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LIST OF SYMBOLS 

Roman 
a radius of cylindrical or disc heat source (m) 
b half-length of heater (m) 
c specific heat (of solid) at constant pressure (J/kg-°C) 
Cf specific heat of water at constant pressure 
erf error function 
FEM finite-element model 
g gravitational acceleration (m/s ) 
h heat transfer coefficient (W/m2-°C) 
I 0 modified Bessel function of first kind, zeroth order 
k thermal conductivity (W/m-°C) 
k l n intrinsic permeability (m ) 
x characteristic length of system (m) 
„. heat generation rate per unit length of line heater (W/m) 
0. heat generation rate per unit volume of cylindrical heater (W/mJ) 
y^ heat generation rate per unit area of disc heater (W/m2) 
r radial coordinate in cylindrical system (m) 
r' integration variable (m) 
Ra dimensionless Rayleigh number 
t time (s or day) 
T temperature (°C) 
AT temperature rise (°C) 
z axial coordinate in cylindrical system (m) 

Greek 
df volumetric thermal expansion coefficient of water (m3/m3-°C) 
K thermal diffusivity (nr/s) 
U integration variable (s) 
Uf dynamic viscosity of water (kg/m-s) 
p density (kg/m3) 
p f density of water (kg/m3) 
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INTRODUCTION 

In ordi-r to investigate the heat transfer and related processes in an un

derground environment similar to that expected in a mined nuclear waste repos

itory in hard rock, a series of in situ heating experiments were conducted at 

a depti. of approximately 3 38 m in a granite body adjacent to an abandoned iron 

ore mine at Stripa, Sweden. These experiments are part of a Swedish-United 

States cooperative program to study radioactive waste storage [1,2]. 

The purpose of this paper is to compare, in some detail, the temperatures 

measured in one of the heater experiments with the results of both closed-form 

and finite-element solutions. This comparison will lead to a better under

standing of the heat transfer processes associated with underground nuclear 

waste storage in granite. Results for thermally induced displacements and 

stresses have been presented elsewhere [2,4]. 

The finite element thermal analyses to be discussed took into account 

(a) forced convective boundary conditions at the surfaces of the mine drifts 

resulting from ventilation, (b) nonuniform initial rock temperatures, (c) mat

erial nonlinearity, and (d) other details of operating conditions. A limited 

amount of sensitivity analysis has been undertaken to study the influence of 

various parameters on the thermal field. 

THE HEATER EXPERIMENTS 

There were three heater experiments. Two "full-scale" experiments simu

lated the short-term near-field heating effects of an individual nuclear waste 

canister at two different thermal power levels. The tnird experiment used an 

array of scaled-down heaters with decaying power to study the thermal interac-
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tion between adjacent nuclear waste canisters in a repository over an equiva

lent period of approximately a decade. In the time-scaled experiment, the law 

of similitude for linear heat conduction was utilized to accelerate the time 

evolution by a factor of 10.2 by reducing the power and linear dimensions of 

the heaters and their spacing by a factor of 3.2. 

A vertical section is shown in Fig. 1 for one of the full-scale heater 

experiments. In the full-scale experiments, electrical heater canisters, 

0.32 m in diameter and 2.6 m in height, were placed in vertical 0.406 m diam

eter drill holes so that the midplane is 4.25 m below the floor of the heater 

drift. The two main heaters were operated at constant powers of 3.6 kW and 

5 kW, respectively, corresponding to the initial thermal output of a canister 

of reprocessed high-level waste from light-water reactors approximately 5 and 

3.5 years out of the reactor [3]. 

Discussion in this paper will focus mainly on the thermal field for the 

3.6 kW full-scale experiment. 

CLOSED-FORM SOLUTIONS 

Assumptions and Approximations 

Prior to conducting the experiments preliminary calculations were made to 

predict the expected rock temperatures around the heaters [6]. To simplify 

the calculations the problem was idealized using the following assumptions: 

(a) conduction is the only mode of heat transfer; 

(b) the rock medium is continuous, isotropic, and homogeneous; 

(c) the rock medium is either infinite or semi-infinite. In the latter case 

it was assumed that the rock is bounded above by an imaginary plane coin

ciding with the floor o" the heater drift. 



