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A Model for Steady Fluid Flow in Random Three-Dimensional 
Networks of Disc-Shaped Fractures 
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A model for steady fluid flow in three-dimensional, random networks of fractures has been developed. 
In this model the fractures are disc shaped discontinuities in an impermeable matrix. The fracture discs 
can be arbitrarily located within the rock volume and can have any desired distribution of aperture, 
radius orientation, and density. Thus where the disc model is appropriate it is possible to calculate flow 
through fracture networks which are statistically similar to those that occur in nature. After the bound- 
ary conditions and the desired fractures are specified, the intersections (nodes) between these discs 
(elements) are identified. Then steady flow through the network is calculated using a mixed analytical- 
numerical technique. In each fracture, analytic equations for flow into or out of each node as a function 
of the average head at each node are developed. The equations are based on image theory and the 
assumption that each node is a source (or sink) of uniform strength. A set of mass balance equations is 
constructed which equate flow into a node from one of its associated fractures to flow out of the node 
into the other associated fracture. These equations are solved for the average head at each node, and flux 
between fractures can then be calculated by substituting the average head values back into the analytical 
equations. The model has been successfully checked against analytical results for several cases of two and 
three intersecting fractures. We plan to use these techniques to measure the permeability of fracture 
networks. 

INTRODUCTION 

Analysis of fluid flow through large regions of fractured 
rock is usually performed by assuming that the fracture net- 
work behaves like a continuum on some scale. In this way, a 
block of rock on that scale can be characterized by a per- 
roeability tensor and the analysis of fluid flow can proceed in 
the same way that flow through porous media is analyzed. 
Previous work with two-dimensional fracture networks [Long 
et al., 1982; Long, 1983; Long and Witherspoon, 1985; Long et 
al., 1985] has demonstrated that such networks do not neces- 
sarily behave like continua. Techniques have been developed 
to determine (1) when a fracture network behaves like an 
equivalent continuum and (2) the components of a per- 
meability tensor which minimize the error associated with per- 
forming an equivalent continuum analysis. 

Such two-dimensional analysis has a limitation in that frac- 
tures which are not connected to the network in the plane of 
analysis may, in fact, be connected in the third dimension. 
Thus two-dimensional analysis :rill tend to underestimate the 
permeability and the network will appear to behave less like a 
continuum than it actually does in three dimensions. To over- 
come this limitation we have extended our techniques to three 
dimensions, and thus we developed a model to calculate 
steady fluid flow in random three-dimensional fracture net- 
works. 

CONCEPTUAL MODEL 

The first step in developing a fracture flow model is to 
adopt a conceptual model for fracture networks which is com- 
patible with the geometry observed in the field. Through the 
analysis of trace data and examination of fracture surfaces, 
several studies have reported that fractures are likely to be 
roughly elliptical or circular [Baecher et al., 1978; Robertson, 
1970; Pollard, 1976]. In this three-dimensional model we 
assume all fractures are circular. That is, we have adopted a 
subset of the general elliptical case mainly because the circular 
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shape simplifies the calculation of flow. The extension of the 
mathematics to elliptical fractures is possible but not trivial. 
We further assume that the two opposite surfaces of the frac- 
tures are parallel and that a parallel plate model for flow is 
appropriate. Thus the model cannot account directly for 
channeling within the fracture planes. Head loss across the 
intersections between fractures and flow along the intersec- 
tions are assumed to be negligible. 

Although we are limited to circular fractures, the arrange- 
ment and size distribution of fractures in the model can be 

completely arbitrary. Several workers have contributed con- 
ceptual models for the arrangement of fractures in rock. 
Conrad and Jacquin [1973], LaPointe and Hudson [1981], Ven- 
eziano [1979], Baecher and Lanney [1978], and most recently 
Dershowitz [1984] have developed such conceptual models. 
For much of our work we use a model which is essentially the 
same as that developed by Baecher and Lanney in which 
circular fractures have lognormally distributed radii and are 
randomly located in space. Baecher and Lanney have support- 
ed this concept through analysis of trace data observed in 
outcrops, intersection data observed in boreholes, and the ex- 
amination of fracture surfaces [Baecher and Lanney, 1978; 
Robertson, 1970; Pollard, 1976; Hudson and Priest, 1979]. A 
variety of fracture orientation distributions is possible and, in 
general, these distributions can be determined from field data 
[Pincus, 1953; Mahtab and Yegulalp, 1982; Mahtab et al., 
1972]. Arnold's hemispherical .normal, Bringham's, Fisher's, 
and uniform distributions have all been used by various au- 
thors. Apertures can have lognormal distribution as was de- 
duced by Snow [1969]. 

