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Comment on 'Computation Optimum Realizable Unit 
Hydrographs,' by Peter S. Eagleson, Ricardo Me]ia-R, 

and Frederick March 

J. E. NASH AND KIERAN M. O'CONNOR 
University College, Galway, Ireland 

This paper presents a numerical method of 
deriving unit hydrographs from complex events 
by programming a least-squares solution of the 
Wiener-Hopf equations in discrete time form. 
This solution, hopt (/c), is therefore optimum. For 
consistency between input and output data, the 
ordinates of hopt(/c) for /c > m -- n + i are 
minimized by (26), and realizability is ensured 
by a built-in restraint that all the ordinates of 
ho•t(k) must be positive, as represented by (24). 
The necessity for this restraint is known to any- 
one who has ever attempted to derive unit hy- 
drographs by successive solution of the set of 
linear algebraic equations. If, however, the unit 
hydrographs obtained are to be used as sug- 
gested by the authors 'in relating the parameters 
of the derived linear system to the physical 
properties of the real system...,' it would seem 
that a more severe restraint may be required. 
The authors' method would provide a set of 
UH's, each consisting of a set of ordinates at 
equal time intervals. Obviously, it would be 
practically impossible to correlate the ordinates 
separately with the catchment characteristics 
and, therefore, some parametric values descrip- 
tive of the whole UH must be obtained from the 

derived ordinates, and these must be related to 
the catchment characteristics. If the parameters 
of the UH are chosen in advance, it may well 
be that they can be evaluated directly from the 
outpug and input data, without derivation of the 
UH's at all. The moments of the IUH, for ex- 
ample, constitute such a set of parameters [Nash, 
1•]. 

Once regressions of the parameters on the 
catchment characteristics have been obtained, 
these can be used to obtain estimates of the 

parametric values for ungaged catchments from 
knowledge of the physical characteristics of the 
catchments. To reconstitute the IUH (or indeed 

any other expression of the operation of the 
linear system) it is necessary, in addition, that 
the IUH can be expressed completely in terms 
of the limited number of parameters for which 
significant independent regressions on the catch- 
ment characteristics have been obtained. Alge- 
braically, this implies the selection of a general 
IUH equation for all catchments, and the ap- 
plication of the equation to a particular catch- 
ment by the evaluation of the parameters. 

The failure of most investigators to obtain 
more than one or two independent regressions 
of IUH parameters on catchment characteristics 
suggests the need to choose a general I UH equa- 
tion with a very limited number of parameters. 
Within this limitation, it is very desirable that 
the equation chosen should permit the greatest 
possible range of IUYI shapes. These considera- 
tions suggest that the physical nature of the 
hydrological system should be used to obtain 
restrictions on the general form that such 
general IUH equation could take. In this con- 
nection, the authors have pointed out that if 
the operation of a system can be described by 
an equation of the form of equation 5, the hy- 
drological nature of the system requires that the 
roots of the equation must be negative real. A 
similar conclusion was reached by one of the 
writers [Nash, 1960], and a consequence of this 
restriction was developed to show that the IUH 
of such a system (i.e., a highly damped stable 
system governed by equation 5) may be 
proximated by the two-parameter IUH equation 

h(t)- 1/[KF(n)].e-'/•.(t/l•) n-' 
where K and n are a time and a numerical pa- 
rameter, respectively. 

The writers agree with the authors that, be- 
cause of the nature of the hydrological system, 
the system, if linear and time invariant, must 
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be governed by an equation of the type of equa- 
tion 4, in which the roots of the denominator 
are negative real, and in which the order of the 
numerator is less than that of the denominator. 

Any network of linear reservoirs interconnected 
in any manner can be described by an equation 
of this form, and conversely, any system gov- 
erned by such an equation can be considered 
analogous to some such network. However, the 
authors seem to imply that by division of the 
numerator into the denominator any such equa- 
tion can be reduced to the form of equation 5, 
in which the roots of the denominator are again 
negative real. This may, indeed, be a misinter- 
pretation of the authors' intention, but even so, 
the non sequitur is worth emphasizing. 

