
VOL. 15, NO. 6 WATER RESOURCES RESEARCH DECEMBER 1979 

Estimation of Parameters and Quantiles of Wakeby Distributions 
1. Known Lower Bounds 

J. MACIUNAS LANDWEHR AND N. C. MATALAS 

U.S. Geological Survey, National Center, Reston, Virginia 22092 

J. R. WALLIS 

Watson Research Laboratory, IBM Corporation, Yorktown Heights, New York 10598 

An algorithm based on the use of probability weighted moments allows estimation of the parameters of 
the Wakeby distribution. In the case where the lower bound is known, the quantile estimates, unlike the 
parameter estimates, tend to be neither highly biased nor highly variable, even for samples of small size (n 
=5). 

INTRODUCTION 

As defined by H. A. Thomas, Jr. (1976, personal communi- 
cation) a random variable X is said to be distributed as 
Wakeby if 

x= rn+a[1-(l - F) øl-c[1-(1 - F) -•1 (1) 

where F -- F(x) = P(X _< x). HoUghton [1977, 1978a, b] 
introduced the distribution as one useful in flood frequency 
analysis, since it could satisfy the condition of separation. 

As is noted by Matalas et al. [1975], flood sequences are 
characterized by what is called the condition of separation. 
That is, the standard deviation of esticates of the coefficient of 
skewness derived from historical flood sequences is larger than 
that derived from simulated sequbnces pertaining to any of 
several well-known distributions, •here the mean of the esti- 
mates is the same for the historical and simulated sequences. 
Among the distributions considered, the separation was mini- 
mal for the log normal. Houghton [1977] showed that the 
Wakeby distribution can yield sequences for which the stan- 
dard deviation of estimates of the coefficient of skewness is 
equal to or greater than that derived from historical sequences, 
where the means of the estimates for the historical and 

Wakeby sequences are equal. Thi• capability is seemingly con- 
ditioned on the Wakeby parameter b > 1, as indicated by 
Landwehr et al. [1978]. 

HOUghton [1977] also presented a techniqu 9 for estimating 
the Wakeby parameter values from finite sarhples. This tech- 
nique, referred to as the incomplete mean algorithm, involves 
iterating on assumed values of b and d, coupled with least 
squares determination of m, a, and c, until a solution that 
satisfies some 'best fit' criterion is achieved. 

An explicit derivation of the phrameters in terms of the 
probability weighted moments 

Mt,j,• -- E[XtFJ(,1- F) •1 (2) 
where 1, j, and k are real numbers, has been obtained by 
Greenwood et al. [1979]. The derivation in which I = 1, j = 0, 
and k >0 forms the basis of an algorithm for estimating the 
parameter values, as well as the quantile values. The algorithm 
and an assessment of its performance is presented for the case 
where the lower bound m is known. 

ESTIMATING ALGORITHM 

An algorithm has been developed to obtain estimates of the 
Wakeby parameters (m, a, b, c, d) and, consequently, of the 
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quantiles x -- •{F) for specific values of F, from a sample 
drawn from a population with known lower bound. Th.e al- 
gorithm follows'the derivation proposed by Greenwood et al. 
[1979], in which the Wakeby parameters are expressed as 
functions of probability weighted moments M,,o,• -= M•, 
where k >_ 0. The derivation is completely general, in that all 
five parameters can be estimated. However, exploratory work 
has suggested that when the lower bound is zero and particu- 
larly for small sample sizes, it is preferable to use a biased 
estimate of the probability weighted moments rather than an 
unbiased one. Thus in this work it is assumed that the sample 
was drawn from a population with known lower bound. Noti: 
that if a random variable X is distributed as Wakeby with 
lower bound m, then the random variable Z = X - m is also 
distributed as Wakeby but with lower bound zero. Thus with 
no loss of generality in the case where the lower bound m is 
known and can be subtracted from the sample values the 
algorithm was explored with m = 0. 

