . , vd; γ)/∂γ∂γ′ and hγ,i(v1, . . . , vd; γ) = ∂2h(v1, . . . , vd; γ)/∂γ∂vi for

i = 1, . . . , d. Denote Uti = F 0
i (Yti) and

A∗T =
1

T − p

T∑
t=p+1

[
hγ(Vt1, . . . , Vtd; γ

0) +

d∑
i=1

Qγi(Uti)

]
+

d∑
i=1

Bi
βB
−1
i AiT ,

where Qγi(x) = E0
(
hγ,i(Vt1, . . . , Vtd, γ

0)
∑p

k=0 gi,k+1(Uti, . . . , Ut−p,i;β
0
i )(I(x ≤ Ut−k,i)− Ut−k,i)

)
,
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Bi
β = E0

(
hγ,i(Vt1, . . . , Vtd, γ

0)gi,β(Uti, . . . , Ut−p,i;β
0
i )
′) and B−1

i AiT are the same as the ones in

Theorem 4.3.2. We also denote B∗ = −E0(hγ,γ(Vt1, . . . , Vtd; γ0)) and Σ∗ = lim
T→∞

V ar0(
√
TA∗T ).

Theorem 4.3.4. Under assumptions D and N stated in Chen and Fan (2006a), we have: (1)

γ̂ − γ0
i = B∗−1A∗T + op(1/

√
T ); (2)

√
n(γ̂ − γ0)→ N(0, B∗−1Σ∗B∗−1) in distribution.

Notice here the asymptotic result for the second stage MLE is similar to the one for the first

stage MLE. The extra Qγi terms are introduced by the nonparametric estimation of the marginal

distributions {F 0
i (·)}di=1 and the extra B−1

i AiT terms are introduced by the estimation of bivariate

copula parameters {β0
i }di=1. As is observed in Newey and McFadden (1994), the estimation of β0

i

does not influence the asymptotic covariance of γ̂ if Bi
β = 0.

There is no closed form solution for the asymptotic covariance for the first-stage and second-

stage MLEs. Though the standard plug-in estimator can be constructed, it will be quite complicated

to implement. A practical solution for the estimation of the asymptotic covariance can be based

on a parametric bootstrap, e.g. see Zhao and Zhang (2017) for more detail.

4.4 Simulation Study

4.4.1 Performance of tree-by-tree sequential selection on uDvine

In this section, we investigate the performance of the tree-by-tree sequential selection procedure

described in Section 4.3.1. Specifically, we conduct experiments on three uDvine(2)s with different

parameter settings. To specify a uDvine(2), we need to specify its marginal distribution and the

two bivariate copulas in tree 1 and tree 2. The marginal distributions of all uDvine(2)s are set to

be N(0, 1).

For the first uDvine(2), we set tree 1 to be Gaussian(ρ1 = 0.7) copula and tree 2 to be

Gumbel(α1 = 1.25) copula. For the second uDvine(2), we set tree 1 to be tν2=3(ρ2 = 0.7) cop-

ula and tree 2 to be Clayton(θ2 = 0.5) copula. For the third uDvine(2), we set tree 1 to be

Gaussian(ρ31 = 0.7) copula and tree 2 to be Gaussian(ρ32 = 0.3) copula. All the parameters of the

copulas are set to make the Kendall’s tau of tree 1 to be 0.5 and that of tree 2 to be 0.2.

We set the candidate pool of bivariate copulas to be (Gaussian, t, Clayton, Gumbel, Frank,

Joe), which are the most widely used copulas in practice. For each uDvine(2), we investigate
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the performance of the sequential selection procedure under sample size of T = 1000, 2000 and

5000. For each sample size T , we repeat the numerical experiment 100 times. We report the

percentage of correctly selected uDvine order and the percentage of correctly selected copulas for

each tree of uDvine. The result is summarized in Table 4.1. As can be seen, the sequential selection

procedure performs well in both order selection and copula family selection. Also, the performance

is improving with the increase of sample size T .

