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Spatial variability of soil and vegetation causes spatial variability of the water balance. For an area in 
which the water balance is not affected by lateral water flow, the frequency distributions of storm surface 
runoff, evapotranspiration, and drainage to groundwater are derivable from distributions of soil hy- 
draulic parameters by means of a point water balance model and local application of the vegetal 
equilibrium hypothesis. Means and variances of the components of the budget can be found by Monte 
Carlo simulation or by approximate local expansions. For a fixed set of mean soil parameters, soil spatial 
variability may induce significant changes in the areal mean water balance, particularly if storm surface 
runoff occurs. Variability of the pore size distribution index and permeability has a much larger effect 
than that of effective porosity on the means and variances of water balance variables. The importance of 
the pore size distribution index implies that the microscopic similarity assumption may underestimate 
the effects of soil spatial variability. In general, the presence of soil variability reduces the sensitivity of 
water balance to mean properties. For small levels of soil variability, there exists a unique equivalent 
homogeneous soil type that reproduces the budget components and the mean soil moisture saturation of 
an inhomogeneous area. 

INTRODUCTION 

The local hydrologic response of the land surface to atmo- 
spheric forcing (precipitation, solar and atmospheric radiation, 
etc.) is determined by the properties of the surface and by the 
forcing. Both of these factors may vary significantly at spatial 
scales smaller than the scale of practical hydrologic analyses. 
Since analyses of small-scale physical processes in catchments 
suggest that the local response is a nonlinear function of these 
variables, we infer that the problem of spatial integration to 
the catchment scale is not trivial. It is not at all clear, for 

example, under what conditions a one-dimensional model of 
the soil boundary layer, grounded in soil water hydrodynam- 
ics, can represent the average behavior of a spatially variable 
natural catchment. This problem of local variability has been 
one of the major impediments to the successful application of 
Darcy scale physical theory to explain hydrologic response at 
catchment scales. 

Variability of atmospheric forcing is most apparent in the 
heterogeneity of rainfall fields. Individual storms have signifi- 
cant internal spatial and temporal structure and are generally 
in motion relative to the ground. The result is that rainfall 
intensity histories, and even aggregate quantities such as total 
storm depth, are sometimes variable at scales smaller than 
those of the catchment of interest. With increasingly large 
averaging periods (i.e., many storms), the spatial correlation 
naturally increases. However, the short-term hydrologic re- 
sponse is not necessarily determined uniquely by such long- 
time averages, whose uniformity is therefore not especially 
helpful in the analysis of single events. On the other hand, the 
time average water balance can be parameterized in terms of 
rainfall statistics that are quite uniform spatially. 

Variability of the land surface (itself, the soil texture and 
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structure, the vegetation type and density, and geomorpholog- 
ical parameters), is the second major source of variability of 
hydrologic fluxes. Soil properties affect the ability of the soil 
surface boundary layer to transmit water into or from the soil. 
The vegetation alternately enhances or hinders the transmis- 
sion process. Geomorphological factors of importance include 
those inducing lateral subsurface flows, which complicate (and 
often govern) the direct runoff generation process. The spatial 
variability of the surface, unlike that of the forcing, is a factor 
that cannot be eliminated by averaging in time; surface 
properties of untilled soils are so persistent in time as to be 
effectively static. 

In this paper we examine the effect of spatial variability of 
soil and vegetation on water balance. In particular, we are 
concerned with the extent to which their areal variations affect 

the temporal-spatial averages of the major hydrologic fluxes. 
We are also interested in the question of the existence of an 
equivalent homogeneous soil capable of reproducing the 
average behavior of an inhomogeneous area. 

Theoretical analyses of water balance on spatially variable 
soils have been described by Peck et al. [1977] and by Sharma 
and Luxmoore [1979]. They employed dynamic simulation 
models in analyses of the water balance of a particular catch- 
ment on a monthly time scale, accounting for storage changes. 
Soil spatial variability was represented using the concept of 
microscopic scale similarity. Sharma and Luxmoore demon- 
strated the importance of soil variability and noted the diffi- 
culty of making generalizations in light of the dependence of 
results on the soil-plant-weather combination. They observed 
that their neglect of variations of vegetation properties associ- 
ated with soil variability was unrealistic. 