The algorithm gives the Wakeby parameters as functions of 
probability weighted moments M•.o.• -- M•, where k _> 0. If a 
resulting solution (estimates of the parameter values denoted 
as fit, d,/•, r7, d) is identified as being unaccpetable (see Table 
1), an estimate of the parameter b is attempted by iterative 
assignment within a specified range, with the other parameters 
(m, a, c, d) estimated according to the forementioned deriva- 
tion. If iterative assignment of b doe•fnot yield an acceptable 
solution, the algorithm is said to fail. 

The parameter values obtained from the forementioned der- 
ivation are bounded, depending upon k*, the smallest value of 
k considered. SpeCifically, if it is assumed that Mr•,.• exists, 
then b > - (k* + 1) and d < (k* + 1). However, estimates of b 
and d which are near zero cause computation errors when the 
numeric•al calculations of • and f' are made. •Consequently, 
when I dl < dram, where dram = 0.00005, both d and ;' are set 
equal to zero. Unlike d, b > - 1 for k* = 0 and is probably > 1 
for floods if the condition of separation is to be satisfied. Thus 
b is assumed to be greater than some small positive lower 
bound, bm•,,, rather than - 1.0 (for k* = 0). 

The left tail of the Wakeby distribution is influenced by b, 
and the right tail d, although not exclusively. The right tail is 
essentially independent of b when b assumes a large positive 
value. Thus within the context of flood frequency analysis, 
where the upper quantile values are of primary interest, b is 
presumed to be less than some positive upper bound bmax, so 
that the contribution of the term (1 - F) ø in the Wakeby 
definition (equation (1)) is not effectively eliminated. Hence 
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TABLE 1. Conditions of Unacceptable Solution 

Type Conditions 

I Invalid value for b'. (Either b' is imaginary or b' > bmax 
or b' < brain.) 

2* d > 1: the mean does not exist. 
3* Invalid probability density function: f(m) = l/db • + dd) 

<0. 

4* Improperly defined cumulative density function: for this 
combination of parameter signs, F(x•) > F(x:) 
for x• < x:. 

5* Improperly defined cumulative density function: for these 
values of d, b• •, and d, F(x,) > F(x:) for x, < x:. 

*See Landwehr et al. [1978, Appendix B]. 

although not required by the explicit derivation of the Wakeby 
parameters, the algorithm based on k = 0, 1, 2, 3, 4 assumed d 
< I and 0 < bmm --< b < bmax. In particular, bmm = 0.3 and 
bmax = 50. 

Given estimates of M•kl, denoted as Air•kl, k = 0, 1, 2, 3, 4, 
and the equations in Table 2 (derived from the work of Green- 
wood et al. [1979, Table 5]), the algorithm for estimating the 
Wakeby parameters is summarized in Table 3. Note that a 
noniterative solution is first attempted With the simpler equa- 
tions based on the assumption that rn = 0. If the sample values 
are such that this does not result in an acceptable solution, 
then the equations based on the more general condition v rn 
are applied. If the noniterative approach fails, then the itera- 
tive one is tried for the rn = 0, then V m, cases. Thus even 
though rn = 0, an estimate of tfi may be used in calculating d 
and • in order to effect a better fit to the upper quantile values 
and to be consistent with the derivation of the parameters a 
and c. 

For a particular set of parameter estimates the qu'fintile 
estimates are computed as either 

,• =d[l-(l - F) $]- •'[1- (1 - F) -a] (3a) 
or 

• = r•+ alii- (1 - F) $1- •[1 -(i -F)-d] (3b) 
for the solutions assuming the m = 0 or V m equations 
respectively. 

ESTIMATION OF 
,• . 

The algorithm for estimating Wakeby parameters requires 
estimates of M{n•, for several nonnegative values of k, and 
specifically uses ihteger k = 0, 1, 2, 3, 4. It is noted that the 
derivation of the 'iaarameters only restricts k to be nonnegative 
so that the filgorithm is easily generalized to permit k to be any 
real number >_0:As is noted by Greenwood et al. [1979], when 
k is the'nonnegative integer, the expression (k + l)M{n• is 
algebraically equivalent to that for the expected value of the 
first-order s•atistic for a sample of size (k + 1 

To estimate M{n• -- E[X(I - F) k] from a sample of size n, 
where k is nonnegative, let xt, i = 1, ..-, n, denote the sample 
values in ranked order, smallest to largest. The estimate of 
M(nl, denoted as 2•r{n•, may be expressed as 

I • x,(l - F, • )• (4) 
where 0 < (1 - F,,,•) k < ... < (1 - F,:•)• _< I •' k. 