More complex statistical relationships between geometric 
parameters are also possible. Long [1983], Long and Wither- 
spoon [1985], and Long et al. [1985] have pointed out that a 
correlation between aperture and fracture extent can account 
for the presence of "super conductors" which are commonly 
observed in the field. Others [LaPointe and Hudson, 1981; 
Barton, 1984] have observed that in some cases fractures 
occur in zones or bands of subparallel features. In other 
words, fractures may be spatially correlated. The presence of 
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Fig. 1. Example of a three-dimensional fracture network of disc- 
shaped orthogonal fractures. 

one fracture may increase the likelihood of there being an- 
other of the same set close by. Such fracture zones or super 
conductors may define the boundaries of blocks of rock which 
in turn may contain smaller features [Conrad and Jacquin, 
1973; Barton, 1984]. Our flow model can accommodate any of 
the above features explicitly or stochastically. The only re- 
striction at this time is that the fractures must be circular. 

An example of such a random fracture system is shown in 
Figure 1. In this case three orthogonal sets of fractures have 
been drawn to simplify the illustration; in general, any orien- 
tation distribution is possible. Figure 2 shows a cubic region 
isolated from the system shown in Figure 1. A two- 
dimensional analysis of flow through this network would only 
include the traces of the fractures in a specified plane. Such a 
set of traces can be observed on any of the faces of the cube. 
Clearly, these traces do not interconnect to the same degree 
that the discs do. A two-dimensional analysis would greatly 
underestimate the permeability of this particular network. 
Much more realistic results can be obtained using this three- 
dimensional flow model. 

number of elements in each fracture. Thus there would be 

severe limitations on the size of problem that could be ana- 
lyzed. Secondly, the intersections between fractures are ran- 
domly located in the fracture disc. Thus the development of a 
numerical mesh generator to discretize every fracture would 
be difficult. The solution technique proposed here is a mixed 
numerical-analytical method. The flow relationships in each 
fracture plane are calculated analytically. The flux through the 
system is then calculated using a numerical solution based on 
the analytical solutions in each fracture and preserving mass 
balance in the system. 

The analytical solution in each fracture plane is based on 
the assumption that each intersection acts like a source or 
sink with constant strength per unit line length (Figure 3). The 
fracture itself acts like a permeable disk with impermeable 
boundaries. Solution of the Laplace equation for this case 
consists of an equation for the potential distribution in the 
plane in terms of the total flux into or out of each of the 
intersections in any given fracture. The particular form of 
these expressions is determined by the particular geometry of 
intersections present in that fracture. From this equation we 
calculate the average head on each node in terms of the total 
fluxes. This results in a set of equations which can be inverted 
to produce an expression for the total flux into or out of each 
intersection in terms of the average head at each of the nodes. 

These equations are developed in each fracture disc, and 
therefore two different expressions for the total flux into or 
out of each intersection will have been found for each node; 
i.e., one expression is found for each of the two fractures that 
form the intersection. A global mass balance equation can 
then be written by equating the flux into a node from one of 
its associated fractures to the flux out of the intersection into 

the other fracture. There will be one equation for each node. 
Solution of these equations gives the average head at each 
intersection. By knowing the average heads, the flux through 
each intersection can then be calculated using the solution to 

SOLUTION OF THE FLOW EQUATION 

We have not been able to find a general analytical solution 
for flow in large, random, three-dimensional fracture systems. 
On the other hand, in three dimensions, a purely numerical 
solution scheme such as used in the two-dimensional problem 
would require discretization within each fracture disc. While 
this is theoretically possible, this approach has two practical 
problems. The first is that the total number of unknowns 
would be equal to the number of fractures times the average Fig. 2. Cubic region isolated from the network shown in Figure 1. 
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Fracture disc 
showing intersections 
with fractures A, B,andC 

Line 
sink 

Line source 

Impermeable boundary 
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C i 

Average head on the intersection 

'•,.c•'•,,_ • Distribution of head 

7')•r••• along intersection 
Fig. 3. Flow conditions in a fracture. 

the Laplace equation which was developed for each fracture. 
The details of this process are given below. 

The technique described here does not force the head distri- 
bution calculated on the intersection to be identical in both 
fractures, and we have assumed that the intersections are of 
constant strength per unit line length. In reality, the nodes will 
not have constant strength per unit line length, and the head 
distribution along the node must be the same as measured in 
either of the two intersecting fractures. We assume that the 
real total flux into or out of an intersection is approximately 
equal to the flux predicted with a source of constant strength 
per unit length. Furthermore, we require only the average 
head along the fracture intersection to be the same in each of 
the fractures which form the intersection. This means that 

solution accuracy should be improved by dividing each node 
into segments and treating each segment independently. In 
this way one can allow piecewise matching of average heads in 
the calculation of total flux at the expense of problem size. 
This concept is examined in the examples at the end of this 
paper. 

a 

+m 
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A 

Fig. 4. Image system for a point source in a circle. 
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Fig. 5. Construction of the nodal images. 
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FLOW IN A FRACTURE DISC 

Flow can only take place in a fracture if it is intersected by 
at least two other fractures. If a fracture is intersected by only 
one other fracture then it is a dead end which does not con- 

duct fluid in steady flow. If a fracture is intersected by two 
other fractures, then within the fracture one of the intersec- 
tions is (on the average) a line source and the other is (on the 
average) a line sink. We say "on the average" because flow 
within a given fracture may enter an intersection on one side 
and leave the intersection on the other. The net flow into or 
out of the intersection determines whether it is a source or 

sink for potential calculations. If the fracture is intersected by 
more than two other fractures, then at least one acts like a 
sink. 