Our treatment follows the basic approach first laid down by 
Peck et al. [1977-1, but offers several new insights, primarily as 
a result of our different approach to the point water balance. 
By restricting our attention to the annual average water bal- 
ance, we are able to employ the results of Eagleson [1978a, b, 
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c, d, e, f, g], which concisely express the major components of 
the water balance as functions of soil and atmospheric param- 
eters and which account for the dependence of equilibrium 
vegetation densities on soil properties. The computational 
simplicity of the water balance model allows us to obtain 
detailed results regarding the sensitivity of average hydrologic 
fluxes to the variance of soil parameters for a wide range of 
soil types and climatic conditions. It also permits us to exam- 
ine the effect of departures from microscopic similarity in the 
analysis. Just as important, the parametric frugality of the 
model allows us to infer from those results some relatively 

general conclusions regarding the effects of soil spatial varia- 
bility. In what follows the term "water balance" will refer to 
the annual average water balance, which will be further 
averaged here in space. 

FRAMEWORK 

We suppose that an inhomogeneous area A may be repre- 
sented, to first order, as a battery of parallel, independent, 
one-dimensional soil columns, each described by a determinis- 
tic model yielding outputs as functions of local inputs and 
parameters. In order to derive the areal average water balance, 
we integrate the point water balance over the region A, using 
the joint density function of the soil properties as a weighting 
function. Thus if y is any output dependent on the soil proper- 
ties to with joint frequency distribution f(to) in A, then the 
areal average (y), defined by 

is given by 

dx (1) 

(Y) = •,o g(o•)f(o•) do• (2) 
in which x is the spatial coordinate, g( ) is the output func- 
tion relating to to y, and fl is the set of all to found in A. 
(Notation follows the main text of this paper.) 

In principle, the areal integration should include not only 
the soil parameters, but also the inputs, such as rainfall and 
potential evaporation rate. While these may be highly variable 
in space at any time, it is only climatic statistics that enter the 
water balance model we use to represent g( ). These statistics 
exhibit considerably greater correlation in space than the in- 
stantaneo•s values, but, of course, may also have significant 
spatial variability. We are therefore ignoring such temporally 
constant, spatially variable effects as orographic influences on 
rainfall statistics, topographic influences on net radiation, and 
so forth. 

POINT WATER BALANCE 

We employ the statistical-dynamic water balance model of 
Eagleson 1-1978a, b, c, d, e, f, g] to explain, to first order, the 
transformation of local hydrologic inputs and surface proper- 
ties to hydrologic fluxes. The input parameters to the model 
are defined as follows. 

Soil Parameters 

ne effective porosity of soil; 
k(1) soil permeability; 

m pore size distribution index of soil. 

Climate Parameters 

d•, average rate of potential evaporation; 
mto mean time between storms; 
mtr mean storm duration; 
m• mean duration of rainy season; 

mpA mean annual rainfall; 
•c parameter of gamma distribution of storm depth' 
•a mean annual air temperature. 

Other Parameters 

h 0 surface retention capacity; 
Z effective depth to water table; 
k v potential transpiration efficiency; 
M vegetal canopy density. 

Given these parameters, the water balance model yields ex- 
pected values of the following variables' 

So average soil moisture saturation; 
ETA annual evapotranspiration; 
RsA annual surface runoff; 
Rg A annual recharge to groundwater. 
Furthermore, invocation of the vegetal equilibrium hypothesis 
[Eagleson, 1978f-] allows us to solve the water balance with- 
out specifying M;in that case, the water balance model also 
provides the value of M as an output. According to the equi- 
librium hypothesis, natural systems of vegetation evolve 
toward a canopy density that maximizes the average soil 
moisture saturation. 

With respect to climate, only certain long-term statistics are 
prescribed; the model implicitly performs a time average of 
the dynamics [Eagleson, 1978a, b, c, d, e, f, g]. In contrast, 
constant soil parameters are specified, with the implication 
that the model is based on a physical conception of homoge- 
neity within the modeled area. Direct application of the model 
to a heterogeneous area implicitly requires an assumption that 
"effective" soil parameters may be defined. This assumption is 
examined in a later section of this paper. 

One of the critical assumptions underlying the one- 
dimensional water balance model used here is that surface 

runoff is generated only by the infiltration-excess mechanism. 
There is no provision for runoff produced at riparian seepage 
faces. Our conclusions are therefore limited to catchments for 

which this assumption is valid or to those portions of catch- 
ments in which the water table does not approach the surface. 

