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The finite element has been used to develop two numerical methods of calculating the flow 
characteristics of rigid networks of planar fractures. One method uses triangular elements to investigate 
details of laminar flow in fractures of irregular cross section combined with that of a permeable rock 
matrix. The other method uses line elements and is designed only for flow in networks of planar fractures 
in an impermeable matrix. As an example of the application of the finite element approach the line ele- 
ment method was used to develop a series of dimensionless graphs that characterize seepage in idealized 
fracture systems beneath dams. These methods treat two-dimensional flow in the laminar regime for 
networks of fractures of arbitrary orientation and aperture distribution. 

The analysis of subsurface fluid flow is sometimes com- 
plicated by the fact that rock masses, especially at shallow 
depth, may contain various systems of cracks or failure sur- 
faces. The rock mass can therefore be regarded as an 
assemblage of intact rock blocks that are separated by discon- 
tinuities. These discontinuities may be faults, joints, fissures, 
fractures, etc., but the word fracture will be used here as the 
general term. 

In hydraulically modeling such a system, each solid rock 
block can be considered as a continuous porous medium that 
is separated from the other blocks by fractures with different 
hydraulic behaviors. Flow through such a complex system 
will of course depend on the magnitudes of the permeabilities 
in each of the two regimes. In dense unweathered bedrock the 
matrix permeability can be very low, -,•10 -s cm/s [Serafitn 
and del Campo, 1965], whereas the fractures, if they are open 
or even partially filled, will generally be considerably more 
permeable. 

Although it has long been recognized that fractures play a 
very important role in conducting fluids through rocks, 
attempts to study fractures and fracture systems on a quan- 
titative basis have begun only recently. Laboratory studies 
have been performed on models of single-fracture segments 
by Lomize [1951], Huitt [1956], and Louis [1967] and on a 
network of intersecting tubes by Ollbs [1963]. Considerably 
more work has been done by using mathematical models with 
either a statistical or an enumerative scheme to describe the 

fracture system. 
In the statistical approach [Barenblatt et al., 1960; Warren 

and Root, 1963; Kazemi, 1969], fractured rock is treated as a 
medium with coupled fracture and matrix porosities, in which 
averaged hydraulic parameters are utilized for the fractures as 
well as the matrix. The location and hydraulic behavior of in- 
dividual fractures need not be specified in this approach, 
which is thus a valuable tool for those problems for which 
data on individual fractures cannot feasibly be obtained. 

The statistical approach is best applied to situations in 
which a large number of fractures with fairly similar hydraulic 
characteristics are encountered in the total rock system being 
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investigated. The difficult question arises, however, about the 
field measurements that one should make to insure that the 

statistical approach is valid. If one assume.s this approach to 
be valid, then obviously, answers will be forthcoming accord. 
ing to the nature of the statistical model that one arbitrarily 
adopts. Whether the answers derived properly reflect the 
hydraulic behavior of the system in the field is mlother matter. 
Unfortunately, methods of analyzing field data that indicate 
with certainty when the statistical approach is valid are 
largely undeveloped. Obviously, the scale on which one ap- 
proaches such complex systems will be a determining factor. 

In the enumerative approach, flow in fractures of specific 
dimensions and orientation is mathematically modeled, an 
enumeration of the spatial relationships between individual 
fractures being required. This approach has been utilized b.• 
Snow [1965, 1969, 1970], Serafitn and del Campo [1965], 
Romm [!962, 1966], Smekhoo et al. [1958], Louis [1967], 
Wittke [1970], and Sharp [1970]. 

The purpose of this work is to describe a generalized 
enumerative method of handling steady state flow in fractured 
systems and to develop an understanding of some of the 
characteristics of such flow by considering several examples. 
This discussion is taken from a much more comprehensive in- 
vestigation by Wilson and Witherspoon [1970], who have 
developed finite element programs in which fractures are in- 
troduced as parallel plate conduits with reasonably planar 
walls. Failure surfaces that may have a variable aperture but 
still tend to be planar can be treated by this m•thod, but the 
highly irregular cavities often associated with carbonate and 
lava rock cannot be modeled by this approach. 