T order p = 2 tree 1 (Gaussian) tree 2 (Gumbel)

1000 0.99 0.99 0.88
2000 0.98 0.97 0.97
5000 1.00 0.99 1.00

T order p = 2 tree 1 (t3) tree 2 (Clayton)

1000 0.98 0.98 0.97
2000 1.00 1.00 1.00
5000 0.99 1.00 1.00

T order p = 2 tree 1 (Gaussian) tree 2 (Gaussian)

1000 0.99 0.99 0.92
2000 1.00 1.00 0.98
5000 1.00 0.99 1.00

Table 4.1: Performance of tree-by-tree sequential selection procedure for uDvine.

4.4.2 Performance of MLE on mDvine

In this section, we investigate the performance of the two-stage MLE on a three-dimensional mDvine

consisting of the three uDvine(2) models in Section 4.4.1. To fully specify the mDvine, we set the

cross-sectional copula CJ(·) to be Gaussian with (ρ12, ρ13, ρ23) = (0.2, 0.5, 0.8). We assume that the

parametric form (i.e. the bivariate copula types for each uDvine(2) and the cross-sectional copula

type) of the mDvine is known.

We study the performance of the two-stage MLE under sample size T = 1000, 2000 and 5000.

For each sample size T , we repeat the experiment 500 times. The result is summarized in Table

4.2. As can be seen, the two-stage MLE is consistent and the accuracy of MLE is improving with

T growing.
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T ρ1 = 0.7 α1 = 1.25 ρ2 = 0.7 ν2 = 3 θ2 = 0.5

1000 0.699(0.030) 1.250(0.035) 0.694(0.034) 3.374(0.760) 0.482(0.088)
2000 0.700(0.024) 1.248(0.024) 0.700(0.022) 3.146(0.558) 0.489(0.068)
5000 0.700(0.016) 1.247(0.015) 0.699(0.016) 3.090(0.299) 0.495(0.041)

T ρ31 = 0.7 ρ32 = 0.3 ρ12 = 0.2 ρ13 = 0.5 ρ23 = 0.8

1000 0.692(0.026) 0.300(0.032) 0.202(0.032) 0.498(0.027) 0.795(0.012)
2000 0.699(0.021) 0.296(0.019) 0.198(0.024) 0.498(0.018) 0.796(0.010)
5000 0.700(0.013) 0.301(0.012) 0.201(0.013) 0.499(0.011) 0.799(0.005)

Table 4.2: Performance of two-stage MLE for three-dimensional mDvine. The sample standard
deviations of the MLE are in brackets.

4.5 Real Data Applications

4.5.1 Australian electricity price data

In this section, we compare the performance of mDvine with the standard vector autoregressive

model (VAR) on the Australian National Electricity Market (NEM) price dataset. The NEM inter-

connects five regional market jurisdictions of Australia – New South Wales (NSW), Victoria (VIC),

Queensland (QLD), Tasmania (TAS) and South Australia (SA). Western Australia and the North-

ern Territory are not connected to the NEM. A map of the relative locations of the regions can be

found in Figure 4.2. Out of the five regions, NSW, VIC and QLD are the major electricity markets

with average daily demands of Nd = 8235.03, Vd = 5476.74 and Qd = 5913.03 MW, while TAS

and SA are significantly smaller markets with demands of Td = 1120.56 and Sd = 1441.43 MW

respectively.

The dataset contains six-year observations of daily maximum electricity price of the five regions

from 2009-01-01 to 2015-12-31. The day of week effect is removed by a linear regression with seven

dummy variables. A standard STL decomposition (see Cleveland et al. (1990) for more detail) is

employed to remove the remaining trend and seasonality components of the time series. We train

the mDvine and VAR using four-year data from 2009-01-01 to 2013-12-31 and hold out the rest

two-year data as test set.