In equation 4, division of the numerator into 
the denominator will in general produce an in- 
finite series which is not convergent, in the sense 
that as the number of terms. of the series taken 

becomes greater and greater the sum fails to 
approach the original ratio. Thus the denomi- 
nator of the equivalent equation 5 cannot be 
expressed as a polynomial of limited order. If it 
could be so expressed, then the above mentioned 
expression for the IUH 

•(0-- •/[•r(•)].•-'•-(•/•) •-• 
(an approximation of a system represented by 
equation 5) would also be approximately valid 
for a system governed by equation 4, and there- 
fore for the general hydrologic system and in- 
deed for a very extensive class of other systems. 

A very simple example of a system satisfying 
equation 4 but not equation 5 is provided by the 
network of a pair of linear reservoirs in parallel. 
If the inflow i(l) divides equally between the 
two reservoirs characterized by values K• and 
K2 of the storage discharge ratio S/q, the com- 
bined outflow may be written as 

q(t) --- q•(t) + q.(t) 

= + 
I • K•D I-{- K.D 

where D -- d/dr, 
from which 

H(s) = (I q- K,s q- I q- K,s)0.5 
+ + 

+ + 
(I q- K•s)(I q- K•.s) 
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This equation is of the form of the authors' 
equation 4, but unless K• = K2 it will not reduce 
to the form of equation 5. In general it can be 
shown that, unless parallel branches of a net- 
work contain the same series of elements, the 
expression for H(s) takes the form of the more 
general equation 4 rather than that of equation 
5. This effect does not, however, detract from 
the usefulness of the authors' work, because, of 
course, equation 7 is still the solution of equa- 
tion 4, subject to the limitation that the. roots 
of the denominator are all different. Strictly 
speaking, if n roots of the denominator of equa- 
tion 4 or equation 5 are equal, terms of the form 
Ce -s' (si) '•4 are required in equation 7. I.iowever, 
because equality may be looked upon as the 
limit of small difference, the impulse response of 
a system containing equal roots may be approxi- 
mated as closely as one wishes by an expression 
in the form of equation 7, without these extra 
terms. The constants, however, of at least two 
terms of equation 7 will approach positive and 
negative infinity. 

One of the most fundamental restraints in the 

derivation of a unit hydrograph is that it en- 
closes an area equal to unity. The authors' 
method does not seem, however, to include this 
restraint. 

When the Wiener-I-Iopf equations yield 'no 
feasible solution,' the introduction and subse- 
quent minimization of the 'slack variables,' (27) 
and (28), together with the realizability restraint 
(29), would seem to guarantee at least an ap- 
proximate solution in all cases, the individual 
values of the slack variables representing 'the 
degree to which the respective original Wiener- 
I-Iopf equations are not satisfied.' The authors, 
however, point out that for very complex storms 
the programming becomes highly sophisticated. 
When an IUH of general applicability for a par- 
ticular basin is required, many storms must be 
included. The authors note the difficulty of ana- 
lyzing complex storms or alternatively of aver- 
aging UH's of varying shapes obtained from a 
number of different storms. These difficulties 

limit the method, but not more perhaps than the 
limit already imposed by the initial assumption 
of lineartry. 

It must be pointed out that, whereas the hovt 
obtained from even a single storm is 'realizable' 
in the sense that all its ordinates are positive or 
zero, it may well be unrealistic in the sense that 
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'the shape of the resulting hopt is often far re- 
moved from the expected configuration of the 
simple linear monotone (see Figure 6, for ex- 
ample) .' 

The results of the method, as typified by Fig- 
ure 6, pose one further question. To what extent 
is nonlinearity, on the one hand, and sensitivity 
to errors in the data on the other, reflected in 
the widely varying shapes of UH's obtained 
from different storms on a particular catchment ? 

The evolution of new methods for the com- 

putation and derivation of UH's from discrete 
time series is fast isolating itself as an academic 

exercise, particularly in view of the quality of 
the data generally available, but the authors of 
this paper are to be congratulated for tackling 
some of the basic problems the older methods 
left unsolved. 

REFERENCES 

Eagleson, Peter S., Ricardo Mejia-r, and Freder- 
ich March, Computation of optimum realizable 
unit hydrographs, Water Resources Res., 2(4), 
755-764, 1966. 

(Received May 15, 1967.) 