MATHEMATICAL MODELS 

Two mathematical models for steady state flow in fractured 
media have been developed [Wilson and Witherspoon, 1970] 
by using the finite element methods that have been described 
by Witherspoon et al. [1968]. These models have been used to 
solve two-dimensional laminar flow problems for some ar- 
bitrary fractured systems that will be presented below, The 
decision to restrict these models to two dimensions was based 
on the necessity of obtaining initial results that could be 
rapidly verified by independent calculatibns and experimenta' 

328 



WILSON AND WITHERSPOON: FLOW IN FRACTURED ROCKS 329 

tion. The methods employed, however, are not restricted to 
two-dimensional analyses. A brief outline of the theoretical 
development of these models is presented in the appendix. 
To apply these models in the field, data on such important 

parameters as fracture aperture, spacing, and orientation are 
necessary. We recognize that in general this kind of informa- 
tion is little known because of inherent difficulties with the 
required field measurements. Heretofore of course there has 
been no practical way of incorporating such details into a 
comprehensive analysis. The power of the enumerative ap- 
proach has, however, begun to stimulate more effort to 
perfect in situ measurements. Louis and Perrot [1972], for ex- 
ample, have recently described the methods that they used in 
defining a complex fracture system associated with a damsite. 

Triangular element program. The first of the two 
mathematical models developed involves triangular-shaped 
elements [Zienkiewicz and Cheung, 1965]. Such elements can be 
used if one is interested in modeling the details of' flow in in- 
tersecting fractures, asis shown by the example in Figure 1. This 
arrangement can enable one to model the effects of flow in- 
terference on head losses at fracture in tersecti ons if this is known 
to be important. Such losses have been studied experimentally 
by theauthors and will be presented in detail in another paper. It 
appears that for most field situations the head losses caused by 
fl0w interference at fracture intersections are not significant 
[I•'ilson and Witherspoon, 1970]. 

Both mathematical models compute flow in the laminar 
regime. Laboratory studies on flow channels of varying 
shapes and roughnesses [Lomize, 1951- Louis, 1967; Huitt, 
1956] indicate that flow will generally be laminar if the 
Reynolds number is less than 200. Laminar flow in any con- 
duit is always characterized by a linear relationship between 
velocity and potential gradient: 

v = -c ar)/al 

/he proportionality factor C, called the hydraulic conduc- 
tivity, is a function of conduit geometry and fluid properties. 
For flow between parallel plates with smooth walls the 
h3draulic conductivity is equal to b•h,/121x. 
For a flow channel of any shape, if velocities are in the 

taminar range, an aperture can be calculated for a smooth 
?arallel plate conduit that offers the same resistance to flow as 
the arbitrarily shaped channel. Therefore in the laminar 
regime, any real fracture with its contortions and wall 
asperities will behave in an overall sense, but not in terms of 
internal detail, as a parallel plate with a correctly chosen effec- 
tive aperture b,t r. 
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Network of triangular elements used For flow in intersecting 

fractures. 

For a fracture with a number of different apertures along its 
length the effective aperture may be expressed [[D'lson and 
Wither,•7•oon, 1970] as 

b,.•. = I• w's (1) 

where 1• is the length of that portion of the fracture with aper- 
ture b•. 

If the aperture varies continuously along the length o[ the 
fracture, (1) becomes 

b • dl - • = d! (2) 

The varying aperture b is now expressed as a function of path 
length I along the fracture, where L is the total path length. 
This derivation assumes that locally, the hydraulic conduc- 
tivity will be essentially the same as that for parallel plates of 
the same local aperture and will not hold in those cases in 
which apertures change abruptly along the length of the frac- 
ture. 