JOINT DENSITY OF SOIL PARAMETERS 

In order to proceed within the proposed framework, we 
require a statistical description of the distributions and corre- 
lations of the three independent soil parameters n e, k(1), and 
m, which we denote collectively by o•. The nature of the joint 
variability of these parameters has not been well-defined and 
is an area of ongoing research. The marginal distributions of 
some hydraulic parameters have been studied, either directly 
or indirectly, by a number of investigators. The analyses are 
mainly of two basic types. In the first, data are collected from 
numerous sources of wide geographic origin and grouped by 
soil textural classification. The resulting statistics characterize 
variability within a texture class over the set of all soils. Such 
analyses have been reported by Clapp and Hornberger [19783, 
by Brakensiek et al. [1981], and by Rawls et al. [1982]. The 
second type of analysis uses a large set of data from a single 
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location, field, or watershed to develop the densities, and 
therefore seems more relevant to the current analysis. Warrick 
and Nielsen [1980] provide a review of the earlier work in this 
area, and numerous works have been published subsequently, 
particularly in the soil science literature. 

It is rather well-established that the hydraulic conductivity, 
and hence the intrinsic permeability, is often lognormally dis- 
tributed in the field. Effective porosity is sufficiently well- 
represented by the normal distribution. The parameter m, 
which is the exponent in the Brooks-Corey [Brooks and 
Corey, 1964] equation for the soil moisture characteristic, was 
found to be lognormal by Brakensiek et al. [1981] within a 
textural class, but its local variability within a field or a catch- 
ment has not received much attention. Our investigations of 
available soil moisture retention data support the use of the 
lognormal distribution at the local scale. 

On the basis of the foregoing, we adopt the multivariate 
normal distribution to describe soil variability in this work. 
We treat he, In [k(1)], and In (m) as the three variates, denoted 
by 

IO)il [1 ne ] 1 m = ro 2 = n [k(1) (3) 

[ln(m)_] 
Then the joint density function of m is 

f(to) = (2zr)3/2[Q[ •/2 exp [-«(to -- III)TQ - •(0} -- IIl)] (4) 

in which 

(5) 

Q = EE(to - p)(to - p)r] (6) 

a• a•a2P•2 o'10'3p 1 

g3•lP31 g392P32 •32 

The vector g is the mean value of •, the matrix Q is the 
covariance of •, a• is the standard deviation of w•, and Pu is 
the correlation of w• and w•. For convenience, we scale the 
standard deviations by a parameter a o, 

ffi =•ffO i= 1, 2, 3 (8) 

We set f2 equal to unity, so a o is equivalent to the standard 
deviation of the logarithm of permeability. We fix the values 
off• and f3 as constants for the entire investigation. Based on 
our interpretation of some of the limited available data, we 
take f• to be 0.05 and f3 to be 0.4. These should be considered 
as representative values with no universal significance. The 
parameter a o is used as an indicator of the level of variability 
in the soil parameters. 

It is helpful to consider the range of values that ao may 
assume. Typical fitted frequency distributions of the logarithm 
of permeability are plotted in Figure 1 for representative tex- 
tural classes and for selected field sites; Table 1 summarizes 

the experimental findings of some investigators. For sites 
whose characteristic horizontal dimension is 1000 m or less, 

the value of a o typically ranges from 0.5 to 1.0, but may 
become even larger. For instance, Nielsen et al. [1973] found 
the smaller values on a relatively homogeneous field, while 
Anderson and Cassel [1986] found values as high as 2.6, which 
they speculated may have been caused by the presence of tree 
root channels in the lower soil horizons. In general, a o in- 

(T o 

(0.6) BYERS AND STEPHENS (1983) 
x TRANSECT 

(I.2) .... ANDERSON AND CASSEL (1986) 
A HORIZON 

(I. I) COELHO (1974) 
300 mm DEPTH 

(0.8) AHUJA et ol. (1984) 
O- 150mm DEPTH 

(0.9) NIELSEN et ol. (1973) 

305mm DEPTH • (I.8) LOAMY SAND "] _• 
(2'0)(2•)7) • SANDY LOAM [ o LOAM •, ,,, 
(2.1) .•__•____•___• CLAY LOAM [ m 
(2.._5_)••_____• SlLTY CLAY [ ua 
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Fig. 1. Fitted lognormal frequency distributions of k(1). Parentheti- 
cal numbers at left are values of a o. 

creases with the horizontal dimension, but there are obviously 
other important factors determining the soil variability. The 
data provided by Brakensiek et al. [1981] can be processed to 
yield an estimate of a o equal to 2.5 for the entire United States 
of America. The hypothetical extreme case of an area having a 
bimodal soil distribution with permeabilities differing by a 
factor of 1000 yields a value of about 3.5. For areas of interest 
for the water balance problem, it seems reasonable to focus on 
values of aoin the range from about 1-2.5. 