3 

Extensometer 
drift 

12m 

- i 1 1 1 1 

I 2 3 4 5m 

XBL 804-9272 

Fig. 1. Geometry of the 3.6 kW heater experiment, vertical section. 
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(d) the heaters are in perfect thermal contact with the rock; 

(e) before the heaters are turned on the initial rock temperature is uniform; 

(f) both the heaters and the rock have the same constant (temperature-

independent) thermal properties. 

In general, heat transfer in a rock mass may involve both conduction and 

groundwater convection. If the granite rock mass at Stripa is treated as a 

porcus medium, the Rayleigh number, the ratio of heat transfer due to natural 

convection to that due to conduction [8], can be shown (Appendix A) to be very 

small because of the low permeability. It is, therefore, a good first approx

imation to neglect convection. 

Closed-form integral solutions *o the idealized linear thermal conduction 

problem have been obtained using the Green's function method [6,7]. Solutions 

for a time-varying, finite-length line heat source, a finite-length cylindri

cal heat source, and a disc source are givon in Appendix B. The integrals 

were evaluated numerically using the Romberg quadrature. Isothermal boundary 

condition at the floor of the heater drift its simulated by image heat sinks. 

Numerical comparison of rock temperatures due to a line heat source and 

a cylindrical heat source has demonstrated that, except at very short times 

(less than a day), the two types of heat sources give rise to practically iden

tical rock temperatures. 

Thermal properties (Table 1) determined using small intact specimens of 

Stripa granite [9] were used in these calculations. Density and specific heat 

were found to be practically independent of temperature over the range of rock 

temperatures expected in the heater experiments. The thermal conductivity was 

found to decrease with temperature at the rate of approximately 1% per 10°C 

temperature rise: 
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k(T) = 3,60 - 0.37 x 1 0 ~ 2 T W/m-'C (1) 

The value, 3.2 W/m-°C, corresponding to an average rock temperature of 100°C, 

was used in the calculations. 

Table 1. Thermal Properties 

Value 

Property Symbol Stripa granite 
Vermiculite 
(heat plug) Unit. 

thermal conductivity k 3.2* 0.0*2 

specific heat c 837 921 

density p 2600 92.9 

diffusivity K = k/pc 1.47 x 10~ 6 7.36 x 10" 

W/m->C 

J/kg-°C 

kg/m^ 

m 2/s 

* Value at approximately 100°C. See Eq. (1) for temperature dependence. 

General Comparison with Field Data 

In Fig. 2, the actual thermocouple readings in the midplane of the 3.6 kW 

full-scale experiment are overlaid on the isotherms calculated using the 

closed-form solution with isothermal boundary condition. The general agree

ment indicates that conduction is the predominant heat transfer mechanism. 

Apparently, there is no significant anisotropy in the thermal properties of 

the rock. Furthermore, it can be inferred from the agreement between measured 

and calculated temperatures for the time-scaled experiment (see [8] for typi

cal results), the design of which was based on linear conduction, that the 

temperature dependence of the thermal conductivity does not appear to lead to 

severe nonlinearity. 

In Fig. 3, calculated and measured rock temperatures at several thermo

couples located at various elevations in the vertical hole nearest to the 
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Fig. 2. Horizontal section through tnidplane of the 3.6 kW heater (at center) 
showing calculated isotherms (closed-form solution) together with 
measured temperatures at various thermocouple locations (asterisk) 
after 100 days. (XBL 804-9274) 
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Fig. 3. Measured and calculated temperatures as a function of time at radial 
distance 0.4 m from the axis of the 3.6 kW heater and a t various 
e levat ions . (XBL 804-9273) 
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3.6 kw heater (at 0.4 m radius)* have been plotted as a function of tune. 

Evidently, there is little change in the th'-rmal properties of the rock during 

the cooling period, i.e., after the heater has been turned off at 398 days. 

