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Under the assumption that a random variable is distributed as Pearson type 3, a com- 
parison was made between moment and maximum likelihood estimates of the parameter 
values of the distribution and the variate values at specified probability levels. For the 
region where maximum likelihood solutions may be obtained, maximum likelihood estimates 
yield solutions that are less biased and less variable than the comparable moment estimates. 
When these results are extended to quite small samples, say, N • 25, they become quite 
pronounced as the probability p becomes greater than N/(N • 1). 

Streamflow sequences represent samples 
drawn from a population whose distribution 
function is apparently skewed. For those con- 
cerned with the design of hydraulic structures 
for flood control or low-flow augmentation, the 
distribution of the flows may be quite impor- 
tant. Within the design process it may be neces- 
sary to estimate the probabilities of certain 
events, such as the 100-year flood or the 10- 
year, 7-day low flow. In some cases, even rarer 
events may be of concern. Unfortunately, with 
small samples from a skewed distribution there 
is seemingly a one-to-one correspondence be- 
tween the number of hydrologists and the 
number of different 'best engineering judg- 
ments' of these probability estimates. 

To estimate the probabilities of hydrologic 
events, one generally assumes that (1) the 
observed flows are independently distributed 
in time, (2) the flows follow a specified distri- 
bution function, (3) the estimates of the pa- 
rameter values of the distribution are unbiased, 
(4) the sample size is large enough to warrant 
estimation of the parameter values., and (5) 
no operational decisions, for example how to 
treat zero flows, markedly influence the results. 
Although the validity of each of these assump- 
tions is questionable, seldom have probability 
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estimates been subjected to sensitivity analysis 
to assess the effect of the assumptions on the 
results. 

Streamflow sequences tend to be persistent; 
that is, high flows tend to follow high flows, 
and low flows. tend to follow low flows. For 

persistent sequences the assumption of temporal 
independence does not hold. Although a specific 
distribution can be selected to represent the 
underlying distribution of flows, no a priori 
knowledge exists to support the assumption that 
the specified distribution is indeed the under- 
lying distribution. Classical statistical tests of 
goodness of fit are not powerful enough to dis- 
criminate among reasonable choices of distribu- 
tions, and, more often than not, by default the 
choice is made by fiat. Perhaps the best-known 
example of choice by fiat is that of the work 
group on flow frequency methods of the Water 
Resources Council, reported on by Benson 
[1968], which concluded that 'The log Pearson 
type 3 distribution has been selected as the 
base method, with provisions for departures 
from the base method where justified.' 

Because of the extensive use of the Pearson 

type 3 distribution in hydrologic studies, an 
investigation of its usefulness was made under 
the assumption of temporal independence in 
reference to the third and fourth assumptions 
above. 
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PEARSON TYPE 3 DISTRIBUTION 

The Pearson type 3 density function may be 
expressed as 

fIX' m, a, b] = lalr(v q- 1) a 

ß exp I--( X • m)l 
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X(. The maximum likelihood estimates m", a", 
and b" are given by the solution of the follow- 
ing three simultaneous nonlinear equations' 

OL _ _ b• • i• • 1 Om ._- (X• mt')' -t----= 0 -- a 

(1) 

where m, a, and b are parameters. If the distri- 
bution is positively skewed, a is positive, and 
X _> m; otherwise, a is negative, and X _< m. 
In the special case for which m -- 0 the Pearson 
type 3 distribution is referred to as the gamma 
distribution. The parameters m, a, and b are 
related to the first four moments of the random 

variable X as follows' 

Iz = m q- a(b q- 1) (2) 

- lal(b q- 1) 1/2 (3) 

qt- 2(b-•- 1) -1/2 (4) 