WATER BALANCE SENSITIVITY TO THE SOIL VARIANCE 

Monte Carlo Analysis of the Means 

The evaluation of (2) is complicated by the fact that g( ) is 
not known as an explicit function; a numerical integration 
scheme is required. Since to is three-dimensional and the 
evaluation of g( ) is not simple, a straightforward dis- 
cretization method is computationally unattractive. We in- 
stead employ a Monte Carlo technique for evaluation of (2). 
We use a random sampling scheme to generate numerous 
equally probable values of to. With a set of N to i values so 
generated, we approximate (2) according to 

1 N 

<y> = • ,•a(to,) (9) 
For all results reported in this paper, we used N equal to 500, 
which was found through numerous sensitivity analyses to be 
sufficient for accurate estimation of the means. We also exam- 

ined the variances of the outputs, estimated according to 

1 N 

O'y 2 --- • i• 1 [•](O)/) -- <y>]2 (10) 
We have chosen the two climatic data sets used by Eagleson 
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TABLE 1. Representative Values of So, the Standard Deviation ofln [k(1)] 

Characteristic 

Horizontal 

Length of Site, Estimated 
Source of Data m Soil ao 

Byers and Stephens [1983] 15 fluival sand 0.38-0.58 
Cassel [1983] 60 Norfolk loamy sand 0.53-1.1 
Bresler et al. [1984] 90 Hamra Red Mediterranean 0.35-0.70 
Ahuja et al. [1984] 300 three silt loams 0.75-1.2 
Anderson and Cassel [1986] 500 Portsmouth sandy loam 1.2-2.6 
Coelho [1974] 1000 Pima clay loam 0.74-1.2 
Nielsen et al. [1973] 1500 Panoche soil series 0.55-0.87 
Brakensiek et al. [1981] 5 x 106 10 USDA texture classes 1.8-2.7 
Brakensiek et al. [1981] 5 x 106 all textures combined 2.5 

[1978f]; the data for Clinton, Massachusetts, and for Santa 
Paula, California, are summarized in Table 2. For the soil 
parameters, the mean values !s are assigned the values given 
by Eagleson ['1978e] as typical for each of four textural classes 
of soil; these are given in Table 3. We consider the case where 
there is no cross-correlation among the soil parameters. 

We consider only the case when the surface retention ca- 
pacity is negligible and the water table is so deep that there is 
no capillary rise to the surface. We take k v to be unity, and we 
employ the vegetal equilibrium hypothesis to evaluate M. 

Figure 2 displays the solutions for mean soil water satu- 
ration s o of the four soils at both locations. The parameter s o 
is plotted as a function of variability of soil type. One striking 
feature of these plots is the relatively small dependence of s o 
on the soil variance. The second remarkable feature is the 

small sensitivity to climate in comparison with the larger sen- 
sitivity to soil type. This is apparently explained by the fact 
that soil parameters such as permeability vary over a wider 
range than the climatic parameters such as precipitation and 
potential evaporation. 

Figure 3 shows the major water balance components for 
each soil-climate combination as functions of soil variability. 
All plotted quantities are normalized by average precipitation. 
As is seen in Figure 2, the effect of soil type dominates that of 
climate. In contrast to Figure 2, significant sensitivity to a o is 
visible. In general, it may be said that variability tends to 
equalize the magnitudes of the three components. For exam- 
ple, surface runoff appears in the case of sandy loam and silt 
loam as ao 2 grows from 0 to 6. In contrast, it decreases from a 
very large fraction in the case of clay. Whereas only the clay 
and the clay loam soils yield storm surface runoff in the ho- 
mogeneous case, all inhomogeneous soils produce it. 