It can be shown [Landwehr et al, 1979] that for 

n- n-l) _ ,)/( (1 F,.n)n--( k 
TABLE 2. Specific Solution of Wakeby Parameters 

Parameter Expression 

'(NaC, - N•C,) + [(N•G - NaC•)'- 4(N•C: - NaC•)(NaG - NaC,.)] '/• 

(N, + b•:)/(N, + 

2(N:C8 - NsC:) 

[{3} - {2} - {1} + {0}]/4 

(/; +'l)(b'+ 2) {1} {0} _ • 
b"(b'+d) 2+/•- 1+/• 

,(1 - d)(2- d) I {0} 
d(b'+d) + l-d +rh 

Assume rn = 0 

cn_• 

Vm 

{k} 

j= 1,2,3 

j= 1,2,3 
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Step 

3a 

3b 

3c 

4a 

4b 

4c 

TABLE 3. Algorithm for Estimating Wakeby Parameters 

Assume Procedure 

m=O 

Vm 

m=0 

m=0 

m=0 

Vm 

Vm 

Determine parameter estimates from appropriate equations (m - 0) given 
in Table 2. Test for error conditions (see Table 1 ): if none hold, done; if 
any hold, go to step 2. 

Proceed as in step 1, except use appropriate formula (V m). If successful, 
done; otherwise, go to step 3a. 
Fix the number of iterations allowed. Set the increment to Ab and b = bmax. 
Go to step 3b. 

If the allowed number of iterations is exceeded, go to step 4a. If not, set 
b A equal to previous b A less Ab. If/5 falls below bmm, go to step 4a. 
Determine d, eS, d from the (m - 0) equations in Table 2. Test for error 
conditions 1 to 3; if none hold, go to Step 3c. If either condition 1 or 2 
holds, go to beginning of Step 3b to start next iteration. If only error 
conditions 3 holds, decrease the value of Ab by half and start new iteration 
at beginning of step 3b. 
Test for error conditions 4 and 5. If neither holds, done; otherwise go 
to step 4a. 

Proceed as in step 3a, but branch to step 4b (not 3b). 

Proceed as in step 3b, except use appropriate formula (V m) to compute 
rh, d, •, d. If number of allowed iterations is exceeded or b ' falls below bmm, 
then algorithm fails; otherwise, to to step 4c. 
If solution is obtained for which error conditions 1-3 do not hold, test for 
error conditions 4 and 5. If either error conditions 4 or 5 holds, the algorithm 
fails; otherwise, the algorithm succeeds. 

TABLE 4. Wakeby Distributions 

Parameters Statistical Characteristics 

Distribution a b c d # a Cv • )• 

WA-1 
WA-2 
WA-3 
WA-4 

WA-5 
WA-6 

1 16 4 0.20 1.94 1.34 0.69 4.14 63.74 
1 7.5 5 0.12 1.56 0.90 0.58 2.00 14.08 
1 I 5 0.12 1.18 1.03 0.87 1.91 10.73 
1 16 10 0.04 1.36 0.51 0.38 1.10 7.69 
1 1 10 0.04 0.92 0.70 0.76 1.11 4.73 
1 2.5 10 0.02 0.92 0.46 0.50 0.00 2.65 

TABLE 5. 

