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A comparison of unbiased and plotting-position estimators 
of L moments 
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Abstract. Plotting-position estimators of L moments and L moment ratios have several 
disadvantages compared with the "unbiased" estimators. For general use, the "unbiased'? 
estimators should be preferred. Plotting-position estimators may still be useful for 
estimating extreme upper tail quantiles in regional frequency analysis. 

Probability-Weighted Moments and L Moments 

Probability-weighted moments of a random variable X with 
cumulative distribution function F( ) and quantile function 
x( ) were defined by Greenwood et al. [1979] to be the quan- 
tities 

Mp,ra = E[XP{F(X)}r{1 - F(X)} s] 

{X(u)}PUr(1 -- U) s du. 

Particularly useful special cases are the probability-weighted 
moments 

12• r = M1,0, r = •01 (1 - u)rx(u) du, 

/3 r --- Ml,r, 0 = f01 urx(u) du. 

Certain linear combinations of probability-weighted mo- 
ments can be directly interpreted as measures of the location, 
scale, and shape of the probability distribution. These are the 
L moments, defined by Hosking [1990] to be the quantities 

1 •r -" X(U) Pr*-•(u) du. 

Here P*r(U) is the rth shifted Legendre polynomial, defined by 

Pr*(U) = E Pr,ld, l , 
k=0 

where 

r,k (_l)r_•½ r r + k ( 1)rW½(r + k) k k (k!)2(r- k)! 

L moments are given in terms of the probability weighted 
moments by 
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•r+l (--1) r • P* '- * -" r,k Ol k E p r,!•[J!•. 
k=0 k=0 

It is convenient to define dimensionless versions of L mo- 

ments; this is achieved by dividing the higher-order L moments 
by the scale measure h2. The L moment ratios •'r, r = 3, 
4, '", are defined by 

ß r-" •r/•2 ß 

L moment ratios measure the shape of a distribution indepen- 
dently of its scale of measurement. The ratios *3 ("L skew- 
ness") and *4 ("L kurtosis") are now widely used as measures 
of skewness and kurtosis, respectively [e.g., Schaefer, 1990; 
Pilon and Adamowski, 1992; Royston, 1992; Stedinger et al., 
1992; Vogel and Fennessey, 1993]. 

Estimators 

Given an ordered sample of size n, Xl: n • X2: n • ''' • 
X .... there are two established ways of estimating the proba- 
bility-weighted moments and L moments of the distribution 
from which the sample was drawn. Consider first the probabil- 
ity-weighted moment Ot r. Landwehr et al. [1979a] used the 
unbiased estimator 

n 

ar = n-' • (n -j)(n -j - 1)... (n -j - r + 1) (n - 1)(n - 5• :--(n - r) Xj:n' 
j=l 

Landwehr et al. [1979b] preferred the estimator 

Olr--- izl 

n 

-1E(1 Pj:n) j:n, 
j=l 

with Pj:n ---- (J - 0.35)/n. We call this a "plotting-position 
estimator" because Pi:n is a plotting position, a distribution- 
free estimator of the nonexceedance probability of xi: n. 

Estimators can similarly be obtained for the probability- 
weighted moments •r and for L moments and L moment 
ratios. For L moments, unbiased estimators are given by 

lr+l '- (--1) r E Pr*,lca!• ß 
k=0 

The analogous estimators of L moment ratios are 

tr-- lr/12; 
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these estimators are not exactly unbiased, but from their con- 
struction it is convenient to refer to them as "unbiased" esti- 

mators. Plotting-position estimators of L moments and L mo- 
ment ratios are given by 

Table 1. Annual Maximum Flows of the River Annan at 

Brydekirk, Scotland, 1967-1982 

Maximum Flow, 
Year m3s -1 

/•r+l = (-- 1) Z P r,k Ol k , T r = AriA2. 
k=0 

Unbiased and plotting-position estimators are asymptoti- 
cally equivalent in large samples: the difference between them 
is of stochastic order n- 1. The question of which is preferable 
in practice therefore depends on the estimators' properties in 
small and moderate samples. 

Landwehr et al. [1979b] recommended plotting-position es- 
timators of probability-weighted moments because when used 
to fit the Wakeby distribution they gave more accurate esti- 
mates of the upper tail quantiles. Hosking et al. [1985b] and 
Hosking and Wallis [1987] reached the same conclusion for the 
generalized extreme value and generalized Pareto distribu- 
tions, respectively. These authors were principally concerned 
with "floodlike" distributions having •2/•1 (the L moment 
analogue of the usual coefficient of variation) and % both in 
the approximate range 0.1 to 0.3. 

