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Abstract. A new iterative approach to steady seepage of ground water with a free surface
has been developed using the finite element method. This approach eliminates a number of
difficulties that were inherent in the iterative procedures previously used to solve this prob-
lem and rapid convergence is now assured in all cases. The method is applicable to hetero-
geneous porous media with complex geometric boundaries and arbitrary degrees of anisotropy.
It can handle problems where the free surface is discontinuous and where portions of the
free surface are vertical or near vertical. In addition, infiltration or evapotranspiration at the
free surface can be handled with ease. Several examples are included to demonstrate the power
of this new approach and to show how it can apply to a wider variety of free surface problems

than has been possible before.

INTRODUCTION

In dealing with the seepage of water through
earth dams and embankments under steady
state conditions where a free surface is present,
civil engineers have traditionally relied on the
graphical method of flow nets [Casagrande,
1940, p. 295, Cedergren, 1967]. In analyzing
flow to wells in unconfined aquifers, ground-
water hydrologists have often based their theory
on the Dupuit assumptions. Exact analytical
methods of handling such problems have been
developed but are often difficult to apply. Ex-
tensive treatments of these latter methods are
given by Harr [1962]; Polubarinova-Kochina
[1962]; Aravin and Numerov [1965]; and
Bear et al. [1968]. All these methods are limited
to flow systems where the porous medium is
relatively uniform and the boundary conditions
are not too complicated.

In many practical problems, however, the de-
gree of heterogeneity and anisotropy that the
engineer encounters in the field may be such that
these traditional methods are extremely difficult
to apply unless certain simplifying assumptions
are made. We need only consider a sequence of
homogeneous layers that are nonuniformly ani-
sotropic to realize the limitations of the tradi-
tional approach. This approach is further re-
stricted to flow systems with relatively simple
boundary configurations.

These difficulties have led to the recent de-
velopment of numerical methods that enable us
to analyze complex systems by using high speed
digital computers. Finnemore and Perry [1968]
have adapted the relaxation technique of Shaw
and Southwell [1941] to the computer in an-
alyzing seepage through an earth dam. Another
finite difference approach to steady state seep-
age with a free surface -has been described by
Jeppson [1966, 1967, 1968a, 1968b, 1968c,
1968d, 1969]. His method requires that the flow
region be transformed into another domain that
lies in the plane of the velocity potential and
stream funetion. Since he is dealing with non-
linear equations, he obtains a solution using the
Gauss-Siedel iterative method of successive over
relaxation. His method seems to be limited to
systems with simple geometries where the trans-
formation process can be carried out. In systems
composed of two irregular layers, his method ‘is
restricted to homogeneous isotropic mediums or
anisotropic mediums, both layers of which have
the same horizontal to vertical permeabilities’
[Jeppson, 1968¢]. It seems to us that his method
is further restricted because the axes of aniso-
tropy must be parallel in all parts of the flow
domain.

The problem of seepage with a free surface
has also been investigated by Taylor and Brown
[1967] and Finn [1967] using the finite ele-
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ment method. Finn’s approach has recently been
extended by Volker [1969] to include nonlinear
flow. The finite element method is based on the
caleulus of variations and enables us to analyze
flow regions having complex geometric bound-
aries and arbitrary degrees of heterogeneity and
anisotropy [Zienkiewicz and Cheung, 1965;
Witherspoon et al., 1968]. However Taylor and
Brown report an ambiguity effect in the vieinity
of the seepage face. In reviewing their method
in detail, we find that this ambiguity results
from a basic lack of convergence in their itera-
tive procedure. The iterative method of Finn is
essentially similar to that of Taylor and Brown,
and he would have experienced the same diffi-
culties had he not confined himself to those
problems where the free surface meets the seep-
age face tangentially.

The purpose of this paper is to present an im-
proved finite element approach to the problem
of steady state seepage with a free surface. We
shall first present our method in detail and then
use several examples to demonstrate how it can
be applied to a wider variety of seepage prob-
lems than has been possible before. We will show
that the ambiguity effect of Taylor and Brown
has been eliminated and that convergence is
easily obtained in all cases.