As an example, results from (2) will be compared to a com- 
puter solution for the case of the wedge-shaped fracture 
shown in Figure 2. For this fracture, (2) may be written 

fo, b,.tt • = d l (ml + 
where if 20 is the angle of opening, then m = 2 tan & c = b• = 
the aperture at the smaller end, and mL + c = b2 = the aper- 
ture at the larger end. The solution to this equation [Wilson 
and Witherspoon, 1970] is 

2 ') ,) 

b :• 2 mLb• b•' 2bx'b•.•_.._•_ 
ef•' '-- b.2'" -- b• '2 = bx 'n L b,, (3) 

~ 

For example, if b• = 0.205 cm, b2 = 0.415 cm, L = 20 era, 
and 0 = 0ø18 ', then from (3), bert = 0.286 cm. Using the 
triangular element program with 40 elements to obtain the 
discharge of this same fracture under a given gradient, we 
were able to calculate an effective aperture of b•,, = 0.280 cm. 

In laboratory experiments with wedge-shaped parallel 
plates, Lomize [I951] used water in a conduit with the same 
dimensions as those given above and observed a flow rate of 
about 3 cmVs per unit plate width under a gradient of 0.02 
cm/cm. From these results an effective aperture of bert = 0.27 
cm can be calculated. Lomize's experiment was checked by 
using the same model of 40 triangular elements, and since no 
temperature was reported, a temperature of 70øF was 
assumed. By using the same gradient and the same effective 
aperture the flow rate in the mathematical model was deter- 
mined to be 3.6 cm*/s per unit plate width, which in view of 
the lack of details on his experimental conditions is con- 
sidered to be in good agreement with his results. 

g t. 

Fig. 2. A wedge-shaped fracture. 
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The relative importance of flow through the porous matrix 
of a fractured system under steady state conditions is also 
easily investigated by using the triangular element program. 
For example, the arbitrary network of fractures beneath the 
dam shown in Figure 3 was investigated by holding a constant 
aperture of b = 0.0I cm and assuming various isotropic 
permeabilities for the rock blocks. All flow into and out of the 
system was restricted to the upper 'ground surface,' and the 
other three sides of this vertical cross section were assumed to 
be no-flow boundaries. The fractures were given directional 
permeabilities of Cx' = b2'y/12t• along the fracture, and C•' 
directed across the fracture was made very large. 

Figure 4 shows how the total flow across the center line 
beneath the dam is distributed between fractures and porous 
matrix. As would be expected, the fracture flow component is 
essentially constant, whereas the matrix flow increases almost 
linearly with matrix permeability. Thus when steady state 
flow through similar fractured systems is calculated, the sum 
of separately calculated matrix and fracture flows can provide 
an accurate estimate of total flow. The introduction of a 

permeable rock matrix, however, will change the distribution 
of pressures within such systems [Wilson and Witherspobn, 
1970], and if uplift forces are of concern, the principle of 
superposition should not be used. The aperture of 0.01 cm 
assumed above is typical of the apertures determined by Snow 
[1970]. Since the permeability of unweathered bedrock .is 
often much less then 10 -8 cm/s, the data of Figure 4 also 
show that the rock matrix component of total flow through 
fractured systems can be negligible. 

Line element program. The second mathematical model 
uses line elements to •epresent fracture segments (Figure 5). 
The line element is a one-dimensional filament that represents 
the cross section of a two-dimensional planar fracture. Each 
element in the network is assigned a hydraulic conductivity, 
and the ensemble is treated in much the same manner as a 

network of electrical conductors. 

This model has the advantage of using fewer nodes than the 
triangular element program, and hence larger problems may 
be handled. Although the method is simpler, faster, and easier 
to apply to fracture systems, it cannot deal directly with (1) a 
permeable rock matrix, (2) intersection interference, or (3) 
fracture segments of varying aperture. A permeable rock 
matrix can, however, be dealt with independently without 
great error in steady state flow, and as long as flow is in the 
laminar regime, the second disadvantage is generally not 
significant. The third disadvantage is easily overcome by using 

•'=!00 m 
I 
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Fig. 3. Fracture pattern used to determine effect of matrix rock 
permeability (not drawn to scale). 
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Fig. 4. Components offiowacrossthecenterlineofFigure 3, the frac- 
ture aperture being held constant at 0.01 cm. 

a single effective aperture with a variable opening for the frac- 
ture segment. 