X = 6(b q- 1)-' -1- 3 (5) 

where t•, *, 7, and X denote the mean, standard 
deviation, coefficient of skewness, and coefficient 
of kurtosis of X. Since the standard deviation is 

positive, by definition the absolute value of a 
is used to define , in terms of a and b. As can 

be seen from (3) and (4), b _> - 1. 
From an observed sequence of flows of 

length N, X(1), ... , X(N), moment estimates 
of t•, *, and 7, denoted as. t•', *', and 7', may be 
obtained. By use of the estimates t•', *', and 7' 
the estimates of the parameters of the distribu- 
tion m', a', and b' may be derived from (2), 
(3), and (4). The estimates m', a', and b', re- 
ferred to as moment estimates, are used exten- 
sively in fitting the Pearson type 3 distribution 
to the observed flows. Estimates of m, a, and b 
could be derived by using the estimate X' and, 
say, t•' and ,'. However, this is seldom done 
because X' is subject to larger sampling errors 
than /•', a', and 7' are. 

Another set of estimates, referred to as maxi- 
mum likelihood estimates, are given as follows. 
The likelihood function L[X] is defined as 

N 

L[X] = •7• In [[X•] (6) 
i--'l 

where/•[X,] denotes the value of [[X] for X -- 

(7) 

OL N (b" - --w + 
Oa a 

N 

q_ (•,1,)•..• (X• -- m") = 0 (8) 
OL _ --N d In r(b" + 
Ob db • 

q- • In ,, = 0 (9) '•_ a 

From (9) it is seen that the quantity 
[(X, -- m")/a"] _> 0 for all i. If the distribu- 
tion is negatively skewed, a" is negative, and 
(X• - m") _< 0 for all i. On the other hand, if 
the distribution is positively skewed, a" is posi- 
tive, and (X• -- m") _> 0 for all i. Thus from 
(7) it is seen that b" is constrained in such 
way that b" _> O, in which ease I"l -< 2. If 
Iyl > 2, the distribution is exponential with 
P[X] -- oc at X -- m. If the underlying distri- 
bution has 171 > 2 and therefore b < 0, maxi- 
mum likelihood solutions for 7 from sample 
sequences will yield biased estimates of 
since no sample sequence will yield a value 

A half century or so ago considerable argu- 
ment existed concerning the relative merits of 
moment and maximum likelihood estimates. 

One of the colorful chapters in the history of 
statistical theory was the arguments of Pearson, 
an advocate of moment estimates, and Fisher, 
an advocate of maximum likelihood estimates. 

Fisher [1922] demonstrated that maximum 
likelihood estimates are asymptotically more 
efficient than moment estimates. Over the years 
much of the argument has vanished with the 
general acceptance that, at least from the point 
of view of efficiency, maximum likelihood esti- 
mates are better than moment estimates. Maxi- 
mum likdihood estimates have not become 
dominant in hydrology, although a cursory 
search of the literature produced a few instances 
where such estimates. have been used for fitting 
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distribution functions to streamflow data 
talas, 1963; Ma•kovic, 1965; Domokos and 
Szasz, 1968]. 

Perhaps the principal reason for the reluc- 
tance to use maximum likelihood estimates is 

the difficu!ty in solving the maximum likelihood 
equations. Also, a very limited literature exists 
on the statistical sampling properties of maxi- 
mum likelihood estimates, particularly for small 
samples. Maximum likelihood estimates are not 
as mathematically tractable as moment esti- 
mates and are seemingly more difficult to use 
in operational programs such as the generation 
of synthetic streamflow sequences. With the 
general availability of digital computers, solu- 
tions of the maximum likelihood equations can 
be obtained, and, moreover, Monte Carlo ex- 
periments can be conducted to assess the sta- 
tistical Properties of the maximum likelihood 
estimates. 

EXPERIMENTAL I)ESIGN 

To assess the relative goodness of moment 
and maximum likelihood estimates, Pearsontan 
numbers were generated for various values of 
N, and m - 1000, a -- 400, and b -- -0.5 to 
399. However, only the results for b - 3 are 
presented in this paper. On the basis of various 
sets of size N, the means and standard devia- 
tions of the moment and maximum likelihood 

estimates of m, a, and b were determined. The 
Pearson distribution was fitted •o the data for 
the various sets, whereby estimates of the 
'flows' at probability levels 0.96, 0.98, 0.99, and 
0.999 were determined. The means and stan- 

dard deviations. for these estimates were deter- 

mined and served as a basis for assessing the 
relative goodness of the two types of estimates. 