For all five time series, uDvine(2) is selected according to the tree-by-tree sequential selection

procedure. The candidate pool for the bivariate copulas consists of 40 different bivariate copulas

that are implemented in the R package VineCopula (more detail can be found in Schepsmeier et al.
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Figure 4.2: The relative locations of the five regions in the Australian National Electricity Market.

NSW VIC QLD TAS SA

NSW 1 0.676 0.453 0.324 0.426
VIC 1 0.355 0.391 0.579
QLD 1 0.179 0.215
TAS 1 0.237
SA 1

Table 4.3: Estimated correlation matrix of the cross-sectional t-copula.

(2017)). For NSW, both tree 1 and tree 2 are selected as t-copula. For VIC, tree 1 is t-copula and

tree 2 is Gumbel copula. For QLD, both tree 1 and tree 2 are selected as t-copula. For TAS, both

trees are selected as BB8 copula. For SA, tree 1 is t-copula and tree 2 is Gumbel copula. The

cross-sectional copula for mDvine is set to be t-copula1, where the estimated degree of freedom is

10.62 and estimated correlation matrix is reported in Table 4.3.

As is shown in Figure 4.2, there are high voltage interconnectors between NSW and VIC, NSW

and QLD, VIC and SA, and VIC and TAS. This pattern matches the estimated parameters of the

cross-sectional t-copula, where the correlations of the four pairs are respectively 0.676, 0.453, 0.579

and 0.391, which are the highest among all the pair correlations. According to AIC, a VAR(1)

model is selected.

We test the model performance on the one-day ahead prediction of each component univariate

time series (NSW, VIC, QLD, TAS, SA) and on the one-day ahead prediction of the difference be-

1Both Gaussian copula and t-copula are fitted, and t-copula provides a better BIC.
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NSW VIC QLD TAS SA

Dvine 0.189 0.198 0.373 0.246 0.431
VAR 0.204 0.211 0.402 0.262 0.449

Percentage 70.36% 67.70% 66.99% 67.70% 66.57%

Table 4.4: Mean CRPS for mDvine and VAR, and the percentage that mDvine is better than VAR
on one-day ahead prediction for each component univariate time series.

tween pairs of time series (VIC-NSW, QLD-NSW, TAS-NSW, SA-NSW, QLD-VIC, TAS-VIC, SA-

VIC, TAS-QLD, SA-QLD, SA-TAS) and on the one-day ahead prediction of the demand-weighted

mean of all five time series. On day t, denote the price for the five regions as NSWt, VICt, QLDt,

TASt and SAt, the demand-weighted mean is defined to be the demand-normalized price mean

of the five regions (Nd·NSWt+Vd·VICt+Qd·QLDt+Td·TASt+Sd·SAt)/(Nd+Vd+Qd+Td+Sd). The

demand-weighted mean can be used as a potential price-index of the Australian National Electricity

Market.

For each day in the test set, we generate the prediction based on 1000 bootstrapped sample from

the trained mDvine or VAR in the training set. The detailed algorithm for generating bootstrapped

samples from the fitted mDvine can be found in Section 4.7.3 in the Appendix. For the evaluation

of the prediction accuracy, we mainly use two measurements, CRPS and QRPS, from Gneiting

and Raftery (2007), where CRPS is a measurement for overall prediction accuracy and QRPS is

a measurement for a specific quantile (e.g. 95% quantile) prediction accuracy. Smaller CRPS and

QRPS indicate better prediction accuracy.

The mean CRPS for NSW, VIC, QLD, TAS and SA achieved by mDvine and VAR are reported

in Table 4.4. We also report the percentage of days where CRPS of mDvine is smaller than CRPS

of VAR. As can be seen, in terms of CRPS, mDvine outperforms VAR in every time series around

two thirds of the time and always gives a better overall performance.

