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Abstract. Fractional noise processes belong to a class of stochastic processes that lie outside 
the BrownJan domain of attraction. They are characterized by infinite memories and a parameter 
h that is the asymptotic slope of log (R/S) versus log N, where R is the range of cumulative de- 
partures from the sample mean, s is the sample standard deviation, and N is the sample size. The 
parameter h may be used to generate synthetic flows whose means, variances, skewnesses, lag one 
serial correlations, lag zero cross correlations, and h values are equal to those for historical flow 
sequences. Historical flow sequences yield values of h • «. Although Markovian processes, which 
belong to the BrownJan domain, can preserve the values of the historical moments in the synthetic 
sequences, these processes generate sequences in which h tends to the value « as the sequence 
lengths tend to infinity. 

For nearly a decade, the lag one Markov 
process has been the basic model for generating 
synthetic streamflow sequences. In its multi- 
variate form, this model is used to generate 
synthetic flows on a seasonal basis for one or 
more sites. The generation of multiseason, multi- 
site synthetic flows is hampered by computational 
problems involved with inverting large matrices. 
To overcome these problems, various modifica- 
tions to the multivariate structure of the model 

have been considered [Thomas and Fiering, 1962; 
Fiering, 1966; Beard, 1967; Matalas, 1967; Young 
and Pisano, 1968]. 

In its unmodified form, the multivariate lag 
one Markov model yields synthetic flow sequences 
that resemble the corresponding historical se- 
quences in terms of the means, variances, coeffi- 
cients of skewness, lag one serial correlation coeffi- 
cients, and lag zero and lag one cross-corre- 
lation coefficients pertaining to seasons and sites. 
The mathematical structure of the model assures 

this resemblance. 

An additional statistic of interest in reservoir 

design, particularly if a large proportion of the 
flow is to be developed, is the range R of cumu- 
lative departures from the mean. By basing R 
on a large number of flow sequences, as well as 
sequences for other natural phenomena, Hurst 
[1951, 1956] showed that 

R/S -,• N h 

where N denotes the length of sequence. The 
average value of estimates of h was found to be 
approximately 0.7. Hurst and independently 
Feller [1951] showed that h - « for independent 
normally distributed events for N-large. In 
hydrology the observation that natural phe- 
nomena tend to yield estimates of h greater 
than « and usually less than i has come to be 
referred to as the Hurst phenomenon. 

The problem of h - i has been observed and 
studied in other fields, where it is referred to as 
'1/• noise,' i.e., noise with signal power output 
inversely proportional to frequency and equiva- 
lent to h - 1. Brophy [1970] has published an 
interesting and useful introduction to this 
literature. 

Mandelbro! and Wallis [1969] pointed out that 
all sequences generated by stochastic processes 
belonging to the BrownJan domain of attraction 
will be characterized by estimates of h tending 
to the value « as the•lengths of sequences tend to 
infinity. The Markov process, regardless of its 
lag, belongs to this domain of attraction. Wallis 
and Matalas [1970] have shown that estimates 
of h derived from lag one MarkovJan generated 
sequences are highly variable and tend to the 
value « very slowly. 
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If estimates of h as well as estimates of the 

mean variance, coefficient of skewness, and the 
lagged serial and cross-correlation coefficients are 
to be maintained in synthetic sequences, then 
models other than Markovian ones must be used 

to represent the generating process. 
Fractional noise processes, which do not 

belong to the Brownian domain of attraction, 
were proposed by Mandelbrot and Wallis [1969] 
as being among a perhaps very large number of 
stochastic processes capable of explaining the 
Hurst phenomenon. For fractional noise pro- 
cesses, h is a parameter that may assume values 
in the range 0, 1 with the exception h - «. 
Sequences generated by such processes having a 
specified value of h yield estimates of h that, 
though variable, tend to the specified value as 
the lengths of sequences tend to infinity. Wallis 
and Matalas [1970] have shown that for N-small 
fractional noises yield biased estimates of h 
and that the bias is a function of both the esti- 

mating procedure and the generating kernel 
and of N and h. 

To date the published work on fractional 
noises has made few concessions to the practicing 
hydrologist, and as a result fractional noises have 
seen only little use. However, fractional noises 
can be made to preserve estimates of the mean, 
variance, coefficient of skewness, and the lagged 
serial and cross-correlation coefficients. The 

mathematical framework for generating syn- 
thetic sequences with fractional noise processes 
is set forth below, and the derivations and 
variables are shown in the appendix and in the 
notation list. 