Parameter 

Mean •(f) and Standard Deviation b(f) of Estimates of Wakeby Parameters y - {m, a, b, c, d• 
and Algorithm Efficiencies • and •': n = 5 

WA-1 WA-2 WA-3 WA-4 WA-5 WA-6 

(-y= 4.14) (-y = 2.00) (-y= 1.91) (-y = 1.10) (-y= 1.11) (-y = 0.00) 

m 0 0 0 0 0 0 

•](ei) -0.03 -0.05 -0.04 -0.03 -0.03 -0.05 
o-(•) 0.15 0.17 0.15 0.14 0.12 0.14 

a 1 1 1 1 i 1 

•(a) 0.89 0.69 -0.50 0.98 -0.21 0.21 
b(tS) 3.77 1.17 24.06 2.09 15.32 13.00 

b 16 7.5 1 16 1 2.5 

•(b •) 25.33 20.95 23.57 17.96 22.83 17.62 
•(b •) 15.72 15.39 18.40 11.21 18.14 15.34 

c 4 5 5 10 10 10 

•(•) 0.63 -4.13 - 3.98 -0.09 - 2.53 - 1.09 
/r(•) 71.00 57.88 75.28 45.92 81.39 28.51 

d 0.20 0.12 0.12 0.04 0.04 0.02 

•(d) -0.02 -0.09 -0.20 0.06 -0.24 -0.26 
•(d) 0.40 0.47 0.51 0.43 0.52 0.60 

• 99.65 99.14 91.95 99.81 92.93 97.10 
•' 67.23 73.86 38.35 91.70 43.44 70.26 

where k is a nonnegative integer, the estimate 

1 n-• (n-i)/(n-1) = tc tc (6) 

is an unbiased estimate of Mn; i.e., E[Jf/n ] = Mn •' k. However, 
exploratory work With the Wakeby distribution when rn = 0, 
has shown that moderately biased estimates of the M(nl, for k 
9 0, provide a better performance of the algorithm, perhaps 
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TABLE 6. Mean •(f) and Standard Deviation &(f) of Estimates of Wakeby Parameters y = {m, a, b, c, d} 
and Algorithm Efficiencies • and •': n = 11 

WA-I WA-2 WA-3 WA-4 WA-5 WA-6 

Parameter (? = 4.14) (? = 2.00) (? = 1.91) (? = 1.10) (? = 1.11) (? = 0.00) 

m 0 0 0 0 0 0 

•(rh) -0.00 -0.02 -0.01 -0.01 -0.01 -0.02 
/r(rh) O. lO O. lO 0.06 0.09 0.05 0.07 

a I I I I I 1 

t•(d) 1.06 1.03 - 0.04 1.07 - 2.20 0.48 
r-(d) 0.47 0.88 9.33 0.31 490.96 2.98 

b 16 7.5 I 16 I 2.5 

t•(b •) 24.29 16.59 18.58 21.82 17.94 14.73 
b(b •) 16.39 14.65 17.95 14.93 17.62 14.98 

c 4 5 5 10 10 10 

•(•,) 1.39 -0.37 -4.21 -0.80 -3.81 - 1.19 
•(•) 77.71 51.28 68.28 36.53 51.30 22.52 

d 0.20 0.12 0.12 0.04 0.04 0.02 

•(d) O. 13 0.08 -0.08 O. 13 -0.15 -0.26 
•-(d) 0.32 0.41 0.46 0.34 0.49 0.66 

/• 100.00 99.98 98.57 100.00 98.75 99.72 
•' 73.61 86.79 52.61 87.16 55.71 75.07 

attributable to the nonlinear relations between the parameters 
and the M(k•. For k • 0, moderately biased estimates of 
may be obtained with Ft,n = F• V • k ) 0, where F• denotes the 
ith plotting position. Empirically, it has been determined that 

F• - (i - 0.35)/n (7) 

provides a better performance of the algorithm, particularly in 
reference to the upper quantile values x(F _> 0.50), than any of 
the more common definitions of plotting positions [see Stipp 
and Young, 1971]. Consequently, in the context of flood fre- 
quency analysis the estimate of M(n• was defined to be 

I • x•[(n - i + 0.35)/n1 n (8) 
It is noted that •t0•, the sample mean, is an unbiased estimate 
of M(o• -- E[X]. 