Detailed discission of this figure will be given in the next section. 

In situ Thermal Properties 

In situ thermal properties have been extracted statistically from the 

first 7 0 days of temperature data for the 5 kW experiment by means of least-

squares fit to the closed-form solution [11]. Only low-temperature data were 

used for this purpose because many of the high-temperature thermocouples had 

been corroded. At an average rock temperature of 23°C the in situ thermal 

conductivity was found to be 3.69 W/m"C, approximately 5% higher than the 

laboratory value at the same temperature, while the thermal dif f ur.ivity was 

1.84 '0 m /s, 13% higher than the corresponding laboratory value. If 

the density and specific heat were held fixed, then the best-fit thermal con

ductivity was 3.55 W/m-°C, only 1% higher than the laboratory value. However, 

the "goodness of fit" was better for the two-parameter fit than for the one-

parameter fit. The slightly higher in situ thermal conductivity and diffusi-

vity may be due to the presence of groundwater in the rock mass in contrast to 

the dry specimens used for laboratory testing. The remarkable thing, however, 

is not their difference but rather the lack of significant difference in spite 

of the presence of discontinuities in the rock mass. This is in sharp con

trast to the dramatic "size effect" on the mechanical properties of rock re

ported by a number of authors (see [12] for a review). 

* Throughout this paper positions will be specified in a local cylindrical 
coordinate system with the axis of the full-scale heater as the z-axis. The 
plane z = 0 is the planned (horizontal) midplane of the heater. Above this 
plane, z > 0. 
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Discrepancies 

Although there is general agreement between theory and experiment, closer 

examination of comparison plots such as Fig. 3 has revealed that (a) above the 

planned horizontal heater midplane (z = 0 plane), measured rock temperatures 

are higher than predicted by the isothermal boundary condition model (dashed 

line in Fig. 3), whereas below the midplane, measured temperatures are lower 

than predicted, and (b) rock temperatures measured above the horizontal mid

plane are higher than those at equal distances below the midplane. These 

trends generally hold for all three heater experiments. For the 3.6 kw exper

iment the asymmetry in the measured temperatures about the horizontal midplane 

and the discrepancies between theory and field data are most serious for ther

mocouples at r = 0.4 m and z = ± 1.5 m. With increasing radial and vertical 

distances from the heater, the discrepancies diminish. 

A number of possible causes may be suggested for the discrepancies noted 

above, including: (a) groundwater/steam convection in the rock; (b) steam 

forming in the heater hole, convecting upward in the air gap between the 

heater canister and the wall of the hole, and recondensing in the vermiculite 

heat plug (see inset of Fig. 1); (c) errors in positions of the heater or the 

thermocouples; (d) forced convection boundary conditions at the surface of the 

heater drift and extensometer drift; (e) heat loss through insufficient insu

lation at the heat plug so that natural convection is set up in the heater 

hole between the top of the heat plug and the floor of the heater drift; 

(f) nonuniform temperature distribution in the rock before the heaters were 

turned on; (g) temperature dependence of thermal properties of the rock; and 

(h) different thermal properties of the rock above and below the midplane 
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because of different degrees of water saturation and, possibly, damage to rock 

just below the floor of the heater drift during excavation. 

Position of Heater 

If groundwater convection or steam formation were responsible for the 

higher rock temperatures above the planned midplane, the vertical asymmetry 

would be expected to be more pronounced for the 5 kw experiment than for the 

3.6 kW experiment because of the higher temperatures and thermal gradients 

in the former. Comparison of the field data for these two experiments shows 

that the opposite is true. This has led to the suspicion that the position of 

the 3.6 kW heater might be in error. 