More recently, L moments have found other applications: as 
summary statistics of data samples [Hosking, 1990], as a tool 
for identifying the appropriate distribution to fit to a data set 
[Chowdhury et al., 1991; Hosking and Wallis, 1993; Guttman et 
al., 1993] and in the fitting of distributions to data, such as 
monthly precipitation totals, that are much less skew than 
annual maximum flood data [Guttman et al., 1993]. For these 
applications, plotting-position estimators have some undesir- 
able properties, which we discuss in the following sections. 
Furthermore, the advantages of plotting-position estimators 
over unbiased estimators for quantile estimation are slight, 
except in some regional frequency analyses. We therefore con- 
clude that for general use, unbiased estimators are preferable 
to plotting-position estimators. The only exception is the esti- 
mation of extreme upper tail quantiles in regional frequency 
analysis: here the plotting-position estimators sometimes out- 
perform the unbiased estimators. 

Our discussion of plotting-position estimators concentrates 
on the estimators based on the plotting position Pi:n = (J -- 
0.35)/n and denoted by '•r and •'r' The same general princi- 
ples, however, apply to any reasonable choice of the plotting 
position Pj:n, and in particular to any plotting position of the 
form Pj:n = (J + T)/(n + /5)with /5 > y >-1; when 
emphasizing that a result is valid for any such estimator, we 
denote the plotting-position estimators by ,•r[•/, /5] and 
•r['Y, /5]' 

Invariance Under Location Shift 

If a constant is added to each data value, it is desirable that 
the estimate of a distribution's location parameter should in- 
crease by the same constant while the estimates of scale and 
shape parameters of the distribution remain unchanged. This is 
the case for unbiased estimates of probability-weighted mo- 
ments and L moments, but is not true for plotting-position 
estimators. 

This lack of invariance of plotting-position estimators has 
been noted by Landwehr et al. [1979b, equation (12)] and 
Hosking [1986a, p. 23] and illustrated by Sinclair and Ahmad 

1967 453.3 

1968 268.4 

1969 307.4 

1970 257.4 
1971 250.6 

1972 260.9 
1973 150.5 

1974 263.6 

1975 256.3 
1976 214.5 

1977 474.0 

1978 308.5 

1979 285.7 

1980 256.1 
1981 306.5 

1982 390.2 

[1988] and Fill and Stedinger [1995]. The effect can be signifi- 
cant in small samples. As an example, we use Sinclair and 
Ahmad's example data set of 16 annual maximum flows of the 
river Annan at Brydekirk, Scotland, 1967-1982. The data are 
listed in Table 1. For this data set the plotting-position esti- 
mators are •2 = 47.1, •'3 = 0.227, and •'4 = 0.323. If a constant 
value of 250 is subtracted from each data value, the plotting- 
position estimators change to X2 = 42.4, •'3 = 0.261, and •'4 = 
0.248. The differences between these values are clearly sub- 
stantial. For comparison, the "unbiased" estimators are l 2 = 
44.4, t 3 = 0.241, and t 4 ---- 0.315. 

Impossible Values 
A hitherto unremarked aspect of the lack of invariance of 

plotting-position estimators is that for some sample configura- 
tions the plotting-position estimators of L moments can take 
numerical values that would be impossible for the population 
L moments of any distribution. For example, consider X2[•/,/5]. 
It is straightforward to show that 

n-1 1+27-/5 
X2[T, /5] = 12 + l•. 

Unless 1 + 23, -/5 = 0 (in which case the plotting position is 
symmetric, withp•:n - Pn--i+ •:n), •2[•/, /5] can take negative 
values. For example, for a sample of size n = 20 that has l• = 
-100 and l 2 = 1, we would have •2 - -0.55. It is clearly 
unsatisfactory for a scale estimator to be able to take negative 
values. 

One can similarly construct samples for which •-3 > 1. 

Bias 

The most important practical disadvantage of plotting- 
position estimators is their bias, which except for a fairly nar- 
row range of parent distributions can be disturbingly high. For 
example, the estimator •-3 has low bias when the population 
value of •-3 is near 0.2, but its bias is large enough to be of 
practical concern in small and moderate samples drawn from 
distributions with •-3 not close to 0.2. 