A consequence of the behavior noted above is that there is 
less sensitivity of the water balance to the average soil type 
when soil variability is considered. We illustrate this more 
directly by considering our clay loam soil and varying the 

TABLE 2. Climatic Parameters 

Parameter Clinton Santa Paula 

•,•,, mm s-1 
mtb , S 
mr, , S 
mpA , mm 
mT, S 
K 

1.74 x 10-5 
2.59 x 105 
2.76 x 104 

1113 

3.15 x 10 ? 
0.5 

281.5 

3.12 x 10-5 
8.99 x 105 
1.21 x 105 

544 

1.83 x 10 ? 
0.25 

286.9 

mean value of In [k(1)], with n e and In (m) remaining fixed. 
Figure 4 shows, for the Clinton climate, the sensitivity of the 
water balance to In [k(1)] for a homogeneous soil and for a 
soil with ao •- equal to 6. Not only is the sensitivity of the 
balance to the mean generally reduced by inhomogeneity, but 
additionally the curves for the inhomogeneous case are re- 
markably linear over the range of possible means. Several 
similar calculations revealed that the effect of averaging is 
similar for In (m) and for the other soil-climate combinations. 

Monte Carlo Analysis of the Variances 

We calculated the variances of the various water balance 

outputs according to (10). In our discussion of the results, we 
shall focus on the cases of sandy loam and clay loam soils 
with the Clinton climate; the first is qualitatively repre- 
sentative of all cases with sandy loam or silt loam soils, while 
the second is representative of all cases with clay loam or clay 
soils. 

Figure 5 shows variances of s o as functions of ao •- for the 
two cases. The relations are roughly linear. In all cases exam- 
ined, the standard deviation of s o was between 0.03 and 0.1 
when 6o 2 was unity. 

Figure 6 shows variances of the normalized components of 
the water balance as functions of ao 2. In the case of the sandy 
loam, variances are quite small for ao 2 less than unity. This 
seems to be associated with the virtual absence of surface 

runoff in this region; in all of our results, flux variances are 
disproportionately small when the surface runoff component is 
very small. This suggests that much of the variability in fluxes 
induced by soil variance is controlled by storm surface runoff. 

In the case of the clay loam soil, variances are much larger 
and approach maximum values asymptotically. The order of 
magnitude of the maxima can be estimated by considering the 
hypothetical case where variability of a particular flux is so 
great that the flux is uniformly distributed between zero and 
one. In that situation, the variance would be about 0.08. This 
is consistent with Figure 6 and other calculations not reported 
here. 

TABLE 3. Mean Soil Parameters 

Clay Silt Sandy 
Clay Loam Loam Loam 

n e 0.25 0.35 0.35 0.45 
k(1), mm 2 1.0 x 10 -8 2.8 x 10 -8 1.2 x 10 -7 2.5 x 10 -7 
m 0.222 0.286 0.667 2 
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Fig. 2. Areal means of s o as functions of %2 for various soils and 
climates. 

Approximate Analysis of the Means 

It is difficult to infer from application of (9) the manner in 
which individual soil parameters affect the average water bal- 
ance. Furthermore, the effects of correlation are not easily 
discerned. In this section we produce an alternative expression 
for (y) that shows the interaction of parameters explicitly, 
albeit only approximately. Assuming that soil variability is 
small, we develop second-order approximations for the mean 
values of the output variables of the water balance. We 
expand the output y in a Taylor series around the mean pa- 
rameter set 

y = g(•o) = g(•) + • • (•o - •)' •-d• g(•) (• •) 
Taking the expected value, and neCecting terms for which n is 
3 or greater, we find 

(Y) = g(•) + • •,•% Qu (•2) i=t 

08 • •o 2 =6 

. 

0.4 -- E 

0.2 

/ !E [Rga ]/mpa 

10-9 10-8 10-7 10-6 
k(I) ,mm 2 

Fig. 4. Water balance as function of mean In [k(1)] for the clay 
loam soil with Clinton climate. 

or 

(Y) = g(P) + ao 2 •,63-• 2 f• 2 + 63ro•_2 f2 2 + 63ro32 f3 2 

+ •,•,0•,02 f,f•,•2 + •0•,0-----• 

632•] f2f3P23)] (13) + &o2&o-------- • 
in which all partial derivatives are taken at m equal to p. This 
equation tells us, to a first approximation, that the effect of 
soil spatial variability of any input parameter on any output 
variable is directly proportional both to the variance of the 
parameter and to the second derivative of the output with 

SANDY LOAM (o) 

CLINTON 

SANTA PAULA 

SILT LOAM 

CLINTON 

- SANTA PAULA 

I.O 
C LAY LOAM I, ( c ) 
_ It E [ETa ]/mp A 

II E[Rsa ]/mpa 

- , E[R•a]/mpA 
I 

0.8 

0.6 

O.4 

0.2 

o 2 4 6 
o- o 

(d) 