To investigate the accuracy of the line element program, a 
comparison of flow results for the simple network of Figure 3 
was made with those of the network previously obtained by 
using the triangular element program. Total flow obtained by 
using the line element program was within 2% of that ob- 
tained by using the triangular element program with an im- 
permeable rock matrix, indicating that both programs 
produce essentially the same results. 

As a further check on the validity of the line element 
program a comparison was made with the experimental work 
of Ollbs [1963], who used a square grid of five horizontal by 
eight vertical tubes, all of the same diameter, to model a frac- 
'ture system (Figure 6). Water was introduced at all nodes on 
the left side by using a head of 290 cm and was restricted to 
only one exit point on the bottom, where the head was held at 
237.5 cm. 011;Ss measured piezometric heads in each branch a 
short distance away from each intersection, and the averages 
of these readings are shown above each nodal point in Figure 
6. These average values should give a close estimate of the 
head at each intersection. 

The network of O11;5s was modeled by using the line ele- 
ment program and the same piezometric heads at the entrance 
and exit points. As long as flow is laminar in this square grid 
of uniform tubes, the spacing between intersections will not 
affect the distribution of heads. We therefore chose an ar- 

bitrary network of uniform elements, and the resulting heads, 
as determined at each intersection by using line elements, are 

z 

x• xj 

Fig. 5. Typical line element showing local coordinates x', :' and 
global coordinates x, z. 
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Fig. 6. Lines of equal piezometric head (centimeters) obtained for 
a network of pipes by Ollbs [1963]. The calculated values are in 
parentheses, and the measured values are without parentheses. 

shown in parentheses below each nodal point in Figure 6. The 
maximum discrepancy between measured and computer- 
determined heads is less than 7% of the net head difference. 
This discrepancy indicates that the line element program is 
sufficiently accurate, and it appears that interference effects at 
intersections, which were ignored in our model, were not too 
important. 

The two finite element programs that have been developed 
for fracture flow appear to yield values that are accurate to 
within 10% of experimental results. The accuracy of the 
results in any field application will undoubtedly be dominated 
by the precision of field data. The choice of model to use will 
depend on the nature of the problem being investigated. The 
line element program can be used when flow interference at 
intersections is negligibly small, fracture walls are assumed to 
be planar, and rock matrix permeability is unimportant. The 
triangular element program can be used in determining 
coupled matrix-fracture flow. It is also possible to use these 
two programs jointly for uncoupled flow in the matrix and 
fractures. 

FLOW BENEATH DAMS 

The following examples are intended to illustrate the basic 
characteristics of flow in certain idealized networks of rigid 
fractures. They demonstrate, through the use of the line ele- 
ment program, how a systematic study of fracture flow may 
be carried out. This program can compute laminar flow in 
two-dimensional networks of fractures with arbitrary 
geometry and apertures. The examples to be presented here 
involve the use of idealized networks of parallel equally 
spaced fractures, which were chosen because they can be 
uniquely identified by a simple system of notation, and do 
not represent the full versatility of the model. 

A parallel uniform system of horizontal and vertical frac- 
tures can be defined as a network in which (1) all horizontal 
fractures are parallel with the ground surface and have a con- 
stant length LH between vertical fractures and constant aper- 
ture bH and (2) all vertical fractures are parallel and have 
another constant length L•, between horizontal fractures and 
constant aperture bv (Figure 7). The terms 'horizontal' and 
'vertical' are used loosely to distinguish between the two sets. 
The fracture sets are not necessarily restricted to horizontal or 
vertical orientations, nor need they be orthogonal. 