We report the CRPS of one-day ahead prediction of the difference between two time series

in Table 4.5. It is clearly shown that mDvine outperforms VAR in modeling every pair of time

series difference. We present the prediction result for the weighted sum of all five time series in

Table 4.6. We report the CRPS and QRPS for the 95% quantile. Again, mDvine delivers a better

performance than VAR in all metrics. We also provide the coverage rate of the one-day ahead 95%

confidence interval and 95% Value at Risk (V@R) constructed by mDvine and VAR, along with the
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CRPS VIC-NSW QLD-NSW TAS-NSW SA-NSW QLD-VIC

Dvine 0.168 0.363 0.277 0.434 0.396
VAR 0.215 0.405 0.306 0.445 0.428

Percentage 78.37% 70.51% 72.05% 66.29% 69.94%

CRPS TAS-VIC SA-VIC TAS-QLD SA-QLD SA-TAS

Dvine 0.242 0.375 0.445 0.602 0.455
VAR 0.281 0.401 0.481 0.619 0.477

Percentage 75.14% 70.37% 69.80% 61.94% 66.85%

Table 4.5: Mean CRPS for mDvine and VAR, and the percentage that mDvine is better than VAR
on one-day ahead prediction of the difference between two time series.

CRPS QRPS V@R 95% C.I. 95%

Dvine 0.184 0.049 93.68% (0.121) 93.96% (0.197)
VAR 0.191 0.051 89.75% (0) 86.66% (0)

Table 4.6: Mean CRPS/QRPS for mDvine and VAR, and the coverage rate of 95% Value at Risk
and 95% confidence interval on one-day ahead prediction for the weighted sum of five time series.
The p-value of the corresponding binomial test is reported in the brackets.

corresponding p-values for the binomial test. As can be seen, mDvine gives a coverage rate that is

very close to the target rate (95%) and passes both the binomial test for C.I. and V@R while VAR

does not provide a satisfactory performance.

4.5.2 Ireland spatial-temporal wind data

In this section, we investigate the performance of mDvine in the context of spatial-temporal data.

The data set contains the daily average wind speed of 12 stations across Ireland from 1961-01-01

to 1966-12-31. The locations of the 12 stations are plotted in Figure 4.3.

The twelve series are adjusted to remove the day-to-day effect, see Pebesma (2004) for more

detail. The longitude and latitude of each station is known, thus we can calculate a distance matrix

among all the 12 stations, which is reported in Table 4.9 in Section 4.7.4 in the Appendix. We use

the four-year data from 1961-01-01 to 1964-12-31 as the training set and the rest of the data as the

test set. For comparison, we also fit a spatial Gaussian model. The spatial Gaussian model can be

seen as a special case of the mDvine, where all the marginal distributions are set to be Gaussian

distributions, and all the bivariate copulas and the cross-sectional copula are set to be Gaussian

copulas. See Erhardt et al. (2015) for more detail of the spatial Gaussian model. Both the mDvine

and spatial Gaussian model are fitted on the 12 stations.
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Figure 4.3: The relative locations of Australian National Electricity Market.

To demonstrate the usefulness of spatial correlation and mDvine’s ability of accurately capturing

the spatial correlation, we perform two types of out-of-sample validation. We first randomly pick up

four stations (Claremorris, Dublin, Valentia, Shannon) as the test stations. For type I validation, we

only use the selected four stations’ own history to compute their one-day ahead prediction. For type

II validation, we use the four stations’ own history and the other eight stations’ contemporaneous

observations to perform the one-day ahead prediction for the selected four stations. The type II

validation is inspired by a similar validation approach in Erhardt et al. (2015) for a spatial-temporal

data of daily mean temperatures for different locations in Germany. As before, for each day in the

test set, we generate the prediction based on 1000 bootstrapped sample from the trained mDvine

or spatial Gaussian model in the training set. The detailed algorithm for generating bootstrapped

samples from the fitted mDvine can be found in Section 4.7.3 in the Appendix.