ALGORITHM PERFORMANCE 

To assess the performance of the algorithm in terms of its 
efficiency in obtaining acceptable solutions and resulting esti- 
mates of the parameters and specified quantiles, six Wakeby 

distributions, identified as WA-1, ... , WA-6, each with rn -0, 
were considered. 

The parameter values and the values of the statistical char- 
acteristics, the mean u, standard deviation a, coefficient of 
variation Cv, coefficient of skewness •r, and coefficient of kur- 
tosis, ?, for each of the Wakeby distributions [see Landwehr et 
al., 1978] are given in Table 4. For WA-I, ß ß ß , WA-5, • ) 1, a 
value typical of floods as well as of low flows. The distribution 
WA-6, for which •r = 0, was included to represent a limiting 
case on skewness for hydrologic extremes. 

Given the parameter values for a particular Wakeby distri- 
bution, a sequence of length n was generated by setting 

x =a[l -u ø]-c[l -u -a] (9) 

where u - 1 - F. The n values of u, where u is uniformly 
distributed on the interval [0, 1], were obtained with a uniform 
pseudorandom number generator [Lewis et al., 1969]. For 
each Wakeby distribution, n = 100,000 sequences of length n 
= 5 and n = 50,000 sequences of lengths n = 11, 31, and 51 
were generated. Of the n sequences the numbers for which 
noniterative, iterative, and no solutions were obtained were 

TABLE 7. Mean •(f) and Standard Deviation &(f) of Estimates of Wakeby Parameters y = {m, a, b, c, d} 
and Algorithm Efficiencies/• and •': n = 31 

m 0 0 0 0 0 0 

•(rh) 0.02 0.00 0.01 0.02 -0.01 -0.01 
$-(rh) O. 11 0.05 0.04 O. 13 0.03 0.04 

a I I I I I 1 

•(d) 1.01 1.07 0.36 1.01 0.31 0.68 
•-(d) 0.28 0.34 1.37 O. 17 2.03 0.72 

b 16 7.5 I 16 I 2.5 

•(/;) 21.17 10.97 16.84 18.99 16.41 11.17 
/r(/;) 13.68 9.08 17.76 11.85 17.44 13.68 

c 4 5 5 10 10 10 

•(•) 3.40 0.29 - 1.48 0.06 0.54 - 1.06 
•(•) 89.64 53.47 58.81 50.17 41.50 13.52 

d 0.20 0.12 0.12 0.04 0.04 0.02 

•(d) 0.16 0.13 -1.20 0.09 -0.12 -0.22 
•(d) 0.22 0.28 0.36 0.23 0.40 0.62 

• 100.00 100.00 99.96 100.00 99.96 100.00 
g' 87.07 98.37 63.84 95.18 65.15 84.33 

WA-I WA-2 WA-3 WA-4 WA-5 WA-6 

Parameter ('y = 4.14) ('y- 2.00) ('y- 1.91) (-•- 1.10) ('y-- 1.11) ('y = 0.00) 
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TABLE 8. Mean •(f) and Standard Deviation b(f) of Estimates of Wakeby Parameters y = {rn, a, b, c, d} 
and Algorithm Efficiencies • and •': n = 51 

WA-I WA-2 WA-3 WA-4 WA-5 WA-6 

Parameter (3'- 4.14) (3'- 2.00) (3' = 1.91) (3'- 1.10) (3' = 1.11) (3' = 0.00) 

m 0 0 0 0 0 0 

•(r•) 0.01 0.00 -0.01 0.01 0.00 -0.01 
•(rh) 0.08 0.02 0.03 0.09 0.02 0.03 

a I I I I I 1 
•(d) 1.00 1.05 0.49 1.01 0.41 0.76 
b(ti) 0.17 0.26 1.59 0.12 0.84 0.45 

b 16 7.5 I 16 I 2 

•(/;) 20.21 9.49 16.02 18.47 15.68 8.98 
b(/;) 11.89 6.38 17.78 10.09 17.48 12.04 

c 4 5 5 10 10 10 

•(•) 2.82 0.85 - 5.54 0.53 - 3.19 -0.99 
b(•) 81.92 52.86 75.64 46.64 46.91 12.20 

d 0.20 0.12 0.12 0.04 0.04 0.02 
t](d) 0.17 0.13 0.01 0.07 -0.10 -0.16 
b(d) 0.18 0.23 0.34 0.18 0.38 0.59 