When the position was remeasured, it was found that the 3.6 kW heater was 

indeed installed 10-13 cm above the planned position. Some uncertainty in the 

exact position remains because of the irregular relief of the floor of the 

heater drift. Shifting the heater position up by 10 cm increases the calcula

ted temperature at z = 1.5 m, r = 0.4 m by almost 7°C and decreases the temper

ature a t z = 1.5 m f r = 0.4 in by 6°C at 100 days. Temperatures at these loca

tions, which are close to the ends of the heater, are especially sensitive to 

the position of the heater. Temperatures at z = 0 are hardly effected by this 

shift at all. Thus more than 50% of the discrepancies between observed temper

atures and the original close-form solution (Fig. 3) is removed by correcting 

for the vertical position of the heater. 

FINITE ELEMENT MODEL 

To assess the influence of the factors (d) - (h) listed in the last sec

tion, nonlinear thermal analyses were carried out using the finite-element 
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heat transfer code DOT [13]. The model used is an axisymmetric model with the 

axis of the heatar as the axis of symmetry. The outside boundaries, at 

r = 100 m or z = ilOO m, are assumed insulated. Forced convection boundary 

conditions (with heat transfer coefficient, h - 3 W/m2-°c, unless otherwise 

stated) are applied at the surfaces of the heater drift and extensometer drift 

to simulate mine ventilation. Further details of the model are discussed be

low for the 3.6 kw experiment. 

Convection in Heater and Extensometer Drifts 

Two sets of calculations were undertaken using the heater coefficients 

h = 3 W/m2-°C and h = 8 W/m - 0C, corresponding to air velocities of 1.1 m/s 

and 3=9 m/s, respectively, according to a standard formula for forced convec-

tive heat transfer [14]. Air temperature was taken to be 18°C in the heatar 

drift and 10°C in the extensometer drift, probably within 2°C of the actual 

air temperature for the duration of the experiments. 

The heater drift exerts a greater influence on the rock temperature than 

the extensometer drift. Maximum effect is felt by the rock at the floor of 

the heater drift. Before the heaters were turned on, the rock temperature 

there was '\4°C. For h = 3 W/m2-"c the calculated temperature at a repre

sented point at the floor (r = 1.3 m, z = 4.25 m) rises to 18.2°C in 40 days, 

19.7°C in 100 days, 20.8°C in 200 days, and 22.0°C in 380 days. Note that for 

the first 40 days or so heat is flowing from the warmer air into the cooler 

rock. In comparison with the closed-form isothermal boundary model, the model 

with heat transfer coefficient h = 3 W/m2-«c predicts generally higher rock 

temperatures. Maximum difference is 8°C at z = 4.25 m (floor of drift), 4-5°C 

at z = 3m, 3-4°C at z = 1.5m, 1-2°C at z = 0, 1°C at z = -1.5 m, and less 
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than 1°C further into the rock. Although the effect of the convective boun

dary is small, it is in the right direction. 

For h = 8 W/nr-°C, maximum rock temperature at r = 1.3m, z = 4.25m (at 

the floor of the heater drift) is predicted to be 18.9°C. Temperatures at 

thermocouple locations are lower than for the case of h = 3 W/m2-°C by 2°C 

(r = 0.4 m, z = 3 IT. ) or less. Except at the drift floor where, unfortunately, 

tne temperature has not been monitored, the differences between the tempera

tures calculated using the two different values of h are probably comparable 

to the uncertainties in the measurement. Consequently, it is not possible to 

use the field data to back-calculate the actual heat transfer coefficient. A 

limited amount of relevant temperature data for the 5 kW experiment seems to 

indicate a heat transfer coefficient closer to 8 W/m--°c. 

For either value of h, the maximum rate of heat loss from the rock at the 

floor of the heater drift into the ventilation air is approximately 200 1% . 