I 

CLAY 

CLINTON 
SANTA PAULA 

Fig. 3. Areal average expected water balance components as functions of ao 2 for various soils and climates. 
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o 
o 

o 
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Fig. 5. Variance of s o as function of ao 2 for two soils with Clinton 
climate. 

respect to the parameter. Effects may also arise due to the 
interaction of two parameters when they are correlated with 
each other 

For each Of the combinations of soil and climate already 
discussed, and for each of the major output variables, we have 

computed the terms (32g/3ooi3ooj)f•f•. Table 4 summarizes the 
results for evapotranspiration. These numbers are repre- 
sentative of results for all other outputs, which are therefore 
not presented here. Each term in Table 4 represents the 
change in the mean output resulting from a particular term in 
(13) when a 0 is unity. In assessing the importance of a given 
term, it is helpful to recall that each of the outputs considered 
is dimensionless and is confined to the interval [0, 1]. 

The relative importance of the different terms in (13) varies 
from case to case, but some generalizations can be made. Let 
us consider first the terms associated directly with the vari- 
ances of the three parameters. For the cases in which no sur- 

0.05 

0.02 

0.01 

c 
O.lO 

SANDY LOAM 

• E [ETA ]/mpA 
_ o E [RsAi/mpA 

[] E o o 

0.08 

0.06 

0.04 

0.02 

o 

o 

i i I 

CLAY LOAM o o 

A A 

OOA A A 
I o(• I i i I . 2 4 6 

o- o 

Fig. 6. Variances of normalized water balance fluxes as functions of 
ao 2 for two soils with Clinton climate. 

TABLE 4. Sensitivity of Mean Evapotranspiration to Soil 
Variability 

1 02___g. 1 02g 1 02g 
Soil Type 2 &0 x 2 fx 2 f22 --' f32 2 0(_D22 2 0c032 

Clinton 

Sandy loam -0.002 -0.006 -0.004 
Silt loam 0 - 0.001 - 0.001 

Clay loam -0.002 -0.006 -0.217 
Clay 0 -0.001 0.077 

Santa Paula 

Sandy loam -0.003 0.003 0 
Silt loam -0.003 -0.002 -0.028 
Clay loam -0.001 -0.012 -0.021 
Clay 0 - 0.001 0.112 

Soil Type &ox 0092 fzf2 Owz 009 3 flf3 0092 0093 
Clinton 

Sandy loam 0.005 0.004 -0.010 
Silt loam 0.001 0 0 
Clay loam - 0.004 - 0.033 - 0.050 
Clay 0.001 0.017 0.024 

Santa Paula 

Sandy loam -0.003 -0.003 -0.002 
Silt loam 0.002 -0.001 -0.008 
Clay loam 0.002 0.019 0.005 
Clay 0.002 0.019 0.042 

Note {fox, ro 2, c03} = {ne, In [k(1)], In (m)}. 

face runoff is generated in the homogeneous situation, the 
effect of spatial variability of any of these parameters is mini- 
mal. This is consistent with our earlier observation that storm 

surface runoff is an important source of variability. For the 
soils of finer texture, variability of m is most effective in 
changing the outputs, and variability of k(1) also has a signifi- 
cant effect. The effect of variability of ti e is negligible. 

The importance of the terms that contain the cross deriva- 
tives will depend on the magnitude of the correlation between 
parameters, but generally appears to be minimal. The table 
entries represent the maximal effect, which occurs when two 
parameters are perfectly correlated. In any case, the tie- k(1) 
term is consistently small. The tie- m term is generally some- 
what larger, yielding absolute changes of the outputs poten- 
tially (for IP•31- 1) as high as 3% for the situations in which 
surface runoff occurs. The ,largest cross-derivative term is the 
m - k(1) term. 

The approximation implied by (12) corresponds to straight 
lines that are tangent to the curves in Figure 3 at zero vari- 
ance; this correspondence was verified numerically in the 
course of our work as a check on the consistency of the calcu- 
lations. The range of validity of the approximation (12) is not, 
however, readily apparent from Figure 3 for all cases, since the 
plots do not resolve some of the changes in slope for small 
variance. 