THEORETICAL CONSIDERATIONS

Consider the typical problem of flow through
a dam with a toe drain as shown in Figure 1. Let
R represent the flow region that generally will
have the following four kinds of houndaries: (1)
a preseribed head boundary A,, (2) a prescribed
flux boundary A., (3) a free surface F, and (4)
a seepage face S. This boundary value prob-
lem can be described by the following set of
equations:

(i, %)
P (K” o 0 on R (1)

h=H on 4, @
dh
K"i a_xJ n; = — V on Az (3)
h=¢& on F Y]
ah
K, — oz, n; = In, =0 on F (5)
h=x on S (6)
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Fig. 1. Cross section of dam showing flow region

with a free surface.

Here we introduce £ in equation 4 to represent
the elevation of the free surface above the hori-
zontal datum plane from which head is meas-
ured. A generalized variational principle that
corresponds to this problem [Mauersberger,
1965] may be written

dh dh
a9 = [ 1K, 2t R
Ok
4, 3
dh
fS (h - x3)K11 ax,- n, dA
+ VhdA

A4

—f(h E)K,,a—n A

_ fF £In, dA @)

If we could treat both h and £ as variants at
the same time, then a solution could be obtained
directly by minimizing the functional (7). In
the finite element approach, however, it is neces-
sary that the flow region be fixed in order that
the minimization process can be carried out.
This has led us to adopt a two step iterative pro-
cedure in which the position of the free surface
is fixed at the beginning of each iteration, i.e., £
becomes invariant during each iteration.

Since the true posttion of F is unknown, only
one of the two boundary conditions (4) and
(5) can be satisfied at any given time. For the
first step of the iteration, it is convenient to
adopt boundary conditions (4) and (6) and set
h = £on F and b = x, on 8. This means that
(4) and (6) are now satisfied. Since (2) is easily
satisfied, equation 7 reduces to
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(k)

oh oh f
= 1 =
fﬂzx., e s B[ Vvhad ®

After minimizing (8) using the finite element
method described below, we can determine the
specific flux V, on the seepage face.

To satisfy boundary condition (5), we no
longer consider % to be fixed on F and 8. In-
stead, for the second step of the iteration we use
the prescribed values of I on F and the calcu-
lated values of V, on S and thus treat both F
and S as known flux boundaries. This means
that equation 7 now reduces to

oh ok
H ax, dox;

() = fE%K dR+LhV,, iA

+ VhdA — f hIns dA (9)
A2 F

After minimizing (9) using the finite element
method, the results will satisfy boundary con-
ditions (2), (3), and (5) but not necessarily (4)
and (6). If equation 4 is not satisfied with an
acceptable error, the final step of the iteration
is to shift the position of the free surface in an
appropriate manner such that (4) is satisfied as
closely as possible. This determines a new posi-
tion for the free surface and the entire proced-
ure is repeated until | — ¢ < e everywhere
on F, where ¢ is a prescribed error tolerance.

The above procedure differs from that of
Taylor and Brown [1967] and Finn [1967] in
several ways. They use only one step in each
iteration, and during that iteration they treat
the free surface as a no-flow boundary and the
seepage face as a prescribed head boundary.
Since the true length of S is initially unknown,
an incorrect prescribed head boundary is im-
posed on the flow region, and this tends to re-
tard convergence of the solution on F in the
vieinity of S. In addition, the method used by
Taylor and Brown to shift the position of the
free surface at the end of each iteration does
not insure that boundary condition (4) is being
approached in a consistent manner unless all
points on F are being shifted vertically. Thus
their results may sometimes diverge instead of
converging to a solution as will be demonstrated
below. In determining the position of the exit
point (ie., the intersection of F and 8), the
shifting procedure of Finn relies on the calcu-

lated position of the free surface extending be-
yond the physieal limits of the flow region. Such
a procedure does not seem applicable to those
situations where the free surface always remains
within the flow region (e.g., homogeneous dam
with a toe drain). In addition, Finn’s method re-
quires that the computer program be stopped
after each iteration since there is no provision
for shifting during execution.