In practice, one may wish to fit the Pearson 
distribution not to the flows but to the loga- 
rithms of the flows, the resulting fit being re- 
ferred to as the log Pearson distribution. To 
assess the effect of the logarithmic transform, 
Pearsontan number• were logarithmically trans- 
formed and then fitted with a Pearson distribu- 

tion. In these experiments the 'world' wa's 
known to be Pearson, whereas in practice the 
world is unknown. Nonetheless, these experi- 
ments afford an opportunity to assess partially 
the effect of the 'logarithmic transform on the 
estimated moments of the flows. 

Tø genera.•e PearsoniOn numbers, the follow- 
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ing procedure was used. Let Y denote a random 
variable normally distributed with zero mean 
and unit variance. The random variable Z, de- 
fined as 

z = r(i) 
i--1 

is distributed as gamma (in effect X 2) with 

/•(Z) = n (11) 

•2(Z) = 2n (12) 

'y(Z) -- 2(2/n) 1/2 (13) 
where •(Z), a-•(Z), and 7-•(Z) denote the mean, 
variance, and coe•cient of skewness of z. The 
random variable X, defined as 

X = g(X) + a(X)[(2n)-l/•z- (n/2) 1/•] 
(14) 

is distributed as gamma with mean •(X), stan- 
dard deviation a(X), and coe•cient of skewness 

•(X) = (8In) 1/• (15) 
In terms of the parameters m, a, and b (2, 3, 
and 4), 

x= 

+ lal(S + 1)•/•[(2n)-•/•Z- (n/2) •/•] (16) 
is distributed as Pearson type 3, the parameters 
m, a, and b being related to •(X), •(X), and 
y(X) as defined by (2)-(4). 

For the various experiments reported on 
below, sample sequences of varying length N 
were generated on the basis of a Pearson type 
3 distribution with m -- 1000, a -- 400, and 
b -- 3; where •(X) - 2600, •(X) - 800, and 
y(X) -- 1. Generation was carried out by means 
of (16), where, by (13), n -- 8. Given a se- 
quenc e of length N, moment and maximum 
likelihood estimates of m, a, and b were ob- 
tained. Let m •, a •, and b • denote one of the 
other types of •timates. The flow X•(p) corre- 
sponding to FIX • X•(p)] -- p was deter- 
mined as follows. 

Assume a • to be positive, that is, •he distri- 
bution to be positively skewed. Then 

•[X • X*(p)] = p 

.•m •*(•) = I(X' m* b*] dX (17) , a*, 
, 
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where [[K'm •, a •, b •] is defined by (1). For 
a • negative, the distribution negatively skewed, 

F[X _• X*(p)] - p 

-X*(•,) -- 1-- 1[ Y' -- m*, -- a*, b*]dY (18) 
m* 

where Y -- --X. Methods of numerical integra- 
tion were used to c•rry out the solutions of 
(17) and (18), the incomplete gamma func- 
tions, for p -- 0.96, 0.98, 0.99, and 0.999. 

To test the PearsonJan number generation 
technique, 10 sets, each of 50,000 numbers, were 
generated, and by the method of moments the 
estimates of •(X), (r(X), y(X), and X(X) were 
derived and compared with the values •(X) -- 
2600, (r(X) -- 800, y(X) -- 1, and X(X) -- 4.5. 

, 

The test results are given in Table 1. For these 
PearsonJan numbers the moment estimates of 

m, a, and b are given in Table 2. 
The test results indicate that the generated 

numbers exhibit the characteristics of Pear- 

sonJan numbers quite we. ll, at least in terms 
of the moments of the numbers and the param- 
eter values of the distribution. In effect, the 
results indicate the goodness of the random 
number generator. A well-tested uniform ran- 
dom number generator [Lewis et al., 1969] and 
a carefully programed Box-Muller transform 
[Box and Muller, 1958] were used to obtain 
normal numbers, which were transformed into 
PearsonJan numbers by the technique described 