Figure 1 illustrates the bias of estimators of L skewness and 
L kurtosis for sample size n = 20. Bias is shown for both the 
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Figure 1. Bias of sample L skewness and L kurtosis statistics for sample size 20, for (a) plotting-position 
estimators and (b) unbiased estimators. Arrows lead from the population values to the mean of the sample 
statistics. Solid lines are the population L skewness-L kurtosis relationships for the generalized logistic 
(GLO), generalized extreme value (GEV), and generalized Pareto (GPA) distributions. Results are based on 
simulated samples drawn from kappa and Wakeby distributions. 

plotting-position estimators •3 and •4 and the unbiased esti- 
mators t 3 and t4. Bias is shown graphically, by arrows that lead 
from the population values '3 and '4 to the means of the 
sample estimators. Results are based on 10,000 simulations of 
distributions with fixed values of X• = 1 and X2 = 0.2, and ,1- 3 
and *4 taking values at intervals of 0.05 over the range 0 <- •'3 
<- 0.5, 0 <- *4 <- 0.3. The parent distributions are kappa distri- 
butions when there exists a kappa distribution with the given *3 
and *4 values, i.e., for all points on or below the "GLO" line *4 
- (5,32 + 1)/6 in Figure 1, and Wakeby distributions otherwise. 
The kappa distribution is a four-parameter distribution that 
includes the generalized logistic, generalized extreme value, 
and generalized Pareto distributions as special cases [Hosking, 
1994]. Biases could of course be different for samples drawn 
from other parent distributions. Similar graphs would be ob- 
tained for other sample sizes; both unbiased and plotting- 
position estimators have bias approximately proportional to 
n- • for n -> 20. The graph also shows the population L 
skewness-L kurtosis relationships for the generalized logistic, 
generalized extreme value, and generalized Pareto distribu- 
tions. 

It is clear that the plotting-position estimators in general 
have much higher bias than unbiased estimators: the arrows in 
Figure la are much longer than those in Figure lb. The plot- 
ting-position estimators perform better only in a small area 
centered at *3 = 0.15, *4 = 0.25, corresponding to distributions 
that are of little relevance for most hydrological applications. 
Two features of the bias of plotting-position estimators are 
particularly disturbing. The plotting-position estimator of L 
skewness has considerable bias when *3 is small, compromising 
its usefulness for inference about distributions that are sym- 
metric or only slightly skew. The plotting-position estimator of 
L kurtosis has large positive bias over most of the area of the 
L moment ratio diagram that corresponds to distributions use- 
ful in hydrology. This may make inferences based on this sta- 
tistic very unreliable. 

The bias in the plotting-position estimator X4 is so severe 
that it can lead to inaccurate inferences when L moments are 

used as a basis for deciding which distribution should be fitted 
to a given data set. As an example, we consider a set of annual 
maximum rainfall data from Washington State. Schaefer [1990] 
has analyzed an earlier version of the same data set. Data for 

the 2-hour-duration annual maxima are available for 118 gag- 
ing sites, with record lengths varying from 7 to 46 years and 
averaging 31 years. As in Schaefer's analysis, the 118 sites were 
divided into 13 regions, each region representing a different 
range of mean annual precipitation. Region sizes varied from 
5 sites with 176 station years of data to 13 sites with 392 station 
years of data. The regional averages of L skewness and L 
kurtosis for the 13 regions, calculated using both unbiased and 
plotting-position estimators, are shown in Figure 2. Figure 2 
also shows the L skewness-L kurtosis. relations for the gener- 
alized logistic, generalized extreme value, and generalized Pa- 
reto distributions. Using plotting-position estimators, the re- 
gional average points cluster around the "GLO" line, 
suggesting that a generalized logistic distribution would give a 
good fit to the data. Using unbiased estimators, the regional 
average points cluster equally strongly around the "GEV" line, 
suggesting that a generalized extreme value distribution is ap- 
propriate. Quantile estimates in the upper tail of the distribu- 
tion are higher when the generalized logistic distribution is 
fitted using plotting-position estimators than when the gener- 

0.3- ß Plotting-position estimators • 
o "Unbiased" estimators •• 

o 
o o 

0.1- 

0.0 •p•, . , . , 
0.0 0.1 0.2 0.3 0.4 

L-skewness 

Figure 2. Regional average L skewness and L kurtosis of 
annual maximum 2-hour-duration rainfall, for 13 regions in 
Washington State. Solid lines are the population L skew- 
ness-L kurtosis relationships for the generalized logistic 
(GLO), generalized extreme value (GEV) and generalized Pa- 
reto (GPA) distributions. 