Magnitudes of rock temperatures are affected only slightly (by less than 

1°C) by forced convection ventilation in the extensometer drift. However, the 

lower air temperature in this drift (approximately 10°C compared with 18°C in 

the heater drift) has a very interesting effect on the temperature history, as 

illustrated in the semilog plot in Figi 4. The original motivation for such a 

plot was to utilize the analogy between heat conduction and fluid flow in por

ous media to search for possible evidence of effects of discontinuities on the 

thermal properties of the rock mass. It is customary for groundwater hydrolo-

gists to employ this type of semilog plot to infer the transmissivity of an 

aquifer. In the simplest case the transmissivity is inversely proportional to 

the slope of the curve. Note that in Fig. 4 the scale was deliberately chosen 
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Fig. 4. Semilog pilot of measured and calculated temperatures, according 
to two finite-element models (FEM-1, FEM-'i), against time. 
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to magnify any difference. When the measurer1 temperature was plotted in this 

way for a number of locations in the rock, it was noticed that there is an 

abrupt decrease in elope in each curve around 100 - 140 days. In hydrology 

such a reduction in the slope of a semilog plot of drawn-down versus time in

dicates either the encounter of a constant head boundary or a general increase 

of transmissivity. When temperatures calculated using a finite-element model 

(FEK-1) with air temperature 19°C in the extensometer drift was plotted against 

the logarithm of time, no sudden change in slope could be discerned. This 

seemed to suggest that the sudden change of slope in the measured curve might 

indicate an increase in "effective thermal transmissivity," possibly due to 

fracture closure upon thermal expansion of the rock. To further test this 

hypothesis, the air temperature was measured in the extensometer drift and was 

found to be 10°Ci Repeating the finite-element calculation using this air 

temperature produces the solid curve (FEM-2) in Fig. 4. This curve exhibits 

a sudden change in slope similar to the field data. Thus the shape of the ob

served temperature curve is more likely a consequence of boundary effect than 

of fracture closure. Note that the measured and calculated temperatures dif

fer by no more than 2"C. 

Conduction Through Heat Plug and Convection in Heater Hole 

Two finite-element models have been used to estimate the effects of heat 

conduction through the vermiculite heat plug and free air convection in the 

upper portion of the heater hole. For one model (Model A) the heat plug and 

the air in the heater hole above the plug is considered to provide perfect in

sulation, while for the other (Model B) heat conduction through the heat plug 

is modeled using the thermal properties listed in Table 1 above and convective 
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boundary condition is applied to the portion or the heater hole above the heat 

plug. Measured air temperature profile, varying between 30°C just above the 

heat plug to 20°C at the top of the hole, was used in Model B. For 8 W/m2-°c 

the maximum combined effect of convection in the hole and heat leakage through 

the plug at any thermocouple position in the rock is to lower the temperature 

at r = 0.4 m and z = 3 m by 1°C. For the first 10 days of the experiment Mod

el B predicts a temperature up to 3°C higher than Model A at that same loca

tion. However, since the air temperature profile used in Model B was measured 

after the heater has been on for about 300 days, it is questionable whether 

this model is valid for the first 10 days. Effect of conduction through the 

vermiculite heat plug alone is less than 1°C anywhere in the rock. 

Nonuniform Initial Rock Temperatures 

Initial rock temperature, as recorded by thermocouples before the heater 

was turned on, decreases with increased depth below the heater drift approxi

mately as follows: 14°C just beneath the floor, 11.4°C at a depth of 4.25 m 

below the floor, and 10°C at a depth of 9.25 m below the floor. This nonuni

form temperature distribution is a consequence of the warm air in the drift. 

To investigate the effect of this nonuniform initial temperature distri

bution, two separate finite-element runs were made. In the first run, actual 

variable initial temperatures were given; in the second a uniform initial tem

perature uf 10°C was assigned to the rock throughout the model. The difference 

in temperatures for these two different cases diminishes with time. The maxi

mum error due to the assumption of uniform initial temperature at any point is 

approximately equal to the difference between the actual value of the initial 

temperature and the value which has been fed to the model. After 50 days, the 
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error due to the assumption of uniform initial temperature at any thermocouple 

location is less than 1°C. 

Incidentally, these calculations show that a nonuniform initial tempera

ture distribution cannot be simply superimposed on the solution obtained from 

a model that assumes a uniform initial temperature. This is evident from the 

theory of partial differential equations, but has, unfortunately been neglec

ted by some numerical analysts. 