The solution of the problem of flow in a fracture disc uses 
image sources and sinks to account for the impermeable 
boundaries. In fact, the simplicity of the image system for a 
source or sink within a circle is a major advantage of as- 
suming fractures are circular. The head distribution within a 
disc with impermeable boundaries containing an arbitrary 
number of line sources and sinks is based on the solution for a 

point source within a circular flow region. Consider a disc 
which contains a point source of strength + m at B as shown 
in Figure 4. For steady state conditions Milne-Thomson [1968, 
p. 222] gives an image system which accounts for the imper- 
meable boundary at r = a. If the source is located in the circle 
at B where r = g, then there is an image source of strength 
+ m on the same ray at A where r = a2/g and an image sink of 
strength -m at r = 0. The head at any point in the fracture 
can be found by accumulating the head contributions of the 
source and the two images. 

Recall at least two fracture intersections in a fracture disc 

are necessary to have steady flow in the disc, and at least one 
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of the intersections must act like a source and at least one 

must act like a sink. Furthermore, in order that the total flow 
into the fracture equals the total flow out of the fracture, the 
total strength of all sources must be equal and opposite to the 
total strength of all sinks. Therefore the total strength of all 
required images at r = 0 will always be zero. 

Now we allow such point sources to be distributed along an 
arbitrary line segment (i.e., the node formed by the intersection 
of two fractures) in the circle such that the strength per unit 
line length is constant. First, we must find the locus of the 
distributed images. Then we must find the expression for the 
potential at any point in the fracture disc due to the sources 
along the intersection and along the image. 

A nonradial line segment source will have an arc shaped 
image constructed as shown in Figure 5. A radial source will 
have a radial segment image. The equations for the locus of 
the arc and radial images can be derived as follows. The equa- 
tion of the line on which the intersection lies can be given as 
Ax q- By = C. Changing to radial coordinates, let x = r cos 0 
and y = r sin 0. Then the equation is 

Ar cos 0 + Br sin 0 = C 

or 

r = (1) 
A cos 0 + B sin 0 

If C • 0, the equation of the image arc R is 

R = a2/r = (a2/C)(A cos 0 + B sin 0) (2) 

Returning to Cartesian coordinates, let 

So we have 

x 

cos 0 = x/R = (x 2 + y2)•/2 
sin 0- y - Y 

R (x 2 + y2)1/2 

x--•-j + y--•-j =•-•(A 2 + B 2) 
Equation (3) is the equation of a circle centered at 

with radius 

a2A a2B'• 
'76' 

c•o 

(3) 

a 2 (/12 + B2) •/2 
2 C 

and which always passes though the origin. 
If the line segment is radial, C = 0, so 

0 = tan- • (-A/B) (4) 

is the equation of the image segment. The end points of the 
image segment are given by r = a2/g• and r = a2/g2, where a 
is the radius of the fracture, and g• and g2 are the distances 
from the end points of the intersection to the center of the 
fracture. 

Now it remains to evaluate the potential distribution in the 
disc due to both the sources distributed on the intersection 

itself and the sources distributed on the image arc or radial 
segment. In the following chiNk(X, Y) will be the potential due 
to the sources distributed along the intersection i in fracture k; 
•bit k will be the potential due to the sources distributed along 

the image. Thus the potential due to the presence of intersec- 
tion i is •bi k = •b•ff q- •bu k. By superposition, the total poten- 
tial due to all the intersections in the circle will be given by 
•k = y• ck•k + CkKkb k, where C k is the datum potential, K k is 
the permeability, and b k is the aperture of the fracture k. The 
average value of •k on intersection i will be called 

To be precise, this formulation for finding •ff allows one 
to calculate the potential distribution due to the source node i 
at any point on the fracture except on the line source (or sink) 
itself where the potential is undefined. Thus •k is technically 
undefined, since •biff is not defined on i. This is a problem 
because for the global mass balance equations the only poten- 
tials we need are the average potentials at the intersections, 
i.e., •ik. We avoid this problem by assuming that the distri- 
bution of potential at any point not on the "line source" inter- 
section can be calculated by assuming the intersections are 
line sources with no thickness. We then calculate the contri- 

bution of potential on node i due to node i by averaging the 
values of •ff found a distance • from the node, where w is the 
width of the node (w equals the aperture of the intersecting 
fracture divided by the cosine of the angle between them). By 
doing this we are essentially assuming the nodes are finite 
width sources (sinks) and we are forcing the potential distri- 
bution away from the source to match that of a source of 
infinitessimal thickness. Appendix A gives the calculation of 
average potential near the node due to the sources on the 
node and shows that in the limit as w approaches zero, 
remains finite. 