• 100. O0 100. O0 100. O0 100. O0 100. O0 100. O0 
f' 92.55 99.72 68.84 97.87 69.71 89.03 

denoted as rt(1), rt(2), rt(3), respectively, where rt = rt(1) + rt(2) 
+ n(3). 

In relation to each Wakeby distribution and n, the perform- 
ance of the algorithm, based on the estimates of M(• defined 
by (8), was assessed in terms of the following measures: (1) • = 
100[rt(1) + n(2)]/n, the percentage of sequences yielding ac- 
ceptable solutions; (2) •' = 100rt(1)/[rt(l) + n(2)], the percent- 
age of acceptable solutions which are noniterative; (3) •(f), 
the mean of the estimates of y; (4) b(f), the standard deviation 
of the estimates of y; and (5) •(u - ,f) = y - •(f), the bias of 
the estimates of y; where ,f denotes an estimate of y = {m, a, 
b, c, d, x(F)} and where the tilde indicates that the means and 
standard deviations were derived from the particular out- 
comes for each of the rt sequences rather than analytically. 

. 

It is noted that 

(11) 

where rt* = rt( 1 ) + rt(2). 
For a particular Wakeby distribution and n = 11, 31, 51 and 

sets of rt(1) noniterative, rt(2) iterative, and rt(3) nonsolutions 
were assessed in terms of the condition of separation. Given 
the •(j),j = 0, 1, 2, 3, sequences, where rt(0) -- rt = rt(1) + rt(2) 
+ rt(3), the mean •j(q) and standard deviation b j(q) of the 

TABLE 9. Mean •(3;) and Standard Deviation tr(3;) Derived from Wakeby Sequences of Length n 

n(0) Sequences 
rt( 1 ) Sequences Yielding 
Noniterative Solutions 

Distribution n •(37) tr(37) •(37) 

2) Sequences Yielding 
Iterative Solutions 

Sequences Yielding 
No Solutions* 

•(•;) #(•) •(•;) #(•) •(¾) 

WA-1 

WA-2 

WA-3 

WA-4 

WA-5 

WA-6 

11 0.98 0.79 0.90 0.82 1.18 0.65 
31 1.69 0.93 1.71 0.96 1.54 0.68 
51 2.01 1.02 2.04 1.04 1.66 0.64 

11 0.58 0.79 0.56 0.79 0.70 0.69 
31 1.06 0.82 1.06 0.83 0.98 0.59 
51 1.26 0.84 1.26 0.84 1.09 0.43 

11 0.83 0.62 0.88 0.66 0.79 0.57 
31 1.24 0.66 1.33 0.69 1.09 0.56 
51 1.39 0.67 1.46 0.70 1.24 0.57 

11 0.39 0.87 0.30 0.87 0.97 0.63 
31 0.66 0.82 0.64 0.82 1.17 0.53 
51 0.78 0.75 0.77 0.76 1.16 0.46 

11 0.62 0.56 0.66 0.60 0.58 0.51 
31 0.87 0.48 0.92 0.51 0.77 0.42 
51 0.94 0.44 0.99 0.45 0.85 0.38 

11 -0.11 0.53 -0.12 0.55 -0.07 0.45 
31 -0.06 0.37 -0.05 0.38 -0.10 0.29 
51 -0.04 0.31 -0.04 0.31 -0.09 0.24 

0.25 0.33 

0.53 0.37 
0.60 0.19 

0.43 0.33 
0.49 0.18 

0.06 0.24 

*Values of •(•;) and tr(•;) not reported in cases where n(3) < 2. 
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Fig. 1. Mean •('•) versus standard deviatiOn d(,•) of estimates of skewness: n = 11. 
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Fig. 3. Mean •(•,) versus standard deviation (•(•) of estimates of skewness: n = 51. 
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estimates of the coefficient of skewness 7, where 