Temperature-Dependent Thermal Conductivity 

Calculated radial variation of temperature in the midplane (z = Q) is 

shown on Fig. 5 for two different values of time, 10 and 100 days, for three 

cases, i.e., two different cases of constant k (thermal conductivity) and 

temperature-dependent k as given in Eq. (1). The temperature distribution 

obtained using temperature-dependent k lies between those predicted using the 

constant values, k = 3.2 W/m-°C and k = 3.7 w/m-°C. Thus the effect of mater

ial nonlinearity is not very significant. Maximum effects, occurring in the 

midplane, range between 2 to 5 degrees depending on time and radial distance 

from the heater. In the case of the 5 kW experiment, the effect of tempera

ture-dependent thermal conductivity is slightly more significant. Material 

nonlinearity does not affect the shape of the vertical temperature profile. 

Final Model 

The final finite-element model for the present paper incorporates (a) the 

correct position of the heater, (b) convective boundary conditions in the heat

er and extensometer drifts as well as the heater hole, (c) conduction through 

the vermiculite heat plug, (d) nonuniform initial temperature distribution. 
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EFFECT OF TEMPERATURE 
DEPENDENT THERMAL CONDUCTIVITY 
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Fig. 5. Radial temperature distribution calculated using constant (3.2 or 
3.7 W/m-°C) or temperature-dependent thermal conductivity, 
compared to field data. 
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and (e) temperature-dependent thermal conductivity as determined by small-

specimen laboratory testing. Calculated and measured vertical temperature 

profiles at two different radial distances from the 3.6 kW heater are compared 

in Fig. 6. Note the steep thermal gradient around z = + 1.5 m. The modeled 

temperatures are also plotted against time in Fig. 3 (solid line). Both the 

predicted spatial and temporal variations of the rock temperatures are well i,-. 

accord with field data. The largest discrepancies, ranging from 4°C to '.°C 

depending on radial distance from the heater, occur at z = -1.5 m. 

DISCISSION 

Nearly all the essential features of the thermal field observed in the 

in situ heater experiment have been correctly duplicated by the finite-element 

model without invoking groundwater convection. The remaining discrepancies 

may be due to one or more of the following: (a) minor uncertainty ( 2 - 3 cm) 

in the position of the heater, (b) minor uncertainties in position (about 1 cm) 

and calibration of the thermocouples, (c) heat loss (less than 1% of total 

thermal power) through continuous operation of the air pump for the dewatering 

system in the heater hole, (d) influence of geological features such as the 

pegmatite dyke and several faults traversing the experiment area, and (e) slight 

differences between laboratory and in situ thermal properties including the 

possibility of higher effective thermal conductivity of the rock below the mid-

plane of the heater. 

Some indication of groundwater seepage through faults into the thermo

couple holes below the midplane level is evident from a preliminary comparison 

of the spatial distribution of corroded thermocouples with fracture maps. Water 

seepage and steam formation may affect the temperature locally. 
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Final resolution of the true cause of the minor discrepancies must await 

further exhaustive - and exhausting - data analysis. 

CONCLUSION 

Heat transfer in the heater experiment in Stripa granite is predominantly 

by conduction. Rock temperatures have been calculated quite accurately using 

a finite-element conduction model incorporating the proper initial and boun

dary conditions, temperature-dependent conductivity ana other operating condi

tions. Groundwater convection does not contribute significantly to the heat 

transport. In spite of the time-varying thermal stresses and deformations in 

the rock mass, the thermal properties appear to remain essentially unaffected 

(except in the case of the 5 kW experiment, after borehole decrepitation). 

Minor local discrepancies still remain. These may perhaps be related to geo

logical features. 
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APPENDIX A. HEAT TRANSFER BY CONDUCTION AND NATURAL CONVECTION 
IN THE GRANITE ROCK MASS AT STRIPA. 

If, to a first approximation, the granite rock mass is treated as a sat

urated porous medium, then the ratio of heat transfer of the groundwater by 

natural convection to heat transfer through the saturated granite by conduc

tion is given qualitatively [8] by the dimensionless Rayleigh number, 

, in 2 

gk p a c U T 
Ra = (2) 

where all the quantities with subscript "f" refer to water properties at the 

reference temperature. 