In these idealized systems, parallel fracture networks 
beneath dams can be characterized by a 3-number code: (1) 
the number of vertical inlet fractures upstream of the dam, (2) 
the number of horizontal fractures beneath the dam, and (3) 

•.• J 6LH [ 
....... =-__-_-- /SHORTEST POROUS MEDIUM FLOW PATH 

8 INLETS • SHORTEST FRACTURE FLOW PATH OUTLETS 

_L b=bH 

-•/ H/AN/N •L S_BENEATH DAM 

Fig. 7. Uniform 8-7-8 network of parallel fractures in a square 
grid. If LH = Lv = 10, this can also be regarded as a 70-70-70-unit 
model of porous media. 

the number of vertical outlet fractures downstream of the 

dam (Figure 7). 
Dimensionless parameters for parallel uniform fracture 

networks. The results obtained from the following studies 
have been generalized by expressing them in dimensionless 
form. In a parallel uniform fracture network the factors of 
length and aperture, which govern hydraulic conductivity, 
can be expressed in the form of a dimensionless ratio Rr of 
horizontal to vertical conductance, which will be called the 
permeability ratio: 

b•a/LH 
- (4) Re- b,,a/Lr 

The system is isotropic only when Rr = 1. Also a dimen- 
sionless flow rate Qr may be defined in terms of a ratio of the 
total volumetric flow rate Qr and the factors that govern it, 
including the total differential head AH and several 
parameters of the vertical fractures: length L,., cross-sectional 
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Fi•, 8. Dim•nsionl•ss flow •or the fracture system •nd porous 
medium with boundaries identical to thos• of •i•urc 7. 
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area bt, w, and hydraulic conductivity bv27/12tx. This yields 

Q• = 12#LvQe/bv%,3,AH (5) 

The choice of the vertical fractures is arbitrary; the horizontal 
parameters could also have been used, yielding a different but 
equally legitimate definition. 

For a porous medium the analogous parameters are 

R •, = KH/Kv Q•, = Qr/KvwA H 

In this paper, w, length in the third dimension, is always 
assumed to be unity. 

Comparison of fracture and porous medium.flow. Flow in 
the idealized fracture network beneath the impermeable dam 
of Figure 7 was determined for various fracture spacings and 
hydraulic conductivities. These results are plotted in Figure 8 
by using the dimensionless parameters QF and Rr. Next, all 

fractures were 'removed' from the model, and the space that 
they had occupied was treated as a continuous anisotropic 
homogeneous porous medium. Flow was determined through 
this porous medium for various anisotropic permeabilities by 
using the same boundary conditions as those used for the 
fracture flow and the same relative model dimensions as those 
depicted in Figure 7. These results are plotted in Figure 8 by 
using the dimensionless parameters Q•, and R•,. 

These two systems give identical results when vertical con- 
ductivity is higher but diverge markedly when horizontal con- 
ductivity is higher. This divergence occurs because the 
shortest porous medium flow path lies along the base of the 
dam and involves only horizontal flow, whereas seepage in the 
fracture system is forced to flow vertically as well. The frac- 
ture system in this example has the same effect as a shallow 
impermeable vertical cutoff wall in a porous medium. 

Although the comparisons in Figure 8 are strictly valid only 
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Fig. 9. Dimensionless flow for fracture systems of different sizes beneath a dam 6L,t-units wide. 
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for the model of Figure 7, it is evident from this example that 
the use of 'equivalent porous media' to replace fracture 
systems can be reliable in some instances but misleading in 
others. A thorough understanding of the nature of both frac- 
ture and porous medium flow is an essential prerequisite to 
the successful application of this concept. 

Varying the number of conducting fractures. The analytical 
methods that have been developed for fracture flow are well 
suited for the study of seepage in networks of fractures 
beneath dams. Although these methods can treat flow in a 
system of randomly oriented intersecting fractures of variable 
aperture, the continued treatment of parallel uniform fracture 
sets allows results to be generalized and made potentially 
more useful. 

Figure 8 gives the characteristics of total fracture flow for 
an 8-7-8 network beneath a dam that is six horizontal frac- 
tures wide. These results can change by more than an order of 
magnitude, however, if the number of fractures that conduct 
flow is increased or decreased even though the dam remains 
the same size. The effect of varying the number of conducting 
fractures under a dam of width 6LH is shown in Figure 9 for 
systems ranging from a simple 1-1-1 network to a 64-64-64 
network. 