TABLE 1. Sample Moments for 10 Sets of 50,000 
Pearsonian Numbers Each 

Set •'(X) a'(X) •,'(X) X'(X) 

1 

2 

3 
4 

5 

6 

7 
8 

9 

lO 

2596 45 
2600 13 

2609 oo 
2594 74 
2598 34 

2598 13 
2596 37 
2598 87 
2590 07 
2607.91 
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TABLE 2. 'Moment Estimates m', a', and b' for 10 
Sets of 50,000 Pearsonian Numbers Each 

Observed 
Minimum 

Set Value m • a • b • 

I 03300 
0 99757 
0 97808 
1 02993 
0 97640 
0 99789 
I 00767 
I 02742 
0 98851 

I 01129 

4.68076 
4.50857 

4.35183 
4 71594 

4 34393 
4 44309 
4 51248 
4 66957 
4 45352 
4 46216 

650,421 
639,682 
639,268 
633,926 
642,871 
638,229 
639,059 
636.362 

625,381 
659,137 

Average 2599.00 640,433 1.00478 4.51419 

Theoretic 2600. 640,000 1.00000 4.50000 
value 

The corresponding' moment estimates of m, a, 
and b are given in Table 2. 

1 1018 1035' 416 
2 1059 997 398 
3 1051 974 391 
4 1030 1049' 410 
5 1070 956 391 
6 1026 997 398 
7 1023 1010 402 
8 1067 1046 390 
9 1043 990 390 

10 1055 1002 410 

6 2 748 
9 3 019 
0 3 181 
0 2 771 
4 3 195 
6 3 017 
8 2 939 
9 2 789 
9 3 093 
5 2 911 

Mean 1005.6 402.1 2.966 
Standard 30.23 9.36 0.163 

deviation 

Theoretic 1000 400 3.000 
value 

* The value of m' is larger than the minimum 
value in the particular sequence of 50,000 flows. 

above. Even closer agreement between the ß 

sample and the expected values could have been 
achieved by increasing the size of the sets. In 
the subsequent experiments, samples of size N 
-- 25, 50, 100, 250, 500, 1000, and 50,000 were 
used. 

As was noted above, for a Pearson type 3 
distribution b _• --1. However, if b _• 0 (that 
is, ]YI •-- 2), the method of maximum likelihood 
leads to values of btt _• 0, whereas the method 
of moments admits values of b t • 0. When the 

__ 

incomplete gamma functions (17 and 18) are 
being solved for values of X • (p), it is extremely 
difficult to obtain solutions if b • • --0.75 

[Pearson, 1951], and available computer algo- 
rithms exclude this region from the solution 
set. This computational constraint does not 
affect the solution by the method of maxi- 
mum likelihood when negative values of b" are 
analytically excluded by the likelihood equa- 
tions themselves. Although the method of 
moments admits values of b • • --0.75, solu- 
tions of corresponding values of X'(p) could 
not be attained. 

MOMENT ESTIMATES 

Although the method of moments gives good 
estimates, small biases, and standard deviations 



TABLE 3. 

MATALAS AND W•LL•S' STREaMfLOW PROS•Bm•TY D•ST•mUT•ONS 

Mean and Range of Moment Estimates of m, a, and b Based on 500 Sets of Size N 
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Mean Values Largest Observed Values Smallest Observed Values 

N m' a' b' m' a' b' m' a' b' 

25 4012 333 6654 •10 • 1524 •10 • -182,787 0.4 -0.61 
50 330 359 141 121,431 1356 35,414 -101,542 3.4 -0.55 

100 672 379 8.5 1902 1135 1393 -20,582 16.5 -0.34 
250 881 400 4.0 1724 879 19•7 -691 159 0.07 
500 953 404 3.4 1649 730 11.8 - 19 201 0.36 

1000 977 402 3.2 1989 695 7.2 393 267 0.45 

of the moments and parameter values of the 
distribution for very large sample sizes, it fails 
to do so for sample sizes near those encountered 
in hydrology, say, N _< 50. For small sample 
sizes the estimates m', a', and b' are highly 
biased and extremely variable, as can be seen 
from Table 3. For other values of b ranging 
from b - -0.5 to b - 399 the results, although 
they are not presented, were found to be simi- 
larly highly biased and variable. 