SOLUTION OF THE LAPLACE EQUATION IN EACH FRACTURE 

The fundamental solution of the Laplace equation for the 
potential due to a point source in an infinite plane of trans- 
missivity Kb is 

-Q 
c) = Kbh = In r (5) 

2n 

where m = Q is the strength of the source, r is the distance 
from the source, and h is the hydraulic head. We assume such 
sources are distributed over a line segment in the plane of 
length l. Now the potential in the plane due to the line source 
is given by 

c)• = Kbh = • In rv(•) d• (6) 
where Q/l = me is the constant strength per unit line length, Q 
is the total strength of the line source, and r v is the distance to 
any point in the plane. For each node we must specify rv(• ) 
and evaluate the integral. 

To find the potential contribution of the images, a similar 
integration is performed along the image of the node. In this 
case, however the strength per unit line length is not constant. 
For each infinitesimal piece of the intersection d•, the corre- 
sponding infinitesimal piece of image is ds. Now mr, the 
strength per unit line length on the image, is given by 

Q 
ms- l ds (7) 

So potential due to the image is given by 

-Q •S2d• c•, = Kbh = • • •ss In r•,(s) ds (8) 
To evaluate this integral we must specify both %(s) and d•/ds, 
or find r•,(•) and change the limits of integration to •(S1) and 
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•(S2). The evaluation of (6) and (8) for the case of a nonradial 
node is given in Appendix B and for radial node in Appendix 
C. When the appropriate integrals have been evaluated, for 
each node in the fracture we have an expression for potential 
of the form 

q0• = q0i• • + q0.• 

= Q, fiNk(X, Y) + Q, f,k(X, Y) 

= Q, F,n(X, Y) (9) 

where Fi k = •n +ftn. 

IMAGE AT W• CEN•R 

The third potential term, &•o, associated with intersection i 
is the potential due to an image of strength -Q• at the center 
of the fracture. However, as previously explained, the total 
strength of all such images at the center is zero, so no head is 
contributed from the sum of the images at the center. 

TOTAL PO•N•AL FIELD IN • FRACT•E 

The total potential in fracture k is •ven by 

•(x, y)= • •,• + C•f• = • (•,• + •,,•) + C•K• • 
i=l i=l 

(•o) 

where the i are the numbers of the intersections in fracture 

disk k. Equation (10) becomes 

ß n(x, y) = • Q•F•n(X, Y) + CnKnb • (11) 
i=1 

The F• n represent shape functions for the total head distri- 
bution over the entire fracture due to the presence of the ith 
intersection. The average potential at each intersection, j, of 
fracture k due to the presence of intersection i is 

_ 1 •• Cn Knbn %• = • ,•(x, Y) al• + 

= 15 r) + 

Qi •• F•n(X, Y) dl• + CnKnbn i=l 

= • Q•o • + CnKnb • (12) 
j=l 

where •o n is the shape function for the average head on 
intersection j in fracture k due to the intersection i also on 
fracture k. That is, 

•o • = • Fi n dl• (13) 
The value o f •i • may b e di•cult to obtain analytically, but it 
can be easily approximated by numerical inte•ation. Recall 
that Appendix A shows how the average potential due to the 
contribution of the sources on node i can be calculated. That 

is, Appendix A shows how to evaluate 

15 • dl• 
SOLU•ON OF • FLOW EQUA•ONS 

Equation (12) provides the potential distribution in each 
fracture as a function of the flux into or out of each node. In 

order to satisfy mass balance locally we note that the sum of 
the fluxes in a fracture element must be zero. Thus for n nodes 

on a fracture, there are n - 1 independent values of Qi. Using 
this fact, we invert (12) to obtain expressions for Qi in terms of 
the •i. When this is done for every fracture in the network, 
there are two independent expressions for each Qi, since node i 
exists on both fractures forming intersection i. By equating 
each of these pairs we guarantee mass balance through the 
network. The set of equations equating flow into each inter- 
section to flow out of each intersection can be solved for the 

hi. We solve for hi rather than $jk because the average poten- 
tial, $j•, will have a different value in each of the two inter- 
secting fractures if the transmissivity of the two fractures is 
different. The average total head at the node, h•, however, will 
be the same in both fractures. Values of Q• can be found by 
substituting the hi into either of the analytical solutions for Qi 
developed for each of the fractures which intersect at i. The 
details of this technique are given below. 

We first rewrite (12) in terms of head' 

h• • Qi c• = ,=, K• •ij + (14) 
For mass conservation in each fracture we have 

By allowing 

• Q. = 0 (•5) 
i=1 

n-1 

QN= - • Qi (16) 
i=1 

and substituting (16) into (14) 

"•' Q. (•.•_ •N• •) + c • h• = i=• K• (17) 
for j = 1, n- 1. We eliminate the constant C n by subtracting 
h•+ • from h•' 

n•l Qi (•j -- •j+ 1) = i=l g• •(•iJk -- •njk) 

Letting 

we have 

•- •,,•+ •)] (18) -- (•ij+ I I 

(•7ijk -- •Nj •) -- (•ij+ 1 l• -- •'•Nj+ 1 l•) '• •ij l• (19) 

(•k)-I = •ijl• (20) 

n-1 

Qi = • qf ,f'K%•'[hi - fi)+ •] (21) 
j=l 

for j = 1, n- 1, and from (16) 
n-1 n-1 

Qri =- K•'b•' • • •ij k (hj --hj+ l) (22) 
i=l .j=• 

We now use (21) and (22) to write the global mass balance 
equations as described below. The global mass balance equa- 
tions can be solved for all the values of h•. When these are 
known, the values of Q• can be found by substitution into (21) 
and (22). The value of C can be obtained by substituting •j 
and Qi into (14). 