TYPE 2 APPROXIMATION 

Fractional noise processes are continuous 
parameter processes having infinite memory. For 
operational purposes, the processes must be 
approximated as discrete parameter processes 
with finite memory. However, a]] approximations 
lead to conceptual as well as computational 
difficulties. 

Our starting point will be the fractional noise 
approximation referred to as type 2 by Mandel- 
brot and Wallis [1969] and defined as _ 

t--1 

X(t) - (h -- «) • (t - u)h-3/•'e(u) (1) 

where M is the memory length and h is the 
Hurst coefficient. The variables e(u) are a se- 
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quence of independent and identically distributed 
random variables, and the variables X(t) are a 
sequence of random variables pertaining to 
streamflow (or some other phenomenon) at equally 
spaced points in time t. 

The type 2 approximation lies in the Brownian 
domain of attraction, and therefore sequences 
generated by this process will yield estimates cf 
h that tend to the value « as the lengths of 
sequences N exceed M. Thus for the process to 
be useful in maintaining specified values of h 
in generated sequences, it is necessary for M to 
exceed N. 

The mean •(X), variance as(X), coefficient of 
skewness y(X), and the lag k serial correlation 
coefficient p(k' X) are given as 

M-1 

•(:r) = (• - «) • (• - i)•½) 
i=0 

= •, ½) (2) 
M-1 

•(:r) = (• - «)• • (:g - i)•(,) 
i=0 

2 

= Kea (e) (3) 

ki=0 

•,--o - = •(•) (•) 
p(•'zO = • (•-i) • 

2•-0 

ß (M -- i-- k)B// •1 (M -- i) 2B = r 4 (5) i=o 

where B = h -- •. In terms of these parameters, 
equation 1 may be expressed as 

x(t) = •(x) + •(x)•.:o (• - 
M--1 

ß • (M -- i)•(t- M + i) (6) 
i=0 

where 

,(t- M + i) = .(t- M + i) -- •(,) 

2 [ ,½)r(t-- M+i) ,½) i + 

,•(•)•• 2 - 3• - ,(.) (7) 
with • (t -- M • i) • NID (0, 1), a sequence of 
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normal independently distributed values with 
zero mean and unit variance. 

From a historical streamflow sequence, esti- 
mates •(X), •(X), -•(X), and • - • -- • may 
be derived. In addition the estimate •(I'X) is 
obtained whereby •1• is obtained from equation 

5. To facilitate the determination of JY•, M as a 
function of p(1 :X) and of h is presented graphi- 
cally in Figure 1. 

From equations 2, 3, and 4, one can then solve 
for the exact transfer coefficients g,, g,, and Ks, 
or alternatively one may be able to interpolate 
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Fig. 1. Values of K4 versus M for (a) ;% = 0.6, (b) ;% = 0.7, (c) ;% = 0.8, and (d) ;% = 0.9. 
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approximate values by using those given in 
Table 1. By replacing the parameters in equation 
6 by their respective historical values, synthetic 
sequences may by generated. These sequences 
will resemble the corresponding historical se- 
quence with respect to the historical values of 
the parameters. 

To apply equation 6 at more than one site, 
the lag zero cross correlations between pairs of 
sequences must be considered. Let X•(t) and 
X,(t) denote two streamflow sequences, the 
lag zero cross-correlation coefficient denoted by 
X•.,(X). For the two streams, M• and M• denote 
the finite memories, and h• and h2 denote the 
Hurst coefficients. The coefficient X•.•(X) may 
be expressed as 

• (M1 -- i) 
i-•O 

(Mx--l•Mu--1) i•O 

--1/2 

ß - (s) 

where 

(M1- 1, M2-- 1) = M•- 1 

M• <• M2 

(M1- 1, M2- 1)= M2- 1 

M•_ M2 

and k•.•(e) denotes the lag zero cross-correlation 
coefficients for e• and e• of the type 2 approxima- 
tions of the fractional noise processes. 