For many hydrologic problems the individual 
values m', a:, and b' for a particular flow se- 
quence are intrinsically important only in that 
they are used to derive estimates of flows at 
particular probability levels. However, rn has 
some physical interpretation for streamflow. For 
a positively skewed distribution, rn represents 
the lower bound of admissible flows and must 

therefore be positive. A negatively skewed dis- 
tribution, where m denotes. the upper bound on 
admissible flow, is not physically meaningful, 
for this implies that negative flows attain and 
that there is a 'maximum certain flood.' For 

additional properties of the negatively skewed 

Pearson type 3 distribution see Gilroy [1972]. 
Given positive values of skewness and m, finite 
samples may yield flows for which the fitted 
Pearson type 3 distribution is physically not 
realizable. Nonetheless, the fitted distributions 
may yield 'reasonable' estimates of X(p). 

The probability levels 0.96, 0.98, 0.99, and 
0.999 were considered for various values of N. 

The procedure outlined above for determining 
the value of X'(p) for which FIX _• X'(p)] -- 
p was checked by using a X • table [Pearson, 
1934] for seven exact entries, and errors were 
found to be (1%. 

The results for 400 sets each for N -- 25, 50, 
100, 250, 500, and 1000 and for 10 sets of 
N -- 50,000 are given in Table 4. 

Although the estimates rn', a', and b' are 
highly biased and variable, on the average, 
reasonably good estimates of the theoretic 
values of X'(p) may be derived by the method 
of moments for N •_ 50. For a particular 
sequence, however, X'(p) is subject to large 
sampling errors, particularly for small N, say, 
(50. Estimates of X(p) agree rather closely 

TABLE 4. Mean and Standard Deviation of Values of X'(p) Corresponding to Probability Level p and 
Sample Size N 

p - 0.96 p - 0.98 p - 0.99 p - 0.999 

N Mean s.d. Mean s.d. Mean s.d. Mean s.d. 

25 4138 419 4503 541 4853 675 5944 1158 
50 4207 312 4595 401 4968 497 6135 847 

100 4216 248 4609 326 4988 411 6174 717 
250 4229 156 4626 204 5008 256 6210 445 
500 4233 113 4634 150 5018 191 6227 336 

1,000 4240 80 4642 107 5030 136 6246 240 
50,000 4220 50 4618 56 5002 62 6206 82 

Theoretic 4234 4634 5018 6225 
value 
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with their respective theoretic values for 
p _< N/(N + 1), where N is the length of 
the observed sequence. Both the bias and the 
standard deviation of the estimates of X(p) 
increase as p becomes greater than N/(N + 1). 
Although additional computer experiments are 
not presented in this report, they have shown 
that, as 7 increases with very small N, say, 
<25, the individual estimates. of X•(p) increase 
in bias and become even more variable. 

Lo• TRAnSfORM 

The work group on flow frequency methods 
of the Water Resources Council [Benson, 1968] 
recommended that sequences of flows be loga- 
rithmically transformed and then fitted with a 
Pearson type 3 distribution. The justification 
for the log Pearson distribution was apparently 
threefold. First, it was in common use by some 
federal agencies. Second, the log Pearson dis- 
tribution has. a parameter relating to skewness 
and is therefore more flexible for curve fitting 
than the log normal distribution. Third, if the 
skewness of the logs of the flows were 0, the 
log Pearson distribution could be regarded as a 
special case of the log normal distribution in 
that a Pearson distribution for which the skew- 

ness is 0 is the normal distribution, and the log 
normal distribution has a long history of use in 
hydrology. 

Ten sets of 50,000 Pearsonian numbers were 
generated with m -- 1000, a - 400, and b - 3. 
For each set the log transform was applied, 
and, with the transformed numbers, estimates 
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of their moments and values of m, a, and b 
were derived by the method of moments. These 
estimates are given in Table 5. 