GLOBAL MASS BALANCE EQUATIONS 

Two versions of (21) or (22) are written for each intersection, 
once for each fracture associated with the intersection. For 
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a) •; % 

b) 

• •.H? 

2 

d) H 1 

H Itli{li]lll•1111111 •H2 
H 2 

Fig. 6. Example of applications for (a) one fracture intersecting 
two parallel boundary planes; (b) two equidimensional intersecting 
fractures, each intersecting one boundary; (c) two equidimensional 
intersecting fractures, each intersecting two boundaries; (d) three equi- 
dimensional, orthogonal fractures of radius r which intersect sync_- 
metrically and are truncated by a boundary cube of dimensions 
xx/•r x x/•r. 

example, if fracture k and fracture p intersect at i, then the fact 
the flow enters k from p (or vice versa) through i can be 
expressed by 

J-1 M-1 

- + -- = 0 
j=l m=l 

(23) 

where j and rn have global numbers which correspond to local 
numbering j = 1, J and m = 1, M, respectively, when there are 
J nodes on fracture k and M nodes on fracture p. If node i is 
the Mth node on p or the Jth node on k, then we use (22) 
instead of (21) to form (23). We write one equation (23) or its 
equivalent for each node in the network. 

BOUNDARY CONDITIONS 

If a fracture intersects a boundary, the intersection is called 
a boundary node. In this case we can assign a constant head 
to the node by substituting the following equation for (23): 

fij = mj (24) 

where Hi is the appropriate constant. 

Constant flux boundaries can be accommodated by substi- 
tuting (21) or (22) for (23), where Qi in this case is the specified 
flux through the boundary node. 

When all these equations have been assembled, expanding 
and collecting terms gives an equation of the form 

Aoh • = b] i, j = 1, NN (25) 
where summation is implied by repeated indices, and NN is 
the number of nodes in the network. The vector b• is nonzero 
only for nodes j which are boundary nodes. The matrix A u is 
symmetric and sparse, and the bandwidth can be minimized 
by appropriate node numbering. Inversion of A u allows calcu- 
lation of fi•, which in turn allows calculation of Q• through (21) 
and (22) and calculation of C • through (14). 

EXAMPLE APPLICATIONS 

The following section describes five examples that were 
among those used to verify the computations performed by 
the model described in this paper. The first four cases are 
illustrated in Figure 6. The left-hand side of each illustration 
shows the case solved by the three-dimensional flow program. 
On the right in each case is shown the corresponding analyti- 
cal case used for comparison. The fifth case is a random case 
where no analytical solution is available, this case has been 
presented to compare the results using different discretization 
schemes on the intersections. No figure is available to illus- 
trate this case. The results presented below are dimensionless 
for consistent units. 

Case 1: One Fracture Intersecting 
Two Parallel Boundary Planes 

This is the simplest case possible; if the boundaries are 
centered and closely spaced relative to the radius of the frac- 
ture, the flux in the fracture is approximately equal to the 
linear flow in a rectangular slab of thickness b between two 
constant head boundaries as shown in Figure 6a. In this case 
we are only checking the calculation of flux because both 
nodes are boundary nodes with assigned heads. The flux be- 
tween the nodes in the numerical case is 4.968 for H x = 1.0, 
He = 0.0, unit transmissivity, fracture radius equal to 5.0, and 
the distance between the constant head boundaries equal to 
2.0. In the analytical case, for a slab of dimensions 2.0 x 10.0, 
where 10.0 matches the diameter of the fracture, the flow is 
5.0. For a slab 9.798 x 2.0, where 9.798 matches the length of 
the nodes on the fracture, the flow is 4.899. Thus the analytical 
results bound the numerical results as expected. 

Case 2: Two Equidirnensional Intersecting Fractures, 
Each Intersecting One Boundary 

In this case (Figure 6b) we expect the average head on the 
intersection between the two fractures to be the average of the 
heads on the two boundary nodes and by symmetry we expect 
the total flux into or out of each node to be equal in mag- 
nitude. For the case of Hx = 1.0, H2=0.0, fracture 
radius = 5.0, unit transmissivity, and a distance of 8.0 between 
the intersections, the numerical results were Q = +0.4949 for 
each inflow node and Q =-0.4949 for each outflow node, 
and the average head at the intersection between the fractures 
was 0.5000. 