•(5) = n0.),=•St (12) 

•(?) = r/(j)•,:- •:(? (13) 
were determined and compared with the readily available 
mean •(•) and standard deviation •(•) of estimates of 
derived from • • •(0) = lffi,ffi0 log normal (LN)sequences of 
length n = 10, 30, 50 [see Matalas et al., 1975]. Although n(log 
normal) = n(Wakeby) - 1, little if any bias is introduced in 
the comparison. 

Algorithm Efficiency (Tables 5•) 

Over 'all points' in the experimental sample space, defined 
by the specific Wakeby distributions and the values of n, the 
algorithm succeeded in finding an acceptable solution a very 
large percentage of the time. When b or n is large, then the 
algorithm almost always yields an acceptable solution. The 
•rcentage • of acceptable solutions is, in general, greater than 
90 and very nearly 100 for b • 7.5, even for n = 5. For n = 11, 
• > 90%, and for n • 31, • = lffi%, regardless of the magni- 
tude of b. For these particular distributions the percentage of 
acceptable noniterative solutions f, that is, acceptable solu- 
tions for which • is calculated directly from the estimated 
probability weighted moments, also varies •th b. For b • 7.5, 
f > 70% for n = 5 and increases to f > 90% for n = 51. For b 
= l, f • 40% for n = 5 and increases to f • 70% for n = 51. 

Parameter Estimation (Tables 

In general, the quality of the parameter estimates is rather 
poor; the estimates tend to be highly biased and quite variable. 
The quality tends to improve, although not markedly, with n, 
particularly if b is large. It is noted that in some cases, •( ) 
and d( ) for the estimates of y = {a, c} are very large, 
particularly for n = 5. As may be seen by the equations for 
and •, •ven in Table 2, values of •, d, or (• + d) which are 
nearly equal to zero could yield exceedingly large values of • or 
•. Even if only one of the 1 •,• sequences gave an extremely 
large absolute value of • or •, very large values offS) and d•) 
could result. In the case of b, •(•) and d(•) are not overly 
sensitive to either b or n. 

Condition.of Separation ( Table 9, 
Figures 1-3) 

As was previously noted by Landwehr et al. [1978], se- 
quences derived from Wakeby populations with b > 1 are 
apparently characterized by the so-called condition of separa- 
tion; i.e., the points •(•), d(•)) lie above the log normal 
relation. (For the values of •(•) and d(•) defining the log 
normal realtion, see Matalas et al. [1975].) In particular, the 
WA-1, WA-2, and WA-4 (b > 7.5) sequences are collectively 
characterized by separation, whereas the WA-3, WA-5, and 
WA-6 (b • 2.5) sequences are not. 

For a particular WA where the •(0) sequences are character- 
ized by separation, the •(1) sequences yielding noniterative 
solutions are also characterized by separation, but the •(2) 
sequences yielding iterative solutions are not, with the ex- 
ception of those of length n = 11 for WA-2. 

On the other hand, for a particular WA where the •(0) 
sequences are not characterized by separation, neither are the 
•(1 ) iterative nor the •(2) noniterative sequences. However, in 
this case, the points •(•), •(•)) derived from the noniterative 
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sequences are nearer the log normal relation than are the 
points derived from all sequences, which in turn are nearer 
than the points derived from the iterative sequences. For all six 
WA distributions considered, the r/(3) sequences yielding no 
solution are not characterized by separation. 

Quantlie Estimation ( Tables 10-13) 

The quantiles x -- x(F) for values of F in the range [0.001, 
0.999] were estimated. Relative to each value of F, the bias •(x 
- .•) and standard deviation d(•) of the estimates were deter- 
mined. For values of F < 0.98 the quantile estimates are very 
nearly unbiased, •(x - •) • 0, becoming more so as n in- 
creases. For values of F _> 0.98 the quantile estimates are 
somewhat biased and become more so as F-, 1. In general, the 
bias decreases V F as the skewness decreases. For the upper 
quantiles (defined by F _> 0.5) d(•) increases with F. For the 
lower quantiles, d(•) decreases as F decreases. In general, •(•) 
decreases V F as n increases and as 'y decreases. 