By means of the log transform the Pearsonian 
numbers are transformed to approximately 
normal numbers in terms of skewness and kur- 
tosis. The Pearsonian numbers were charact{{r- 
ized by a skewness equal to 1 and kurtosis 
equal to 4.5, whereas the log transform of the 
numbers yielded a skewness and kurtosis of 
about 0.16 and 2.76, respectively. 

The log Pearson estimates of X(p) for prob- 
ability level p and sample size N are given in 
Table 6, where the estimates are based on 10 
sets for N = 50,000 and 400 sets for the other 
values of N. 

The estimates of X(p) were derived as fol- 
lows. For a given sequence the 'observations' 
were transformed into log space •and by the 
method of moments fitted by a Pearson type 
3 distribution. In log space, estimates of the 
flow at probability level p were determined 
as is described above. Values in real space 
were obtained by exponentiating the log space 
estimates. 

Given that the world is Pearsonian, the as- 
sumption that it is log Pearson leads to esti- 
mates of X(p) that are biased and quite vari- 
able, the bias and variability increasing markedly 
as p becomes larger than N/(N + 1). In addi- 
tion, other tests not reported here showed that 
for values of p > N/(N q- 1) the variability 
in X'(p) increased with increasing skewness in 
the untransformed data. A comparison of 

TABLE 5. Sample Estimates by the Method of Moments for Logarithmically Transformed Pearsonian 
Numbers 

1 

2 

3 
4 

5 
6 

7 
8 
9 

10 

Mean 
Standard 

deviation 

3 396 
3 395 

3 396 
3 397 
3 395 

3 395 
3 395 
3 395 
3 396 
3 394 

3.395 
0.001 

0 0165 
0 0167 
0 0165 

0 0164 
0 0164 
0 0167 
0 0165 
0 0165 

0 0163 
0 0163 

0.0165 
0.0001 

0 1574 
0 1688 

0 1471 
0 1540 
0 1624 

0 1465 
0 1602 
0 1626 
0 1769 
0 1501 

o. 1586 
o. 0097 

2 769 
2 767 
2 761 
2 729 
2 795 
2 729 
2 754 
2 754 
2 756 
2 757 

2.757 
0.019 

I 765 
I 862 
I 647 
I 733 
I 820 

I 633 
I 793 
I 815 
I 951 

I 693 

1.771 
o. 099 

0.0101 
0.0109 
o. 0095 
o. 0099 
0.0104 

o. 0095 
0.0103 

0.0104 
0.0113 
o. 0096 

0.0102 
o. 0006 

160.4 
139.4 
183.9 
167 7 
150 6 

185 4 
154 9 

150 3 
126 8 
176 6 

159.6 

19.1 
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Mean and Standard Deviation of Log Pearson Values of X(p) Corresponding to Probability 
Level p and Sample Size N 

p = 0.96 p = 0.98 p = 0.99 p = 0.999 

N Mean s.d. Mean s.d. Mean s.d. Mean s.d. 

25 4193 414 4627 566 5070 757 6661 1715 
50 4245 308 4693 409 5147 531 6739 1103 

100 4230 316 4672 390 5119 481 6673 907 
250 4245 144 4688 189 5134 244 6673 494 
500 4243 103 4687 138 5132 178 6666 364 

1,000 4246 72 4688 96 5131 124 6656 255 
50,000 4260 54 4702 59 5147 62 6666 82 

Theoretic 4234 4634 5018 6225 
value 

Tables 4 and 6 shows that for estimates of 

X(p), where p _< N/(N + 1), little is gained 
by the log transformation. The log transform 
yields estimates of X(p) that are slightly less 
biased and variable than those derived from 

the untransformed data themselves, whereas 
the opposite occurs as p becomes larger than 
N/(N q- 1). 