For mDvine, by the sequential selection procedure, uDvine(1) has been selected for 10 stations

and uDvine(2) has been selected for 2 stations. We use the Gaussian copula as the cross-sectional

copula, where the correlation structure is specified by the Matérn covariance class based on the

distance matrix in Table 4.9. For the spatial Gaussian model, the AR(p) model is used for modeling

the marginal time series where p is selected by AIC for each component univariate time series. A

multivariate Gaussian distribution is used to model the cross-sectional error terms across the com-
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Type I Claremorris Dublin Valentia Shannon

Dvine 1.206 1.242 1.369 1.308
AR 1.208 1.250 1.370 1.317

Percentage 50.90% 53.66% 49.93% 51.72%

Type II Claremorris Dublin Valentia Shannon

Dvine 0.448 0.563 0.739 0.541
AR 0.839 0.918 0.968 0.925

Percentage 73.38% 70.35% 58.34% 73.10%

Table 4.7: CRPS of one-day ahead predictions for four stations, type I and type II.

CRPS QRPS V@R 95% C.I. 95%

Dvine 0.615 0.292 93.93% (0.20) 93.24% (0.033)
AR 1.398 0.695 77.79% (0) 66.21% (0)

Table 4.8: CRPS and QRPS for the mean wind speed of four stations, type II

ponent univariate AR(p)s, where the covariance structure is also specified by the Matérn covariance

class.

For type I validation, we report the CRPS for each of the four stations in the upper section of

Table 4.7. For type II validation, we report the CRPS in the lower section of Table 4.7. Comparing

the upper and lower section, we can see that the prediction accuracy of both spatial Gaussian

model and mDvine are improved after including the contemporaneous spatial observations of the

other eight stations. However, mDvine utilizes the spatial information more efficiently than spatial

Gaussian model, since the improvement of mDvine from Type I to Type II is much more significant

than that of spatial Gaussian model. This indicates mDvine’s promising ability in the accurate

modeling of both the marginal time series behavior of each station and the joint spatial behavior

among all stations.

For type II validation, we also report the CRPS and QRPS for the 95% quantile for the mean

wind speed of the four stations in Table 4.8. Again, mDvine delivers a better performance than

spatial Gaussian in all metrics. We also provide the coverage rate of the one-day ahead 95%

confidence interval and 95% Value at Risk (V@R), along with the corresponding p-values for the

binomial test. Again, mDvine gives a coverage rate that is very close to the target rate (95%)

and passes both the binomial test for C.I. and V@R while VAR does not provide a satisfactory

performance.
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4.6 Conclusion and Future Research

In this paper, we have proposed and studied the semiparametric mDvine, which provide a novel

multivariate time series model that enables the simultaneous copula-based modeling for temporal

and cross-sectional dependence of a multivariate time series. The semiparametric uDvine extends

the first-order copula-based Markov chain to an arbitrary-order Markov chain. By the semipara-

metric assumption, the uDvine provides flexible models for marginal behavior of the time series.

Due to the use of D-vine copula, the uDvine is capable of generating sophisticated temporal de-

pendence structures such as nonlinear dependence, asymmetric dependence and tail dependence.

Using the same idea of SCOMDY framework, we design the mDvine, which offers a tractable and

flexible model for multivariate time series. A two-stage MLE has been proposed for the estimation

of the mDvine. The consistency and asymptotic normality of the MLE have been established and

affirmed by extensive numerical experiments. Real data applications on the Australian electricity

market and the Ireland wind speeds have demonstrated mDvine’s promising ability for modeling

multivariate time series, where significant improvement over conventional time series models has

been observed.

There are several interesting extensions of the mDvine. A natural extension is to use time-

varying instead of constant cross-sectional copulas. For example, a certain autoregressive evolution

scheme can be designed for the parameters of copula CJ such that the conditional cross-sectional

dependence is related to past information.

4.7 Appendix

4.7.1 Proof on stationarity and ergodicity of uDvine

In this section, {Yt}Tt=1 denotes a univariate time series following uDvine(p) satisfying homogeneity

condition.