In summary, this approximate analysis suggests that soil 
spatial variability has a significant effect on the areal average 
water balance only for cases in which surface runoff is gener- 
ated. In those cases, the output is most strongly affected by 
variability of m, next by that of k(1), and only slightly by 
variability of tie' Cross-correlation of parameters is unimpor- 
tant. 
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Approximate Analysis of the Variances 

As in the case of the mean, we may use (11) to derive an 
approximate result for the variance that offers insights absent 
from the Monte Carlo approach. For sufficiently small values 
of ao 2 we find 

i= • •= 3 &øi &o• Qu (14) 
or 

in which the partial derivatives are evaluated at o• equal to It. 
We see, to a first approximation, that the variance of any 
water balance output variable is directly proportional to a0 e. 

We employed (15) to estimate the relative contributions of 

by gk(o•), then the requirement for equivalence is 

<yk> = gt,(o•e) k = 1, 2, .'-, K (17) 

If o•e satisfies (17), then we may say that o• is an equivalent 
parameter set with respect to the K outputs. 

Several questions naturally arise concerning the existence 
and uniqueness of o•, as well as its functional dependence on 
f(o•) and other parameters. These questions are most directly 
addressed by viewing (17) as a system of equations defining %. 
Direct, exact solution of (17) for any useful set of gn does not 
appear feasible, given the complex nature of the equations. In 
this section we consider only an approximate case, the case 
where a 0 is small. 

We approximate the left side of (17) using (12), and repre- 
sent the right side of (17) using (11), in both cases replacing g 
by gn, 

1• • c32g• 
•=• j=• 

Q0 = g•,(P) 

= 

k = 1, 2,..., K (18) 

each of the three soil parameters to variance of water balance For a o sufficiently small, o• will be close enough to It that we 
components. The findings parallel the observations made in may drop all but the leading term in the infinite sum. This 
discussion of Table 4. In brief, variance of In (m) contributes yields a new system of equations for o• e 
the most to output variance, and variance of In [k(1)] contrib- 
utes the bulk of the remainder. 

The range of validity of (15) is variable; departures from 
proportionality in the relation between a0 e and ay e are indica- 
tive of failure of (15). Referring to Figure 6, we see that the 
approximation is not bad for the balance components in the 
case of sandy loam when a02 is less than unity, mainly be- 

1• • 02g•, Qij __ (O,)e __ It) . • • Ocøic%• • g• (19) i=1 j=l 

k= 1,2,...,K 

where derivatives are evaluated using the mean soil. This is a 
set of K linear equations for the three unknown components 

cause there is no surface runoff and hence no variability of of o) e. In the case where K is 3 and the matrix Og/3o• is 
fluxes. However, in the case of clay loam, the range of validity nonsingular, there exists a unique equivalent soil parameter 
is much smaller. For the variance of s o , the situation is similar. 
For sandy loam, (15) is accurate up to ao e near 2, as can be 
seen in Figure 5. Less apparent in Figure 5 is the inadequacy 
of (15) for the clay loam' the slope is quite small at the origin, 
but increases several times over near the origin. 

ON THE EXISTENCE OF AN EQUIVALENT HOMOGENEOUS 
SOIL TYPE 

We have shown that the areal average water balance de- 
pends on spatial variability of soil parameters. In applications 
of the water balance model, however, it is usually desirable to 
work with a single homogeneous soil type. In such a situation, 
it is often argued that the single one-dimensional column may 
capture the essential dynamics and that the soil type used is 
an "effective" soil type, functionally dependent upon the distri- 
bution of actual soil types within the modeled area. In this 
section we propose a precise definition of an equivalent homo- 
geneous soil and explore the conditions for its existence in the 
case of low soil variance. 

The general idea of an equivalent homogeneous soil is that 
it should yield the same response as the spatially variable 
ensemble of soils. If we take the measure of response to be the 
areally averaged output y, then we require that the equivalent 
soil type have soil parameters o.} e satisfying 

(16) 

Typically, we are concerned with a set of K outputs yn (k - 1, 
2, ..-, K). If the corresponding output functions are denoted 

vector 

me -- It -[- Qij (20) 

If •/• is singular or if K is 1 or 2• then there is an infinite set 
of equivalent parameter sets. If K is •reater than 3 and t•ere is 
no redundancy in (l•), then there can be no equivalent param- 
eter set. 