These results show that when the value of Rr is close to 1, 
total flow beneath the dam is a function of flow in the entire 
fracture network. However, if one set of fractures has a much 
lower conductivity than the other, the smaller fractures will 
sustain most of the head loss and hence will alone govern total 
flow through the system. Because of this effect a 5-16-5 frac- 
ture network will behave as a 5-5-5 network when vertical 
fracture conductivities are smaller and will act as a 16-16-16 
network when horizontal conductivities are smaller. This 
behavior enables us to determine the characteristics of an ar- 

bitrary x-y-x fracture network by completing a smooth 'tie 
line' between the x-x-x and the y-y-y curves in Figure 9. 

Vao'ing the width of the dam. The 3-number code used to 
define network size does not indicate the width of the dam. 

Since loading and compressibility are not considered here [see 
Noorishad et al., 1971], varying the dam width only serves to 
increase or decrease horizontal flow paths. Figure 10 presents 
the effects of dam width on dimensionless flow in an 8-8-8 

fracture network. As is expected, when horizontal conduc- 
tivities are small enough, the total flow becomes linearly 
related to dam width. However, when vertical fracture con- 
ductivities are smaller, total flow becomes independent of 
dam width. 

Suppose, for example, that a dam of width 12LH is to be 
analyzed with this 8-8-8 fracture network. The characteristics 
of this network with a dam of width 6LH are indicated in 
Figure 9. Since the dam in this example is twice as wide as that 
used in Figure 9, the lengths of horizontal flow paths beneath 
the dam are doubled, and at any given small value of Rr < 
10 -2 the flow QF is one-half that indicated in Figure 9. At 
large values of RF >_ 10 3, flow beneath the dam is independent 
of its width, and this second value of Qr may be determined 
directly from Figure 9. These two extreme points can be 
plotted for any dam width or network size and joined by a 
smooth curve similar to the curves indicated in Figure 10, a 
good approximation of the dimensionless flow characteristics 
thus being given. 

Effect ofgrouting. The effect of grouting selected fractures 
can easily be studied with the finite element method. An un- 
grouted 10-5-10 fracture system with a dam of width 3Ln was 
used as a standard (Figure 11), and specific vertical and 
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Fig. 10. Effect of dam width on an 8-8-8 model. 

horizontal fractures were systematically 'grouted' by 
mathematically reducing their apertures to zero. Fractures 
were grouted in sequence, beginning next to the dam and 
proceeding upstream when vertical fractures were grouted or 
vertically downward beneath the dam when horizontal frac- 
tures were grouted. 

Figure 12 shows the results of grouting horizontal fractures 
while vertical fractures remain unaffected. The effectiveness of 

grouting varies with the permeability ratio Rr, and it is evi- 
dent that grouting horizontal fractures is most effective when 
horizontal conductivities are higher. The curves of Figure 13 
show that when vertical fractures alone are grouted, the 
results are generally most effective when the vertical conduc- 
tivities are higher. 

CONCLUSIONS 

The examples presented in this paper demonstrate the 
applicability of the finite element approach to the study of 
flow in fracture systems. The triangular element program can 
be used effectively in investigating the combined effect of flow 
in fractures and in the porous matrix. This approach can also 
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Fig. 11. Fracture network used in grouting study. Vertical frac- 
tures are grouted in sequence along arrow A, and horizontal fractures 
are grouted in sequence along arrow B. 
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be used for the details of flow in fractures with varying aper- 
tures and at fracture intersections. The line element program, 
although it is restricted to networks of fractures with parallel 
walls in an impermeable rock, is faster and easier to apply and 
was used for most of the examples in this paper. 

For the simple fractured porous medium investigated it was 
found that total flow through the system can be closely ap- 
proximated by summing the separately determined matrix 
and fracture flows. Further, under steady state conditions, 
flow in typical near-surface systems can be dominated by the 
fracture flow component. In such cases the rock matrix can be 
considered to be impermeable. 

The series of studies of seepage beneath an impermeable 
dam constructed on fractured bedrock provides a practical 
application of the line element program. These examples in- 
dicate clearly the nature of flow in parallel uniform fracture 
networks. Through the use of dimensionless parameters, the 
influence of the width of the dam and the number of conduct- 

ing fractures on total flow can be determined graphically. 
Another example shows how grouting influences seepage 
through a fractured foundation. 
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Fig. 13. Effect of grouting vertical fractures. 