MODEL ADJUSTMENT 

An inspection of Figure 1 reveals that p(l:X) 
increases as M increases. For h = 0.55 and M = 

3, p(l:X) • 0.50; for h = 0.95 and M = 3, 
p(l:X) • 0.60. In general, historical flow se- 
quences yield values of j(1 :X) <• 0.50. Moreover, 
unless M is large, then the estimate f• will not be 
maintained in the synthetic sequence. If M is 
less than N, )• will tend to the value « as the 
length of the synthetic sequence is increased. 
Because values of j(I'X) • 0.5 lead to very 
small values of 2• regardless of the value of f•, 
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TABLE 1. Representative Values of K•, K,, and 
Ks for a Type 2 Fractional Noise 

H M K• K• K• 

0.6 3 0.1908 0.01426 1.412 
10 0.3221 0.01692 1.742 
50 0.5372 0.01828 1.941 

100 0.6427 0.01851 1.977 
500 0.9188 0.01874 2.013 

1,000 1.0524 0.01877 2.018 
10,000 1.5689 0.01881 2.025 

100,000 2.2193 0.01882 2.026 
1,000,000 3.0381 0.01882 2.026 

0.7 3 0.3979 0.0601 1.4602 
10 0.7130 0.0752 1.8988 
50 1.3036 0.0851 2.2477 

100 1.6269 0.0872 2.3301 
500 2.5789 0.0898 2.4330 

1,000 3.0940 0.0904 2.4551 
10,000 5.4221 0.0912 2.4873 

100,000 9.1125 0.0914 2.4954 
1,000,000 14.9614 0.0914 2.4975 

0.8 3 0.6237 0.1434 1.5096 
10 1.1913 0.1917 2.0834 
50 2.4098 0.2326 2.6845 

100 3.1535 0.2439 2.8700 
500 5.6204 0.2608 3.1632 

1,000 7.1110 0.2653 3.2450 
10,000 15.0157 0.2738 3.4019 

100,000 30.7893 0.2772 3.4654 
1,000,000 62.2622 0.2786 3.4909 

0.9 3 0.8708 0.2725 1.5587 
10 1.7806 0.3948 2.2914 
50 4.0198 0.5295 3.2937 

100 5.5411 0.5765 3.6949 
500 11.2350 0.6639 4.5110 

1,000 15.0710 0.6937 4.8092 
10,000 39.0304 0.7679 5.5880 

100,000 99.2191 0.8147 6.1043 
1,000,000 250.4075 0.8442 6.4388 

the type 2 approximation as represented by 
equation 1 has limited application in operational 
hydrology. 

To render the type 2 approximation opera- 
tional, a filtering procedure is applied. The 
random variable 

Y(t) = X(pt) (10) 

is considered where p •_ 1 is an integer and X (pt) 
is the event generated by equation I at time pt. 
Thus 

«) (pt- u)•'-o/•'•(u) (11) 
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where 

g(Y) = g(X) (12) 

•r(Y) = •r(X) (13) 

•y(Y) = •y(X) (14) 
for all values of p. However, 

p(k : Y) = p(pk : X) (15) 
In Table 1, values of p(l: Y) are given for 

specific values of h, M, and p. For given values 
of h and p, p(l: Y) decreases as p increases. On 
the other hand, for given values of h and p, 
p(l: Y) decreases as M increases. But M must 
be exceedingly large, particularly if h is large, 
to obtain values of p(l: Y) comparable to those 
characteristic of streamflow sequences. From a 
computational point of view, it is advantageous 
to control the value of p(l: Y) for fixed value of 
h by increasing p rather than M. Nonetheless, M 
must be large relative to N so that estimates of 
h will not tend to the value « as N increases. 

If Y•(t) and Y2(t) denote two flow sequences, 
pt --1 

Y•(t) = (h• - «) • (pt- u)h•-3/2e•(u) 
•'=•"--• (16) 

pt --1 
h2 --3/2 Y,.(t) = (h,. - «) • (pt-- u) 

•=•'-•' (17) 
then 

•tl,2(Y) = •tl,9.(X ) (lS) 

That is, the correlation for the filtered series 
Y•(t) and Y2(t) is the same as for the unfiltered 
series X•(t) and X•(t). If different filters (say p 
and q where p • q) are applied to the series 
X•(t) and X,.(t), then the correlation between 
Y•(t) and Y,_(t) would depend on t. That is, 
Y•(t) and Y•(t) would not exhibit second order 
stationarity with respect to correlation. 