The value of K equal to 3 seems to be especially relevant 
here. Of the three normalized water balance fluxes (evapotran- 
spiration, surface runoff, groundwater recharge), only two of 
them yield independent conditions on •e since their sum is 
precipitation, which is independent of •. A third independent 
output is the mean soil moisture saturation. Equation (20) can 
therefore be used, for a 0 small, to construct the equivalent 
homogeneous soil with respect to the three water balance 
fluxes and the mean soil moisture saturation. We note that the 

equivalent soil depends not only on the density function for 
the soil parameters, but also on the climate parameters. 

SUMMARY AND CONCLUSIONS 

Our study explores some effects of soil spatial variability on 
annual average water balance. We use • idealized dynamic 
model, and our findings should be interpreted in light of the 
simplifying assumptions made. The most important of these 
are the following. 

1. The spatially variable land area behaves as a battery of 
parallel homogeneous soil columns without dynamic interac- 
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tion. Excess infiltration capacity at one location cannot com- 
pensate for a deficiency elsewhere. 

2. The spatial variability of climate is negligible within the 
modeled area. 

3. The annual average water balance at a point in th e area 
is described by the model of Eagleson [1978a, b, c, d, e, f, g], 
the major assumptions of which are summarized by Eagleson 
[1978a]. 

4. The vegetal equilibrium hypothesis of Eagleson [1978f] 
applies. 

5. The effective porosity, the logarithm of permeability, 
and the logarithm of the pore size distribution irldex of the 
soil follow a joint normal distribution. 

6. The water table is deep, the surface retention capacity is 
negligible, and the potential transpiration efficiency is unity. 

Keeping in mind these limitations of the study, we have the 
following conclusions. 

1. The areal mean of the time average soil moisture s o is 
insensitive io the variance of the soil hydraulic parameters, 
despite its strong dependence on the mean soil parameters. 

2. The average division of precipitation among surface 
runoff, groundwater recharge, and evhpotranspiration may be 
significantly affected by the variance of soil properties. The 
significance of the effect depends upon the mean soil parame- 
ters. Soils of high average permeability exhibit a slight in- 
crease in surface runoff due to soil variance, while those of low 
average permeability exhibit decreased surface runoff and in- 
creased drainage to groundwater. As a general rule, increased 
variance of soil type tends to equalize the magnitudes of the 
three major water balance components. 

3. A corollary of 2 is that the sensitivity of the water bal- 
ance to the mean soil properties is markedly reduced by the 
presence of spatial variability. 

4. When the soil hydraulic properties are parameterized in 
terms of effective porosity, permeability, and pore size distri- 
bution index, variability of the first has a negligible effect on 
the average water balance relative to variability of the other 
two. 

5. The significant effect of the pore size distribution index 
on the means and variances suggests that departures from 
microscopic similarity in the soil are important. 

6, The bulk of the variance of water balance variables is 
explained by variance of permeability and pore size distri- 
bution index. 

7. For sufficiently small variance of the soil parameters, 
there exists a unique equivalent homogeneous soil type that 
yields the same mean soil moisture saturation and the same 
mean water balance components as an inhomogeneous soil. 

NOTATION 

A modeled area. 
ErA annual evapotranspiration. 

•, average rate of potential evaporation. 
f( ) joint density of to. 

f/ ratio of ai to a o. 
g( ) function transforming to to y. 
g( ) function transforming to to y. 

gk( ) function transforming to to Yk- 
h o soil surface retention capacity. 
K number of elements in y. 

k(1) soil permeability. 
k v potential transpiration efficiency. 

M vegetal canopy density. 
m pore size distribution index of soil. 

mpA mean annual precipitation. 
mtb mean time between storms. 
mr, mean storm duration. 
m, mean duration of wet season. 
N number of samples in Monte Carlo computations. 
n e effective porosity of soil. 
Q Covariance of to. 

Rg A annual recharge to groundwater. 
RsA annual surface runoff. 
s o time average soil moisture saturation. 
•'a mean annual temperature. 
x location vector in A. 

y a set of water balance variables. 
y any water balance variable. 

yk kth component of y. 
Z depth to water table. 
• parameter of gamma distribution of storm depth. 
is mean of to. 

Pij cross correlation of coi and 
a o standard deviation of In [k(1)]. 
a• standard deviation of 

aso standard deviation of s o. 
ay standard deviation of y. 
fl set of all to values found in A. 

to soil parameter vector {tie, In [k(1)], In (m)}. 
to• ith sample value of to used in Monte Carlo runs. 
co• ith component of to. 

( ) areal average on A. 
El- ] expected value at a point in A. 
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