Central Quantlie Estimation ( Table 14) 

Given a sample of size n, the median value is an estimate of 
the central quantile x -= x(F = 0.50). If n is odd, the median is 
the value'of rank order (n + 1)/2, and if n is even, the median 
is the average of the values of rank orders n/2 and (n + 2)/2. 
Under the assumption that the sample is from a Wakeby 
population the expected value and the variance of xt, the value 
of rank order i = 1, ... , n, are 

#[xt]=m+a-c-i(n){aB[i,n+b-i+ l] i 

- cB[i, n - d- i + 1]} (14) 

aO'[x,] = (m + a - c)" + i (n) {aO'B[i,n + 2b + 1 - i] ß 

l 

+ c ø'B[i,n-2d+ 1-i]-2(m+a-c) 

ß (aB[i,n +b+ 1 -i]-cB[i,n-d+ 1 -i]) 

-2acB[i,n +b-d+ 1 -i]}- (15) 

where B[ , ] denotes the beta function. 
From (14) and (15) the bias •(x - •) and standard deviation 

a(•) of the estimates (sample medians) of the central quantile 
may be derived. It is noted that the sample median is a very 
nearly unbiased estimate of the central quantile, as is the 
estimate derived from the use of the parameter estimation 
algorithm. However, the estimates based on the sample medi- 
ans are somewhat more variable than those based on the 

algorithm. 

SUMMARY AND CONCLUSIONS 

The derivation of the Wakeby parameters (m, a, b, c, d) in 
terms of probability weighted moments [Greenwood et al., 
1979] forms the basis of an algorithm for estimating the pa- 
rameters from a random sample of finite size n in the case 
where the lower bound m of the distribution is known. The 

algorithm is said to yield an acceptable solution if the parame- 
ter estimates define a proper distribution function such that 
the mean exists. If the forementioned derivation of the param- 
eters does not yield an acceptable solution, then a solution is 
sought by iterating on values of b but obtaining estimates of 
the other parameters according to the derivation. 

Although unbiased estimates of the probability weighted 
moments of order k _> 0 may be obtained, exploratory work 
indicated that moderately biased estimates yield better (less 
biased and more stable) estimates of the q.uantiles. Moderately 
biased estimates of the probability weighted moments were 
obtained by weighting xt, the sample value of rank order 
(smallest to largest) i = 1, ... , n, by (1 - Ft) •, where F• = 
(i- 0.35)/n. 

The performance of the algorithm was assessed in relation 
to six specific Wakeby distributions with skewness ranging 
from 0 to about 4 and samples of size n = 5, 11, 31, and 51. 
Monte Carlo experiments led to the following conclusions: 

1. A very large percentage of the time the algorithm yields 
a solution with n small, even if b is small, and almost always if 
n>11. 

2. The percentage of noniterative solutions increases with 
b, d, and n, in particular with b. For n > 11 the percentage is 
better than 70 if b > 1. 

3. The estimates of the parameters are highly biased and 
quite variable. 

4. For the WA distributions having large b the generated 
sequences are characterized by separation, as are the subset of 
sequences yielding noniterative solutions. Except for se- 
quences of length n = 11, all sequences yielding iterative 
solutions, as well as all sequences yielding no solutions, are not 
characterized by separation. 

5. For values off < 0.98 the estimates of the quantlies are 
very nearly unbiased. As F--, 1, the bias increases somewhat. 
The quantile estimates become less biased and more stable as 
the sample size n and the skewness •, decrease. 

6. Alternative to the use of the algorithm, the central 
quantile x(F = 0.5) may be estimated by the sample median. In 
either case the estimates are very nearly unbiased. However, 
the sample medians are somewhat more variable than the 
estimates derived by the use of the algorithm. 
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