As long as p = q, then the filtering process 
affects only the serial correlation coefficient. 
Consequently, by the selection of an appropriate 
value for p, synthetic flow sequences for two 
sites may be generated with estimates of means, 
standard deviations, coefficients of skewness, 
serial correlation coefficients, cross-correlation 
coefficient, and estimates of h for the historical 
sequences preserved in the synthetic sequences. 

Typical sample functions of 1000 points of 
type 2 fractional noises with varying values of 
h and p and with M/p = 1000 are shown in 

Figure 2. We believe that these sample functions 
and their skew transformations adequately span 
the field of annual hydrology, and their use is 
advocated. 

The procedure for generating synthetic se- 
quences for the two sites is as follows: 

1. Estimates of /z(X), a(X), y(X), p(1, X), 
and h are obtained from each of the two historical 

sequences. 

2. Given j•(i'X), j=(I'X), f•, and f•2, 
and M•. are obtained from equation 5. 

3. From the two historical sequences, the 
estimate •1. •.(X) is obtained. 

4. Given •.•, f•, fz•, •r•, and•r•., X•,•(e) is 
obtained from equation 8. 

5. Values of e• and e• for the two generating 
models are selected from a bivariate distribution 

where the correlation between e• and e2 is 

The synthetic sequences generated at the two 
sites will resemble the corresponding historical 
sequences in terms of the historical values of 
g(X), er(X), •y(X), p(l:X), h, and k•.a(X). 

No conceptual difficulties are presented in 
generalizing the two-site case to the n > 2 site 
case, although three cautionary notes seem in 
order. First, it is customary to use some very 
short records when entering the multistation 
environment, and the estimates of the cross- 
correlation coefficients may be very unreliable. 
Figure 3 shows some Monte Carlo results for 
samples of the lengths 10, 25, and 50 taken from 
paired type 2 fractional noises, with h = 0.7, 
M = 20,000, and p = 20, and with varying 
values of X. 

Second, small sample estimates of p are both 
variable and biased when h • 0.5. Figure 4 
compares p with • for samples at the lengths 25, 
50, and 100 by using a type 2 fractional noise 
with h = 0.7 and M/p = 1000. We believe that 
regionalization of estimates of p and possibly k 
will lead to more realistic sequences than those 
that attempt to preserve all the observed multi- 
station p and k values. 

Third, if • and X values are all high, then some 
of the X values may be higher than can be pre- 
served by the generating procedure outlined 
above. A discussion of the nature and severity 
of this constraint for the Markovian and frac- 

tional noise worlds can be found elsewhere 

[Matalas and Wallis, 1971]. 
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SUMMARY I.O - 
.... x- .... IO 

For sequences generated by Markovian pro- - ---o-- 25 

cesses, the Hurst coefficient h approaches the o.8- --+--50 value « as the sequence length tends to infinity. 
Historical streamflow sequences are character- - -'•" ized by estimates of h> «. To maintain these 0.6- x.'"•/••' 
estimates in synthetic streamflow sequences, the - generating process must lie outside the Brownian ^o.4• 
domain of attraction. Fractional noise processes ' ß / 

are characterized by values of h • «. To use the 
+3 
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Fig. 2. Typical 1000-point sample functions of 
filtered type 2 fractional noises. (a) M/p -- 1000, 
h = 0.6, p = 20, p = 0.162; (b) M/p = 1000, 
h = 0.7, p = 20, p = 0.241; (c) M/p = 1000, 
h = 0.7, p = 10, p = 0.332; (d) M/p = 1000, 
h = 0.8, p = 20, p = 0.354; (e)M/p = 1000, h = 
0.9, p = 5, p = 0.684. 

Fig. 3. Upper and lower quartile estimates of 
•t.2 for paired samples of length 10, 25, and 50 taken 
from matched filtered, type 2 fractional noises, 
h - 0.7, M - 20,000, p = 20 of length 15,000 and 
of known k. 

processes in generating synthetic streamflow 
sequences, they must be approximated as dis- 
crete parameter processes. 

Discrete parameter approximations of frac- 
tional noise processes belong to the Brownian 
domain of attraction. However, they are charac- 
terized by exceedingly long memories such that 
they can maintain values of h • « in generated 
sequences providing the length of memory 
exceeds the length of the generated sequences. 