Case 3: Two Equidirnensional Intersecting Fractures, 
Each Intersecting Two Boundaries 

This case is designed to check the calculation for net flux at 
an intersection when, in the plane of the fracture, flow is en- 
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Wedge shaped distribubon 
of head on lateral faces 

Cubic 
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Unit head 
on •nflow face 

Zero head 
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Fig. 7. Boundary conditions used to produce a constant gradient. 

tering the intersection on one side and leaving the intersection 
on the other. For the symmetric case shown in Figure 6c, the 
head at the center intersection should be (H• q- H2)/2 and the 
total flux at the intersection between the two fractures should 

be zero because an equal amount of flux is entering this node 
on one side as is leaving it on the other. In fact, for H• - 1.0 
and H2=0.0 the numerical results give Q-0.0 and 
H - 0.5000 at the center node. 

Case 4' Three Equidimensional, Orthogonal Fractures of 

Radius r Which Intersect Symmetrical• and are Truncated 
by a Boundary Cube of Dimensions ¾/2r x x/•r x x/•r 

In this case (Figure 6d), we apply the boundary conditions 
of the form illustrated in Figure 7. These boundary conditions 
induce a constant gradient in the two fractures which are 
perpendicular to the inflow face. There is zero gradient in the 
fracture parallel to the inflow face; thus this fracture experi- 
ences no flow. The boundary conditions inducing flow on the 
two fractures which are perpendicular to the inflow face are 
illustrated on the right-hand side of Figure 6d. An analytical 
solution provides us with the flux into each of the boundary 
nodes on these fractures. Also, from symmetry considerations, 
we should have H = (H• + H•)/2 and Q = 0.0 on all of the 
internal nodes. In this case, we subdivided the nodes in 
various ways to determine the effect on accuracy. In all cases, 
the conditions on the internal nodes were satisfied, but the 
differefit schemes for dividing the nodes produced slightly dif- 
ferent values for flux into the boundary nodes on the inflow 
surface (which must be equal to the flux out of the corre- 
sponding boundary nodes on the outflow surface). 

For r-71.0, x//•r=l= 100.0, transmissivity - 0.8172 
x 10 -5, H t = 1.0 and H t = 0.0, the flux through the inflow 

or outflow face of the cube should be 

Q r = nKbl(H1- H•.) l 

= 2(0.8172 x 10 -5 x 100 x 1.0/100) 

= 0.1634 x 10 -½ 

where n = 2 because two fractures intersect the inflow (and 
outflow) face. The numerical results for Qr, the total flux 
through the inflow face, are shown in Table 1. Two different 
discretization schemes were used. The first was to divide each 

node (boundary and internal) into a number of equal segments 
(2, 3, 4, or 10). The second is to divide only the boundary 
nodes into equal segments and leave the internal nodes intact. 

As is shown in Table 1, dividing the nodes into segments 
improved the accuracy, and most of the improvement was 
achieved with the first division from one to two segments. The 
results obtained for dividing only the boundary nodes are 
exactly the same as the results obtained for dividing all the 
nodes. Hence dividing the internal nodes had no effect at all 
on accuracy. If this were true, in general, it would be good 
because we wish to minimize the number of unknowns. How- 

ever, this particular case is symmetric and each internal node 
is truncated by boundary nodes at both ends. So, we look at a 
more general case below. 

Case 5: 10 Randomly Located and Randomly Sized 
Fractures 

In this case, 10 fractures were randomly generated and 
again truncated by the cubic boundaries shown in Figure 7. 
These fractures formed 38 nodes, including 18 internal nodes 
and 20 boundary nodes. This case was also used to study the 
effect of nodal discretization. However, being a random case, 
no analytical solution is available to check the results. We 
made the assumption that the "true flux" is closest to the flux 
calculated when all the nodes are divided into 10 equal seg- 
ments. The results for less than 10 segments on some or all 
nodes are then compared to this case. 

In this case there is flow entering or leaving all six faces of 
the boundary cube. In general, we again see an improvement 
in accuracy for head and flux with increasing discretization. 
The results obtained for discretizing only the boundary nodes 
are slightly different from the results obtained when all of the 
nodes are discretized. In order to minimize problem size and 
still maintain accuracy, it appears to be more efficient to sub- 
divide the boundary nodes and not subdivide the internal 
nodes. Based on case 5, one might decide to discretize only the 
boundary nodes into three segments because this scheme 
seems to achieve the most accuracy for the smallest increase in 
problem size. However, further investigation is needed to con- 
firm this as the best scheme under all circumstances. 

CONCLUSION 

An efficient model is available for calculating steady flow 
through networks of disc-shaped fractures which can be of any 
size and arrangement. It will be important to develop plotting 
schemes to draw these fractures in three dimensions, much as 
the illustration in Figure 1 was drawn by hand. In this way we 
can more easily understand the physical responses we observe 
in the network. We intend to use this model to study the 
permeability of three-dimensional fracture networks much as 
we have studied two dimensional systems [Long et al., 1982; 
Long, 1983; Long and Witherspoon, 1985; Long et al., 1985]. 

Extension of the image construction to elliptical fractures 
would involve a Joukowski transformation [Milne-Tompson, 
1968]. This is theoretically possible, but complex. An exten- 
sion three-dimensional model to permit analysis of transient 
flow is also envisioned. 