Proof of Theorem 4.2.1: We first prove that {Yt}Tt=1 is a p-order Markov chain. By Aas et al.
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(2009) we have

f(yt|yt−1, . . . , y1) = f(yt)

t−1∏
s=1

cs,t(Fs|(s+1):(t−1)(ys|ys+1, . . . , yt−1), Ft|(s+1):(t−1)(yt|ys+1, . . . , yt−1);βs,t),

where cs,t(·) denotes the bivariate copula in tree t− s. By the definition of uDvine(p), all bivariate

copulas cs,t(·) beyond pth tree are independent copulas. Thus, we have for t > p

f(yt|yt−1, . . . , y1) = f(yt)

t−1∏
s=t−p

cs,t(Fs|(s+1):(t−1)(ys|ys+1, . . . , yt−1), Ft|(s+1):(t−1)(yt|ys+1, . . . , yt−1);βs,t),

i.e. the conditional distribution of Yt given the history only depends on the past p observations

(Yt−1, . . . , Yt−p), thus {Yt} is a p-order Markov chain.

The homogeneity of the p-order Markov chain {Yt} follows from the homogeneity of uDvine(p),

i.e. uDvine(p) has the same copula in each tree. �

Since the marginal distribution F (·) of uDvine is absolutely continuous, we know that the

probability integral transformed process {F (Yt)}Tt=1 marginally follows a uniform distribution on

(0,1). As is noted by Chen and Fan (2006b), the stationary and ergodic property of uDvine {Yt}

is the same as the one of {F (Yt)} due to the absolute continuity of F (·).

In the following, we define Xt = (F (Yt), F (Yt−1), . . . , F (Yt−p+1)). Note that by Proposition

4.2.1, {Xt} is a first-order homogeneous Markov chain in (0, 1)p. The result of Theorem 4.2.1

depends on two assumptions stated below.

Assumption 4.7.1. There exists a k ∈ N+ such that the pdf of k-step transition probability p(Xt =

x,Xt+k = y) > 0, for all x, y ∈ (0, 1)p.

Assumption 4.7.2. Denote the m-step transition probability of {Xt} as Pm(x, y). There ex-

ists a function V (x) = 1 + W (x), where W : x ∈ (0, 1)p → [0,∞) such that W (x) → ∞ as

min(x) ∧ (1 − max(x)) → 0 (i.e. as x approaches the boundary of (0, 1)p). For some m ∈ N+,∫
(0,1)pW (y)Pm(x, dy) is bounded on compact sets of (0, 1)p and that

lim sup
min(x)∧(1−max(x))→0

∫
(0,1)pW (y)Pm(x, dy)

W (x)
< 1.
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Remark: For the verification of Assumption 4.7.1, a possible choice of k can be p+ 1, where Xt =

(F (Yt), F (Yt−1), . . . , F (Yt−p+1)) and Xt+p+1 = (F (Yt+p+1), F (Yt+p), . . . , F (Yt+1)). For Assumption

4.7.2, possible choices of the drift function V (x) can be 1+| log(min(x))|γ+| log(1−max(x))|γ or 1+

1
min(x)γ(1−max(x))γ , where γ > 0.

Proof of Theorem 4.2.1: To facilitate the proof, we first give Lemma 4.7.1. Denote the p-

dimensional copula of (Yt, Yt−1, . . . , Yt−p+1) generated by uDvine(p), i.e. the joint distribution of

(F (Yt), . . . , F (Yt−p+1)), as Cp(·), by the homogeneity condition of uDvine, we know that Cp(·) does

not depend t. We have

Lemma 4.7.1. Cp(·) is an invariant probability measure for {Xt}.

Proof. We need to prove P (Xt ∈ A) = Cp(A) for all t ≥ 1 if X1 follows Cp. We only need to

prove the equality for the rectangle sets A = A1 × · · · ×Ap, where Ai ∈ B and B is the Borel set of

R. The proof follows by induction and the homogeneity property of uDvine(p). In the following,

f(·) denotes a generic joint or conditional pdf. Denote Ut = F (Yt), we have Xt = (Ut, . . . , Ut−p+1).