NUMERICAL APPROACH

In solving equations 8 or 9 by the finite ele-
ment, method, the flow region R is subdivided
into a network of elements. Within each element,
head can be described in terms of the nodal val-
ues hy, as

h = N,h, (10)

where N, is only a function of the space coordi-
nates. Substituting (10) into (8) and consider-
ing a single element e we have

dN, dN.
¢ — 1 . n OiVm
&) .L. 2K dz; i dz;

hn dR

+ f VN.h, dA (11)
4,°

The functional over the entire flow region Q
(k) is simply the sum of the functionals over all
elements. After minimizing @ (k) with respect
to k., we obtain a set of simultaneous linear alge-
braie equations

Anmhm - Qn =0

n,m=1,2,---, N (12)
where
ON, ON,,
Aﬂm a Z‘/;l K‘” 6:1:,- 62:, dE

Q=—2 f VN, dA
e A4,°
and N represents the total number of nodes in
the network.

For plane flow it is convenient to adopt a
network composed of triangular elements, and
for axisymmetric problems we use a network of
conecentric rings with a constant triangular eross
section. For the particular case where K, is
constant and A is linear within each element,
A, and @, in (12) have been evaluated and are
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given by Wilson and Nickell [1966] and Neu-
man and Witherspoon [1969, p. 100].

In general Q. will be zero at all nodal points
that do not act as sources or sinks. Moreover, at
each nodal point there will be only M values of
A, that are nonzero, where M — 1 ig the num-
ber of elements surrounding the point. This fact
enables us to use quadrilateral elements because
they can always be subdivided into four tri-
angles and the equation for the central point
can be eliminated from (12). As a result, the
number of equations and the number of non-
zero values of both 4,, and Q. is significantly
reduced. The amount of computer storage and
time required in obtaining a solution of (12)
is further reduced by the fact that the matrix
A, is symmetric. Minimization of equation 9
will also lead to a set of simultaneous equations
similar to (12) and can therefore be handled by
the same procedure.

In developing the functional in (8) it was
assumed that head is known on 4,, F, and S,
and therefore boundary conditions (2), (4), and
(6) are satisfied. As a result, there will be a total
of K nodal points on these three boundaries
where head is known, and the number of un-
knowns in (12) can be reduced from N to N —
K. Consequently there will be N — K equations
of the form

Apnhe, = Qu — D Auhs; n, m=k (13)
k

where % represents those nodal points at which
head has been fixed. Equation 13 can be solved
for the N — K unknown values of h,,, that can
then be substituted in the remaining set of K
equations

Akmhm = Qk (14)

to obtain the values of Q. at each nodal point
where head was originally fixed. A similar pro-
cedure is used in handling the functional in (9)
with regard to the constant head nodal points
along A.,.

A special problem arises during the second
step of the iterative procedure at the particular
nodal point where F and S intersect. During
the first step of the iteration, the @, calculated
from (14) for this point represents the flux
across both F and § in the neighborhood of the
point. For the second part of the iteration, how-
ever, we only need to know that portion of Q.
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that flows across S. It is possible to calculate
this portion of @. exactly, but if the elements
in the vicinity of the intersection of ¥ and S are
sufficiently small, it is more convenient to ap-
proximate this portion by setting it equal to
one-half the value of Q. that was obtained at
the adjacent nodal point on S.

PROCEDURE FOR SHIFTING FREE SURFACE

It will be recalled that at the end of the sec-
ond step of each iteration, it is mecessary to
shift the position of the free surface such that
boundary condition (4) is satisfied as closely as
possible. Consider a portion of the free surface
at the start of the ith iteration F. as shown on
Figure 2. A typical nodal point m initially has
coordinates (*n, Zm):, but at the end of the
second step of the iteration, the value of head
that has been calculated for this point is found
to be (h,):. If boundary condition (4) is to be
satisfied, the position of F for the ¢ + 1 itera-
tion should pass through the point whose co-
ordinates are (rm, hyn):. Similarly F must also
pass through other calculated positions (7., )+
and (r,, h,)s, etc., as indicated on Figure 2 by
the dashed line F¥, , 1.