What is referred to as the type 2 approxima- 
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,;• ./ / 
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,,•x// "/ 

' 'C• • I I I I ' o.•_ -o.4 0.6 
I 

Fig. 4. Upper and lower quartiles of p versus • 
for samples of length 25, 50, and 100 taken from 
50,000-point sequences of filtered type 2 fractional 
noises, h - 0.7, M/p - 1000. 
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tion of fractional noise processes may be used to 
generate synthetic streamflow sequences. This 
approximation is characterized by two param- 
eters, the memory M and the Hurst coefficient h. 
If X(t) denotes a type 2 sequence, then a filtered 
sequence Y(t) may be formed •where Y(t) - 
X (pt), p _• I being an integer. For all values of p, 
the mean, standard deviation, and skewhess for 
X(t) and Y(t) are the same, each related to M 
and h. The lag k serial correlation coefficient for 
Y(t) equals the lag pk serial correlation coefficient 
for X(t). Given two filtered sequences each 
having the same value of p, the cross correlation 
between the sequences is the same as that 
between '•their respective unfiltered sequences. 
If the two sequences have different values of p, 
then the cross correlation between them will 

depend on t. 
Values of M and p may be selected so that the 

type 2 approximation may be used to generate 
synthetic flows that preserve the historical 
estimates of the mean, standard deviation, 
skewness, serial correlation, cross correlation, 
and Hurst coefficient. 

APPENDIX: MATHEM,•TIC,•L DERIV,•TIONS 

Equation 1 
t--1 

x(t) - (• - «) • (t- •)•-•(•) 
M--1 

: (• - •) • (• - i)"•(t- • + i) 
,-o (•1) 

where B : h -- • and e(u) is a sequence of 
independent and identically distributed random 
variables. 

Equation 2 

M-1 

: (• - •) • (• - i)"•[•(t- • + i)] 
M--1 

: (• - •) • (• - i)"•(•) (•) 
i•O 

Without loss of generality, ass•e 

•(X) : Z(•) : 0 (•a) 
Therefore 

•[•(t - M + i)•(t - M + j)] 

--0V•y (•) 

.,(•) (•s) 

Equation 5 

-- (h -- «) • (M -- i)Be(t-- M-{- k-{- i) 
•--o (•) 

•[x(t)x(t + •)] 

(.+ i=O 

= (• - •)• • (•- i - •)"(• - i)" 
i•O 

ß •(•) (x•o) 
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where 

(All) 

(A12) 

lSEx,(t)x,.(O] = (a• - })(a - «)• 

ß •- (:u• - i)"'•(t- • + i) 
i•-O 

ß • (M,.- i)B'e2(t- M2 q- i) 
i--0 

(A13) 

--' (h I -- «)(h 2 -- •)E 

ß (t-0 -- 
r•O r=O 

(Mx--1 .M•--•) 

i•O 

[(M•- 1), (M•- 1)] = M•- 1 

M1 • M• 

(Xl•) 

[(M,- 1), (M2- 1)] = M•- 1 

Mx>_ M2 

x,.,.(x) = 

(M 1 -- i)B'(M2 -- i) B* (Mi--I,M•--I) i•0 

L. i=0 i=o 

.x,.•(0 
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(A17) 

NOTATION 

B=h- •; 
e(u), sequence of independent identically 

distributed random variables; 
•(u), random variable with zero mean; 
,(X), coefficient of skewhess of X(t); 

h, measure of persistence in a time 
series, equivalent to the asymptotio 
slope of log (R/S) versus log N; 

K•,... ,Ks, set of transformation coefficients 
(see equations 2, 3, 4, 5, and 8); 

X•.2, lag zero cross correlation between 
two series; 

M, memory length for an approximate 
fractional noise process; 

N, length of a sample of X(t); 
p, filtering parameter for a type 2 

fractional noise; 
R, range of the cumulative departures 

from the observed mean; 
p(k:X), lag k serial correlation coefficient; 

S, sample standard deviation; 
a2(X), variance of X(t); 
u(X), expectation of X(t); 
X(t), sequence of random variables; 
Y(e), filtered sequence of random varia- 

bles; 
r(u), sequence of normally distributed 

values with zero mean and unit 

variance, NID (0, 1). 
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