As p becomes much greater than N/(N + 1), 
the transform-derived estimates of X(p) rela- 
tive to the estimate derived from the untrans- 

formed data continue to increase in bias and 

variability. 
In practice, the real world is unknown, so 

that a complete assessment of the goodness of 
estimates of X(p) derived under the assumption 
of log Pearson is not easy to make. Log Pearson 
numbers could have been generated, whereby 
the sampling properties of their moments and 
parameter values could have been investigated. 
Although this investigation would be a useful 
exercise, it would not by itself suffice to assess 
the errors likely to be incurred in the real world 
if streamflow is not log Pearson distributed. The 
above experiment indicates that the errors 
could be large, particularly for small N. A 
more detailed assessment of these errors could 

be pursued within a statistical decision theoretic 
framework. 

MAXIMUM LIKELIHOOD 'I•sTIMATES 

Solution of (7), (8),' and (9) yields the maxi- 
mum likelihood estimates of m, a, and b. With 
these estimates and (2), (3), and (4) the 
maximum likelihood estimates of /•, •, and y 
may be obtained. Unfortunately, the calcula- 

tions involved in deriving the maximum likeli- 
hood estimates are not trivial. They entail a 
time-consuming iterative solution of three non- 
linear simultaneous equations in three un- 
knowns, and a completely general iterative 
fast and accurate computer solution was diffi- 
cult to obtain. In particular, with small samples 
the response surface occasionally may be in- 
ordinately flat, and, if a sample exhibits a very 
small absolute value of skewness, a solution 
may not be possible because of computer- 
imposed constraints. A further constraint is im- 
posed by the value of b itself. As was noted 
above, a maximum likelihood solution is not 
possible if b < 0. 

Given a value of m assigned a priori, a 
mathematical solution of the simultaneous equa- 
tions (8) and (9) exists [Greenwood and 
Durand, 1960]. However, as was noted above, 
the solution may not be feasible in terms of 
computational time and cost. A better pro- 
cedure, suggested by Robin T. Clarke of the 
Institute of Hydrology, Wallingford, England 
(personal communication, 1972), is to assume 
m and solve (7) and (8) explicitly for b' and a': 

b' -- [N2/g__•l (Xi - 
' [i=• ('Xi -1 m'") -- N2/i_-•• (Xi -- 

(lO) 

/[ ] a' = • (X, -- m") N(b' -Jr- 1) (20) 
i=1 

estimates a", b", and m" being substituted into 
(9) to yield a value of Ob/Ob = R. If > 
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10 -8, the procedure was repeated with a new 
assigned value for m. If after/c -- 30 iterations 
[R[ • 10 -8, the solution effort was considered a 
failure. Failures of course can be reduced by 
increasing the IRI failure criterion or by adopt- 
ing some exogenous rule for assigning a value 
to m. This, however, was not done, since we 
wished to make our comparisons by using ac- 
curate parameter estimates (parameter value 
estimates resolved to 5 decimal places) rather 
than computational speed. Failure samples were 
discarded. Only the nonfailure samples were 
used in assessing the statistical properties of 
m", a", and b". 

Mean values of the maximum likelihood 

estimates m", a", and b" based on 400 sets of 
size N _• 1000 and 10 sets of size N - 50,000 
are given in Table 7. Table 8 gives means and 
standard deviations of X"(p) based on 50 sets 
of size N • 1000 and 10 sets of size N = 

50,000. 
A comparison of the results given in Tables 

3 and 4 with those given in Tables 7 and 8 
emphasizes the goodness of maximum likeli- 
hood estimates relative to moment estimates in 

terms of bias and variability. For large N 
both methods yield good estimates of m, a, b, 
and X(p). However, for small N the maximum 
likelihood estimates have both smaller bias and 

smaller standard deviation than the moment 
estimates. 