Assume that Xt−1 follows Cp(·),

P (Xt ∈ A) = E(P (Xt ∈ A|Xt−1))

=

∫
A2×···×Ap×R

P (ut ∈ A1|ut−1, . . . , ut−p)cp(ut−1, . . . , ut−p)dut−p . . . dut−1

=

∫
A1×A2×···×Ap×R

f(ut|ut−1, . . . , ut−p) · cp(yt−1, . . . , yt−p)dyt−p . . . dyt−1dyt

=

∫
A1×A2×···×Ap×R

f(ut, ut−1, . . . , ut−p)/f(ut−1, . . . , ut−p) · cp(ut−1, . . . , ut−p)dut−p . . . dut−1dut

=

∫
A1×A2×···×Ap×R

f(ut, ut−1, . . . , ut−p)dut−p . . . dut−1dut

=

∫
A1×A2×···×Ap

cp(ut, ut−1, . . . , ut−p+1)dut−p+1 . . . dut−1dut = Cp(A),

(4.9)

where second equality comes from the fact that Xt−1 follows Cp(·), the fourth and the second to last

equality follow from the homogeneity of uDvine(p), i.e. the joint distribution of (Ut, . . . , Ut−p+1) is

always Cp(·) regardless of t.
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Based on Theorem 4.2.1 and Lemma 4.7.1, {Xt} is a well-behaved first-order homogeneous

Markov chain with state space (0, 1)p and has Cp(·) as its invariant probability measure. By

Assumption 4.7.1, Theorem 2.1.1 and Theorem 1.2.2 in Hansen (2000), it is easy to prove that

{Xt} is an λ-irreducible, aperiodic, positive recurrent Markov chain, where λ is the Lebesgue

measure on Rp.

By Assumption 4.7.2, there exists an m such that

α = lim sup
min(x)∧(1−max(x))→0

∫
(0,1)pW (y)Pm(x, dy)

W (x)
< 1,

thus we can find a β < 1 such that α < β and a suitable compact set K such that

∫
(0,1)p

V (y)Pm(x, dy) = 1−

∫
(0,1)pW (y)Pm(x, dy)

W (x)
+

∫
(0,1)pW (y)Pm(x, dy)

W (x)
V (x)

≤ βV (x) + b1K(x),

where b = supx∈K
∫

(0,1)p V (y)Pm(x, dy) and the last inequality follows from the fact that β > α

and V (x) → ∞ as x approaches the boundary of (0, 1)p. The rest of the proof follows the same

logic as Theorem 2.1.6 in Hansen (2000). �

Proof of Corollary 4.2.1: The corollary follows directly from Theorem 3.7 in Bradley (2005). �

4.7.2 Proof on consistency and asymptotic normality of MLE

Proof of Theorem 4.3.1: The proof follows the same line as the proof of proposition 4.2 in Chen

and Fan (2006b) and therefore is omitted. �

Proof of Theorem 4.3.2: The proof follows the same line as the proof of proposition 4.3 in Chen

and Fan (2006b) and therefore is omitted. �

Proof of Theorem 4.3.3: The proof follows the same line as the proof of proposition 3.1 in Chen

and Fan (2006a) and therefore is omitted. �

Proof of Theorem 4.3.4: The proof follows the same line as the proof of proposition 3.2 in

Chen and Fan (2006a). An additional Taylor expansion of the score function ∂L2(γ)
∂γ of the 2nd
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stage log-likelihood function L2(γ) in (4.8) w.r.t. {βk}dk=1 around the true value {β0
k}dk=1 and the

influence function representation of β̂k − β0
k = B−1

k AkT + op(1/
√
T ) as stated in Theorem 4.3.2 are

used to obtain the final result. �

4.7.3 Algorithm for generating predictions from mDvine

Based on the training set, the two-stage MLE is used to estimate all the marginal distributions

{F̂i(·)}di=1, the bivariate copula parameters {β̂i}di=1 and the cross-sectional copula parameter γ̂.