From in situ hydrology tests at the Stripa site [15,16], the intrinsic 

permeability, k , of the granite rock mass has been found to lie in the 

range 10~ 1 8 to 1 0 - 1 5 m 2. Using the higher value of permeability, along with 

characteristic length, a = 5 m, temperature difference, AT = 200°C, thermal 

conductivity of the rock mass, k = 3.2 W/m-°C, and standard handbook values 

ror water properties at atmospheric pressure, Eq. (2) yields the Rayleigh num

ber given in Table 2 for three assumed values of the reference temperature. 

The very low Rayleigh number clearly shows that heat transfer for the heater 

experiments is primarily by conduction, except perhaps for local perturbations 

near a major fracture with a much higher permeability than the mean rock mass. 

Note that the Rayleigh number is directly proportional to £, Eq. (2). 

For a repository rock with a characteristic length of 1 km, convective heat 

transfer may become important for an effective permeability of 10~ 1 5 m 2 or 

hi gher. 
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Table 2. Properties of Water and Raleigh Number for Various Values of 
Reference Temperature 

•T Pf a f °f Pf Rayleigh 
C O (kg/m 3) (m 3/m 3-°C) (J/kg-°C) (kg/iiys) number 

10 999.7 1.00 x 1 0 - 4 4.19 x 10 3 1.31 x 1 0 - 3 9.8 :•: 10~ 5 

50 988.1 5.06 x 1 0 - 4 4,18 x 10 3 5.48 x 10~ 4 1.16 x 10~ 3 

100 958.4 7.30 x 1 0 - 4 1.37 x 10" 2.84 x 1 0~ 4 9.3 x 10~ 5 



APPENDIX B. CLOSED-FORM INTEGRAL SOLUTIONS FOR LINEAR HEAT CONDUCTION. 

For linear heat conduction in a homogeneous, isotropic continuum, closed 

form integral solutions for the temperature rise caused by a distributed, time-

varying heat source can be derived using standard Green's function technique. 

Basically, the solution for an instantaneous point source is convolved with 

the source function in space and time. The solution for an arbitrarily time-

varying heat source in the form of a finite-length line, a finite-length, 

finite-radius cylinder, and a finite-radius disc has been shown to be [6,7 j: 

AT 

- erf 

for a line source, 

( r ' Z ' t ) = i ^ / Q* ( t ' V) 

'a 

z + b 
2(KU ,V2 

(3) 

AT <r.«.t) - ̂  / 
t Q (t - V) 

erf 
(2 { < V ) 1/2 

erf 
2(*U) V2)j 

/ ; - ( - * ! & ? i | ' . ( & ) ' • < * • dV (4) 

for a cylindrical source, and 

AT(r,z,t) 
t Qd(t - P) - a 

i / Q d

( t - p ) f 
,,1/2 / ,3/2 / 

V 2<V I r'dr'dU 

exp 
2 2 2 

r'* + r + (z - z 1 ) 
4<U 

(5) 

for a disc source. 
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FIGURE CAPTIONS 

Fig. 1. Geometry of the 3.6 kw heater experiment, vertical section. 

Fig. 2. Horizontal section through midplane of the 3.6 kw heater (at center) 

showing calculated isotherms (closed-form solution) together with 

measured temperatures at various thermocouple locations (asterisk) 

after 100 days. 

Fig. 3. Measured and calculated temperatures as a function of time at 

radial distance 0.4m from the axis of the 3.6 kw heater and at 

various elevations. 

Fig. 4. Semilog plot of measured and calculated temperatures, according 

to two finite-element models (FEM-1, FEM-2), against time. 

Fig. 5. Radial temperature distribution calculated using constant (3.2 or 

3.7 W/m-°C) or temperature-dependent thermal conductivity, compared 

to field data. 

Fig. 6. Measured and modeled vertical temperature profiles at two differ

ent radii from heater. 