In changing the position of the free surface,
it is often necessary to shift nodal points along
directions other than the vertical. For example,
the point m is to be shifted along the line A4,
which makes an angle y with the vertical on Fig-
ure 2. In this case the new position of m is taken
as the intersection of AA’ with F/s,; at (ra,

Wy
S Z\ (fmsPm);
o\

o(fshnli

Fig. 2. Scheme for shifting free surface.
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Zm)s +1. Similarly the points #» and p are shifted
to new locations whose coordinates are (r,
Za)i.1 and (r,, 2,): .., respectively. The line
Fy ., that passes through these new points is
adopted as the position of the free surface for
the ¢ + 1 iteration,

When the direction of shifting of any point
crosses an interface between two materials or
crosses a physical boundary of the system, it
will usually be necessary to shift F by a lesser
amount than would result from the above pro-
cedure. To insure convergence, this shifting must
be done in such a way that the rate at which
boundary condition (4) is approached is the
same everywhere on F. This is accomplished by
introducing a correction factor @« < 1, that
changes the vertical coordinate of F; ., for any
given node m from (An): to (2m)s + al(km): —
{(2x)+]. In the program, « is initially set equal to
unity and is changed during each iteration to
its maximum allowable value such that F”, ..
always remains within the preseribed bound-
aries.

Another problem arises when part of the free
surface becomes essentially vertical, as in the
case of seepage from a pond or canal (Figure
3). In such cases, the horizontal coordinates of
any two adjacent nodal points on F may be so
close together that the shifting scheme described
above fails to adequately adjust the horizontal
coordinates of these points. We overcame this
problem by introducing an additional correction
factor B which, for any nodal point m, is used
by the program whenever

|m)ier — (2m)i] < Bet|(hm)i — (2m)sl (15)

When (15) holds, nodal point m is shifted arbi-
trarily along A4’ such that

(Tm)-'+l = (1‘,,,),- + Ba[(hm)i - (2,,,);] (16)

Convergence is further assured by adjusting the
magnitude of 8 during execution using

B i+1 B i .+1 (17)
where E, is the maximum difference between
elevation and the computed head on F at the
end of the ith iteration and is given by
(zm) 1 |

E; = max |(Bm)s — (18)
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Fig. 3. Seepage from a circular pond to a hori-
zontal drain.

The initial value of 8 will depend on the diree-
tion along which the nodal points are being
shifted. Our experience indicates that a 8 of
0.2 to 0.3 is desirable when the direction is close
to horizontal. Larger values of 8 (0.6 to 0.8)
should be used when y < 45°. To permit us
to examine whether or not the initial value of 8
has been properly chosen so as to achieve rapid
convergence, the program can be stopped after
any iteration. An examination of the results will
usually reveal whether a change in 8 is indi-
cated. The problem can then be restarted at the
same iteration with a new B8 and a solution ob-
tained.

APPLICATION TO VARIOUS PROBLEMS

All the above features have been incorpo-
rated in a computer program that is able to
handle both plane and axisymmetric flow. To
demonstrate the versatility of this program, we
present below solutions for several dlﬂerent
kinds of problems.
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1. We shall first consider the axisymmetric
problem of flow from a circular pond, where the
porous medium is isotropic and homogeneous.
Problems of this kind have previously been
handled by Jeppson [1968d] using a finite dif-
ference approach. We chose one of his problems
and a comparison of our solution with his for
the position of the free surface is shown in Fig-
ure 3. In addition a set of lines from our net-
work is included to indicate the directions along
which shifting of the free surface took place. It
is not necessary that the shifting process be car-
ried out over the entire network. We therefore
divide the network into one portion where the
mesh can conveniently be held fixed and another
portion where the mesh is allowed to expand or
contract. As a result the matrix A, for the fixed
mesh need only be computed once at the be-
ginning of the problem. The initial guess for the
free surface is also indicated on Figure 3.

Figure 4 shows how convergence to a solu-
tion with an E; (equation 18) of about 0.4%
of maximum available head was reached. The
flattening of this curve indicates that from the
practical standpoint, a satisfactory solution has
been obtained. The deviations of the plotted
points from the average curve are the effect of
the arbitrary manmer in which horizontal co-
ordinates are shifted using equation 16.

2. We next consider the axisymmetrie prob-
lem of flow to a well in an unconfined aquifer
that has been investigated experimentally by
Hall [1955] using a sand box model. A numeri-
cal solution for this problem that considers flow

Ei IN PERCENT OF MAXIMUM AVAILABLE HEAD

o 10 20 30
NUMBER OF ITERATION

Fig. 4. Convergence for circular pond problem.
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Fig. 5. Seepage toward a well.

in the unsaturated region has also been pub-
lished by Taylor and Luthin [1969]. A compar-
ison of our solution with both of their results
and with a solution obtained using the Dupuit
assumptions is given in Figure 5. In general, our
solution lies slightly below that of Hall and
Taylor and Luthin. Our free surface approaches
the well tangentially, as is suggested by theory.
Again a set of lines is included to indicate the
vertical direction along which shifting took place
in obtaining a solution. Our initial guess was
taken to be the solution given by Hall.