The finite element programs developed can treat two- 
dimensional steady state flow in the laminar regime for 
networks of generally planar fractures that may have ar- 
bitrary orientations and variable apertures. In addition, the 
triangular element program allows rock matrix blocks to be 
treated simultaneously as permeable anisotropic media. 
Mathematical models based upon the finite element method 
are both accurate and versatile and should enjoy considerable 
further development. 

NOTATION 

m 

Qv, 
R 

V 

x 

aperture of parallel plate fracture model, L. 
constant. 

hydraulic conductivity, LIT. 
total differential head in system, L. 
nodal point name. 
hydraulic gradient, L/L. 
nodal point name. 
permeability, L/T. 
length measured along a fracture, L. 
length of fracture between adjacent intersec- 
tions, L. 
slope of line. 
total flow in system, LS/T. 
dimensionless flows. 

dimensionless permeability ratio. 
velocity, L/T. 
length in the third dimension, L. 
coordinate direction. 

coordinate direction. 

specific weight of fluid, 980 dyn/cm s for water, 
M/L•'T •. 
general angle name. 
viscosity of fluid, 0.01 g/s cm for water, 
M/LT. 
fluid head, L. 

Subscripts and superscripts: 

ef/' effective. 
F fracture. 

H horizontal. 

i summation index. 

P porous medium. 
T total. 

V vertical. 

x in the x direction. 

z in the z direction. 

' indicates local coordinate system. 

APPENDIX: OUTLINE OF MATHEMATICAL DEVELOPMENT 

Hydraulic conductivity C along the length of an extensive 
parallel-walled fracture in an impermeable or slightly 
permeable medium is given by the term b27/12#. Fractures 
with permeable walls can exchange fluid with the medium. In 
such cases a component of flow will occur normal to the walls, 
and hydraulic conductivity across the fracture will be very 
large. 

Fracture conductivities are directional in nature and are 

analogous in many respects to directional permeabilities in an 
anisotropic porous medium. The local coordinate system 
z' is assigned to each two-dimensional fracture cross section, 
x' being generally oriented along the fracture and z' being nor- 
mal to it (Figure 5). The two-directional conductivities are 

C:, = b•/12/• C., >> C., (AI) 
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Hydraulic conductivities may be assigned to triangular 
elements and must be assigned to line elements independent 
of the actual dimensions of the element. In addition, the 
orientation of the hydraulic conductivity ellipsoid may be 
varied with respect to fracture orientation in the triangular 
'element program. This versatility allows this program to be 
used in theoretical analyses of the details of flow within in- 
dividual f'ractures and at fracture intersections. 

As is the case of a porous medium, the basic relation gov- 
erning steady state laminar flow is the Laplace equation. In 
terms of' the field coordinates x, z, this can be written 

V.C V• = 0 (A2) 

Laminar flow in any conduit is characterized by a linear 
relationship between velocity and hydraulic gradient, which 
may be expressed as 

04, _ V• = -- Cx• •x x -- C• z •z z Vz = -- C, x o x • (A3) 
Field conductivities are related to the two-directional con- 

ductivities through the angle a, which indicates the orienta- 
tion of the local coordinates with respect to the field coor-. 
dinates: 

C• = C•, sin•a + C•, costa 

C• • (C• -- C•,)sin a cos a 
(A4) 

C•=C• 

C•. C•, cos • • _ = a + C•,sin a 

Tile finite element solution to a problem such as this re- 
quir• a variational equation that after minimization yields a 
value of 4, which is a solution to both the Laplace equation 
and the boundary condition' 

V, = -C,• ack/•n = const (A5) 

where n indicates the direction normal to the boundary. This 
solution can be obtained for the triangular element program 
from the functional equation: 

ff f s(q,, LL) = (v4,. [ClVq,)ax dz + Vd, aS 
(A6) 

•here Ix = Ock/•x and Iz = $ck/$z. The line element program 
was developed by simply collapsing the above equations to 
one dimension. 
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