Algorithm A: Assume that we are on day t − 1, based on the history Ft−1, we want to make

predictions for day t. The prediction is based on 1000 bootstrapped sample. For b from 1 to 1000,

we repeat

• Step 1: Simulate (Vb,1, . . . , Vb,d) from copula CJ(γ̂).

• Step 2: Generate one-day ahead sample (Yb,1, . . . , Yb,d) by Yb,i = F̂−1
i (Vb,i|F it−1), where

F̂i(yti|F it−1) = gi(F̂i(yti), F̂i(yt−1,i), . . . , F̂i(yt−pi,i); β̂i), for i = 1, . . . , d.

Algorithm B: Assume that we are on day t, based on the complete history Ft−1 and the

contemporaneous observations of first d1 < d component univariate time series (yt1, yt2, . . . , ytd1),

we want to make predictions for the other component time series on day t. The prediction is based

on 1000 bootstrapped sample. For b from 1 to 1000, we repeat

• Step 1: Simulate (Vb,d1+1, . . . , Vb,d) from the conditional distribution of (Vd1+1, . . . , Vd) given

(V̂1, V̂2, . . . , V̂d1), where V̂i = F̂i(yti|F it−1) = gi(F̂i(yti), F̂i(yt−1,i), . . . , F̂i(yt−pi,i); β̂i) for i =

1, . . . , d1.

• Step 2: Generate one-day ahead sample (Yb,d1+1, . . . , Yb,d) by Yb,i = F̂−1
i (Vb,i|F it−1), where

F̂i(yti|F it−1) = gi(F̂i(yti), F̂i(yt−1,i), . . . , F̂i(yt−pi,i); β̂i) for i = d1 + 1, . . . , d.

? Note that the conditional distribution of (Vd1+1, . . . , Vd) given (V1, . . . , Vd1) needs to be derived

from the cross-sectional copula CJ(·). For copulas such as elliptical copulas, a closed form solution

for the conditional distribution is available.

4.7.4 Distance matrix for Ireland wind data
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Roche’s Point Valentia Roslare Kilkenny Shannon Birr

Roche’s Point 0.00 138.56 140.54 117.53 110.01 144.96
Valentia 138.56 0.00 269.50 219.25 124.67 205.40
Roslare 140.54 269.50 0.00 75.16 179.96 136.37

Kilkenny 117.53 219.25 75.16 0.00 111.64 62.24
Shannon 110.01 124.67 179.96 111.64 0.00 81.59

Birr 144.96 205.40 136.37 62.24 81.59 0.00
Dublin 226.66 317.79 128.28 109.21 196.49 115.75

Claremorris 218.96 216.03 237.81 163.76 113.23 101.59
Mullingar 201.93 263.85 154.89 96.68 139.18 60.78

Clones 273.87 321.82 219.49 168.81 199.40 129.76
Belmullet 295.15 256.51 325.88 251.72 185.19 189.63

Malin Head 401.57 427.95 349.24 300.56 314.40 256.67

Dublin Claremorris Mullingar Clones Belmullet Malin Head
Roche’s Point 226.66 218.96 201.93 273.87 295.15 401.57

Valentia 317.79 216.03 263.85 321.82 256.51 427.95
Roslare 128.28 237.81 154.89 219.49 325.88 349.24

Kilkenny 109.21 163.76 96.68 168.81 251.72 300.56
Shannon 196.49 113.23 139.18 199.40 185.19 314.40

Birr 115.75 101.59 60.78 129.76 189.63 256.67
Dublin 0.00 183.77 74.96 105.66 262.42 226.41

Claremorris 183.77 0.00 108.89 126.09 88.07 212.44
Mullingar 74.96 108.89 0.00 72.88 189.87 204.09

Clones 105.66 126.09 72.88 0.00 180.59 131.88
Belmullet 262.42 88.07 189.87 180.59 0.00 212.88

Malin Head 226.41 212.44 204.09 131.88 212.88 0.00

Table 4.9: Distance matrix of the 12 stations (in kilometer).
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