TABLE 1. Total Flux Through the Fracture Network in Case 4 as 
a Function of Nodal Discretization Scheme 

Number of Segments Total Flux x 10-'** 

1 0.1982 
2 0.1705 
3 0.1679 
4 0.1665 

10 0.1647 

*All nodes segmented or only boundary nodes segmented. 
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APPENDIX A APPENDIX B 

Calculation of Average Potential 
Near a Finite Line Source 

When we wish to calculate the average of total potential on 
a given intersection, we can easily evaluate the potential con- 
tribution due to all the other intersections and their images on 
the intersection of interest. However, the contribution of the 
intersection itself cannot strictly be obtained in the same way 
because the potential due to the source is not defined on the 
source itself. Hence we derive an expression for the average 
potential on a line segment parallel to the line source a short 
distance, ___ 8, away from it. 

The potential contribution due to a point source is given as 

•b(x, y) = - 2• In r (A 1) 
where r is the distance to the point (x, y). As in (6), we inte- 
grate a series of such sources, each of strength Oil d• along a 
line segment on the x axis, 0 _• x _• l, to obtain the potential 
due to a line source: 

O fdln [y2 + (x - •)2]1/2 d• (A2) &(x, y)= 2nl 
where r is now equal to [y2+ (x- •)2]1/2. Integrating, we 
have 

•b(x, y) - 4nl (l- x) In [y2 + (x - 0 2] - 21 

+ 2[y[ tan -• l-x ([--•-) + x In [y2+ x 2] 
- 2lyl tan-• ( (A3) 

We now examine the average value of •b on a line segment at 
y= ñsandO<x</' 

4•12 (12--82 )ln(l 2+82 )--312 

+4118l tan -• I •-• + 82 In 8 •' (A4) 
Equation (A4) can be used to evaluate the potential contri- 
bution of the source on itself by allowing 8 to take the value of 
-•, where w is the width of the intersection. However, if 8 is 
very small we can use the expression 

• = O ½2 In l:- 3/2) (A5) 

because 

lim (8 z In 8 z) = lim f(8) = lim f'(8) ,--.o ,--.o ,--.o 
21n8 

= lim = lim •- 
e-•0 e•0 

28-1 
-0 

_28 -3 

by l'Hospital's rule. 

Nonradial Intersections 

Consider a nonradial intersection (Figure B1). A local arbi- 
trary X, Y coordinate system is established for each fracture 
disc. All the equations for potential distribution must be re- 
ferred to X, Y coordinates before they are added. Coordinates 
concenient for calculation are the x', coordinates shown on 
Figure B 1. These coordinates are centered at one end point of 
the intersection. The y' axis lies on the intersection. Point 0 is 
the center of the fracture. Point P is an arbitrary point in the 
plane. Equation (6) becomes 

O• fff' 1 ck• • = K•b•h• = • • In + (y'- 0 2] d• (B1) 
where O•/l = rn• is the strength per unit line length, O• is the 
total strength of the line source, and 
The subscript i refers to intersection i. This integral has been 
evaluated in the work by Selby [1965, p. 334, no. 380]' 

g' { [x'" eking' -- 4nl, (• -- y') In + (y,_ •)2] 

- 2• + 21x'l tan-' ( Ix'l fiJ0 (g2) 
To obtain the correct form for qb•N k we must translate to x, y 
coordinates (see Figure B1) and then rotate to X, Y coordi- 
nates which results in an expression of the form 

= t• X ½,ff' Q,f,N ( , Y) (B3) 

Now consider the image arc as shown in Figure B2. Recall 
that the strength per unit line length along the image arc, rn s, 
is 

Q, d• (7) rns- li ds 
and the integral for the head distribution, qbu • at any point in 
the plane due to sources on S distributed according to rn• can 
be written 

-Qi fs s: d• qbu•' = K•'b•'hu -- 2nl • •ss In r• (•) ds (8) 

y 

"---- Fracture disc 

Fig. B1. Fracture intersection in a fracture disc. 

•x 
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•s=2Rd• 
Fracture disc.. J / J / '•' S 

'•, •/ •'xx• I"----• Fracture intersecti?nn '• • 

S••..•.•'"•- Irnage arc 
Fig. B2. Construction for calculating the distribution of strength 

along an image arc. 

where % is the distance from a point S on the arc to any point 
P in the plane. 

Figure B3 shows the coordinate systems used to evaluate 
this integral. We now write r•, as a function terms of • and 
integrate from • to •2. On S we have 

a 2 
x•'= R cos 0'= O' -•COS 

a 2 
y,'= R sin 0'= 0' •-• sin 

(B4) 

So r•, 2 is given by 

%2 = (x' - R cos 0') 2 + (y' - R sin 0') 2 (B5) 

where (x', y') is any point in the plane. Now referring to Figure 
B3, 

cos 0'= cos 2•, 

= 1 - 2 sin 2 

= 1- 2 •2 + B 2 
sin 0'= sin 2•, 

= 2 sin 0• cos 

2•B 

•2 + B 2 

Substituting B6 and B7 into B5 gives 

rpe = [(x,e + y,e + R s + 2Rx,)•e _ (4Ry'B)• 

-I-(X '2 -I- y, 2 + R 2 -- 2Rx,)B2][•2 + B2] - • (B8) 

Now •bit k can be written in terms of •. Substituting (B8) into 
(8) gives 

-Q' { f½2ln [D] d• c/)i/' = K•'b•'hi• = • .•, 

In (•2 + B 2) d• (B9) 
1 

y y' 

(B6) 

(B7) 

Fig. B3. Construction for calculation of potential due to sources on 
the image arc. 

where 

fl = 7/2 + 

7 = ( x'e + y,e + R s + 2Rx'); 

• = -(4Ry'B); (B10) 
o• = (x '2 + y,2 + R 2 _ 2Rx,)B 2. 