For values of p _• N/(N .•- 1) the moment 
estimates of X(p) have somewhat larger bias 
and variability than the corresponding maxi- 
mum likelihood estimates. As p becomes larger 
than N/(N + 1), the bias andJvariability in 

MATALAS AND WALLIS' STREAMFLOW PROBABILITY DISTRIBUTIONS 

TABLE 7. Mean of Maximum Likelihood Esti- 
mates Based on 400 Sets of Size N • 1000 

and 10 Sets of Size N - 50,000 

N m" a" b" 

25 1025 414 

50 1033 425 
100 1005 413 
250 996 407 
500 1018 411 

1,000 1006 403 
50,000 1000 400 

Theoretic value 1000 400 

3 53 
3 40 
3 26 
3 12 
2 93 
2 95 
3 00 

3.00 

the moment estimates of X(p) become much 
larger than those in the maximum likelihood. 
From a practical point of view, maximum likeli- 
hood offers no great advantage in estimating 
X(p) for p •_ N/(N + 1). However, for p • 
N/(N + 1) the bias and variability in moment 
estimates of X(p) are large enough to warrant 
consideration of using maximum likelihood esti- 
mates. 

It should be noted that the estimate of X(p) 
is based on the estimates of •, (r, and y. The 
biases in the estimates of (r and y contribute 
to the bias in the estimate of X(p). Corrections 
for the biases in the moment estimates. of (r 

and y require the underlying distribution func- 
tion as well as the values of (r and y to be 
known. The method of maximum likelihood in 

effect makes these corrections in relation to 

the assumed underlying distribution function. 

SUMMARY AND CONCLUSIONS 

Although in terms of asymptotic efficiency 
the relative goodness of maximum likelihood 

TABLE 8. Mean and Standard Deviation of Maximum Likelihood Estimates of X(p) Corresponding to 
Probability Level p and Sample Size N 

p = 0.96 p = 0.98 p = 0.99 p = 0.999 

N Mean s.d. Mean s.d. Mean s.d. Mean s.d. 

25 4177 422 4590 512 4989 602 6256 903 
50 4242 277 4651 330 5046 387 6292 586 

100 4226 250 4630 310 5018 372 6241 587 
250 4220 147 4621 187 5008 227 6225 371 
500 4249 110 4654 132 5043 156 6269 240 

1,000 4242 74 4646 89 5035 105 6258 163 
50,000 4233 17 4632 21 5010 25 6225 35 

Theoretic 4234 4634 5018 6225 
value 
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estimates over mombnt estimates has been 

known for nearly a half century, little use has 
been made of maximum likelihood estimates in 

hydrology. The reason perhaps for this neglect 
has been the formidable computations needed 
to obtain maximum likelihood estimates. Al- 

though the computation task remains, the ad- 
vent of digital computers has made the solution 
task feasible. 

The above comparisons between moment and 
maximum likelihood estimates were made on the 

basis of the Pearson type 3 distribution. If one 
is interested in only the estimates of /•, •r, and 
y, there might be some advantage in using 
moments rather than maximum likelihood esti- 

mators. For moment estimates of /•, •r, and y 
one need not make any assumption about the 
underlying distribution function. Often prin- 
cipal interest is not in the values of /•, •r, and 
y per se but in the values of X(p) for various 
probability levels or in the estimate of the lower 
bound m, and the values of/•, •r, and y are of 
interest only insofar as they are the basis for 
mathematical estimates of X(p) or m. For such 
estimates, either by the method of moments or 
the method of maximum likelihood, an assump- 
tion concerning the underlying distribution 
function must be made. 

In many cases one is interested in extrapo- 
lating beyond the limits of the sample. For 
example, with a 25-year record of annual flood 
peaks one may wish to estimate. the 50- or 
100-year flood peaks. By the method of mo- 
ments, estimates of a flood peak X(p) with 
return period T (equal to l/p) will be biased. 
The bias for the estimates will decrease as the 

record size N increases, whereas the bias for 
fixed N will increase as T increases. Thus the 

estimate of the T-year flood is in effect the 
estimate of the flood when T • < T years. With 
the method of maximum likelihood, unbiased 
and minimum variance estimates of the T-year 
flood with records of size N may be made. 

During this study several difficulties related 
to the properties of the Pearson type 3 distribu- 
tion were encountered in deriving both moment 
and maximum likelihood estimates. Although 
these difficulties may not seriously affect the 
use of this distribution from the point of view 
of curve fitting, the difficulties are sufficiently 
troublesome that using other distributions war- 
rants consideration, particularly if maximum 
likelihood estimates are of interest. 
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