3. We next consider the problem of plane
flow through a homogeneous dam to demon-
strate how a solution is obtained when the di-
rections of shifting intersect a physical bound-
ary. The results are shown in Figure 64, and
the exit point compares favorably with the re-
sults calculated by Casagrande’s [1940, p. 304]
method.

In our first attempt to solve this problem, we
used the seepage face as one of the directions
along which shifting took place. This proved un-
satisfactory because the elements near the exit
point became too elongated in the direction of
maximum gradient. However, when the direc-
tions of shifting were changed to those indi-
cated in Figure 64, a satisfactory solution
was obtained after only seven iterations (Fig-
ure 6B.

4. We shall now consider the problem of a
homogeneous dam with a toe drain similar to
that investigated by Taylor and Brown [1967].
The positions of the free surface as obtained
by our method after the fifth and tenth itera-
tions are given in Figure 7A. The result for
the tenth iteration is essentially the same as
that obtained by flow net analysis and was
adopted as our solution. The position of our
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Fig. 6. Seepage through a homogeneous dam.

initial guess is indicated, and the directions of
shifting were taken parallel to the upstream face
of the dam.

We also solved this problem for the same net-
work configuration and same initial guess using
a program provided by Professor R. E. Taylor
and based on the method of Taylor and Brown.
The results after the tenth and twentieth itera-
tions are shown in Figure 7B. It may be seen
that their solution for the free surface agrees
with ours everywhere except in the vicinity of
the seepage face where a lack of convergence is
apparent.

5. Finally we consider an example of the com-
plex type of problem that is easily handled by
our program (Figure 8). In this case, a dam
with a sloping core and horizontal drain rests on
a slightly permeable foundation whose bedding

NITIAL.

\
—_
GUESS N

SOLUTION

B
Fig. 7. Seepage through a dand with toe drain.

planes are inclined to the horizontal. Both sec-
tions of the dam are assumed to have an iso-
tropic permeability as indicated, whereas the
foundation is anisotropic with its principal per-
meability K, parallel to the assumed bedding.

Because of the permeability contrast within
the dam, an internal seepage face develops along
the interface between the sloping core and the
rest of the dam. The possibility of such a situ-
ation has previously been pointed out by Casa-
grande [1940, p. 303]. Because of this, we can
anticipate the development of a partially satu-
rated region beneath the overhanging slope.
Since our program is not designed to treat un-
saturated flow, the problem arises as to how
much of this flow moves vertically downward to
the free surface and how much moves laterally
above the saturated zone to the horizontal drain
and is thus permanently lost from the system.

We solved this problem by considering two
limiting cases. The free surface marked A on
Figure 8 represents the lower limit for this free
boundary when all water that flows across the
overhanging seepage face is lost. A few isopo-
tentials for this case have also been included on
the figure to indicate general directions of flow
The free surface marked B represents the upper
limit if all water moving across the overhanging
slope flows vertically downward through the
unsaturated region so as to join the free surface.
The actual free surface should therefore lie be-
tween these two limits. It should be noted that
in obtaining these solutions, the directions of
shifting vary from nearly horizontal along the
drain to a direction that is parallel to the inter-
face between the two sections of the dam. Shift-
ing of the free surface is done independently in
each section of the dam.
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Fig. 8. Seepage through a dam with sloping core and horizontal drain on a slightly permeable
foundation.

NOTATION

bydraulic head, L;
hydraulic head on prescribed head boundary,
L;
I, net vertical specific rate of infiliration at
free surface, L/T;
K;;, permeability tensor, L/T;
n;, unit outer normal vector, L;
r, radial coordinate, L;
V, specific flux on prescribed flux boundary, L/T;
z;, coordinate vector, L;
z, vertical coordinate, L;
£, elevation of free surface above horizontal
datum plane from which % is measured, L.

e
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