These integrals can be evaluated using the work by Selby 
[ 1965, p. 334, no. 380] 

•)iI k -- K•b•hit = • • + In D 
tan- 

7 [(4•7 - 

- • In (•2 + B 2) + 2 B tan- z 
Finally, (B 1 l) must be translated to x, y coordinates and 

then rotated to X, Y coordinates. After this substitution we 
have 

• = Knbnh• •= Qi•n(x, Y) (B12) 

APPENDIX C 

Radial Intersections 

If the intersection is radial, a different form must be used for 
•b•/k and •b•t n. Figure C1 shows the geometry for this case. For 
•bi•/n, the potential due to the sources on the radial node, we 
have 

-Qi ••2 1 c/)•v•' = K•'b•'fii•v - 2nl• , • In [(x - •)e + y2] d• (el) 
• ,P(x;y') 

s2 • This integral is evaluated by the same formula as for a nonra- 
rp dial node: 

.s(x',y') •b•/• = 4 ' (•- x) In [(x- •)e + ye] _ 2• 

,: • X•X + 21yl tan- • (C2) 

which again must be written in X, Y coordinates. 
The image of a radial node is also a radial line segment 

extending from x = a•/• to x = a•/•. First, we evaluate the 
Froctured'• • •lmogearc strength per Unit length, m,. Referring to Figure (el), 

S• 

Q, 
m. = me d•- l• d• (C3) 
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A 

Y• I P(x,y) 
•//Intersection 

x 

x •X 

d•sc 

P(x;y') 

Y P 

B 
Intersection q 

Fracture dis 

Fig. el. (a) Radial intersection and (b) radial image. 

The distance from a point on the image to any point P(x', y') 
is 

I( •)21(x2 -- 2a2x• + a'• %2= x- + y2 = + y2)½2 ½2 (C4) 
So 

Qi •• a2]½l--a2]½2) de In rp dr/ •ilk = 4•li l'• 

-Qi ½'-ln fi de - 2 In½ de (C5) 

where 

The integration yields 

o•=a '• 

fi = --2a2x 

7 = ( x2 + y2) 

(C6) 

+ tan- • 

- 2[½ ½ - ½] 

Finally, the rotation of coordinates is applied and the po- 
tential contribution of node i is of the form 

= (x, Y) + (x, Y) + Y) (c,) 

NOTATION 

a radius of a fracture, rL-I. 
b • effective hydraulic aperture of fracture k, EL3. 

C n datum head in fracture k ILl. 
f/Nk(X, Y) geometric function, 4•N • = Q•f•, ILl. 
fun(X, Y) geometric function, •p• = Q•f,k, rL]. 
F/'(X, Y) geometric function, F• • =•n + f,•, ILl. 

•o • matrix of shape functions for average head on 
node j due to the presence of node i. 

•u•= [•]- •. 
h hydraulic head, ILl. 
•i average head on node i, ILl. 

H• prescribed head on boundary node i, ILl. 
I subscript to reference the contribution of an 

image. 
K permeability of a fracture K = bpg/12•, [L/T]. 
k superscript for fracture k. 
m strength of a source, [L3/•. 
me strength per unit length on the node, [•/T]. 

m•, m,strength per unit length on an image (nonradial 
and radial respectively), [LT]. 

n total number of intersections on fracture k. 

N subscript to reference the contribution of a node. 
i, j subscripts to reference node numbers. 
r• distance from a point on a line source to any 

point in the plane, ILl. 
S an arc which is the locus of images for a 

nonradial intersection. 

s variable of integration on the image of a 
nonradial node, ILl. 

Q flux, [L3/T]. 
Q r total flux through the face of a cubic 

region of fractured rock, [•/T]. 
w width of a node, [L]. 
• small distance, [L]. 

•ij k matrix of shape factors, •jn = [(•o •- •nj k) 
- (•u+ • - •nj+ X•)]' 

• variable of integration on the image of a radial 
node, ILl. 

• variable of integration along a line source, ILl. 
4 potential, 4 = Kbh, [L3/T]. 

4•n(X, Y) potential contribution of sources on intersection 
i in fracture k, [L3/T]. 

4,•(X, Y) potential contribution of sources of the image 
of intersection i in fracture k, [L3/T]. 

4•n(X, Y) potential due to node i and its image in fracture 
•, [•3/T]. 

•n(X, Y) total potential in fracture k, [L3/T]. 
•n average of total potential on node i in fracture 
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