2022 HOSKING AND WALLIS: COMPARISON OF L MOMENT ESTIMATORS 

Table 2. Bias and Root-Mean-Square Error (RMSE) of 
Estimated Quantiles of the Wakeby Distribution 

PP Unbiased 

F x(F) Bias RMSE Bias RMSE 

WA-1 (0• = 0, 02 = 16, 03 = 16, 04 = 0.8, 0s = 0.2) 
0.01 0.16 0.04 0.31 0.02 0.35 
0.1 0.90 -0.02 0.14 -0.01 0.15 
0.5 1.59 0.02 0.12 0.02 0.12 
0.9 3.34 -0.04 0.44 -0.05 0.44 
0.99 7.05 -0.08 2.00 -0.08 2.04 
0.999 12.92 1.02 8.60 1.42 9.44 

WA-2 (0x = 0, 02 = 7.5, 03 = 7.5, 04 = 0.6, 0s = 0.12) 
0.01 0.08 0.00 0.18 -0.06 0.24 
0.1 0.61 0.02 0.15 0.03 0.16 
0.5 1.43 0.00 0.10 0.00 0.10 
0.9 2.59 -0.02 0.28 -0.02 0.28 
0.99 4.69 0.01 1.06 -0.04 1.10 
0.999 7.45 0.77 4.05 0.74 4.46 

WA-4 (0x = 0, 02 = 16, 03 = 16, 04 = 0.4, 0 s = 0.04) 
0.01 0.15 0.03 0.25 -0.04 0.32 
0.1 0.86 -0.02 0.13 0.01 0.13 
0.5 1.28 0.01 0.05 0.01 0.05 
0.9 1.96 -0.01 0.15 -0.01 0.15 
0.99 3.02 0.07 0.51 0.01 0.53 
0.999 4.18 0.50 1.71 0.32 1.78 

Results are based on 50,000 simulated samples of size 50 from 
Wakeby distributions WA-1, WA-2, and WA-4 of Landwehr et al. 
[1979b]. Estimation is by the method of L moments using plotting- 
position estimators (PP) or unbiased estimators; x(F) is the true value 
of the quantile with nonexceedance probability F. 

alized extreme value distribution is fitted using unbiased esti- 
mators, the difference being 5%, 21%, and 47% at return 
periods of 100, 1000, and 10,000 years respectively. Given the 
much lower bias of the unbiased estimators, we judge that it is 
the generalized extreme value distribution that is most likely to 
fit the data well and that the use of plotting-position estimators 
is likely to lead to an erroneous decision about which distri- 
bution should be fitted to the data. 

Quantile Estimation From a Single Sample 
We now reconsider the advantage of plotting-position esti- 

mators for quantile estimation, by repeating, with small varia- 
tions, some of the simulation experiments of Landwehr et al. 
[1979b] and Hosking et al. [1985b]. 

The Wakeby distribution, in the parametrization used by 
Hosking [1986b] and Kotz and Johnson [1988, pp. 513-514], has 
quantile function 

02 03}_ 04 -05} x(u) = O1+ - - u) - - u) . 
Its five parameters can be estimated by the algorithm of Land- 
wehr et al. [1979b] on the basis of probability-weighted mo- 
ments. Here, however, we use the algorithm of Hosking [1991], 
which is similar to that of Landwehr et al. [1979b] but is ex- 
pressed in terms of L moments rather than probability- 
weighted moments, does not impose Landwehr et al.'s arbi- 
trary restriction on the range of the parameter 03, and fits a 
three-parameter generalized Pareto distribution if no Wakeby 
distribution is compatible with the sample L moments. Table 2 
gives the bias and root-mean-square error (RMSE) of Wakeby 
quantiles estimated from a sample of size 50 using both plot- 

ting-position and unbiased estimators. Results are based on 
50,000 simulated samples from each of the distributions WA-1, 
WA-2, and WA-4 considered by Landwehr et al. [1979b]; Land- 
wehr et al.'s other three distributions are of less interest in 

hydrology, since they all have a large value of the probability 
density at the lower end point of the distribution. The differ- 
ences between the two estimators are negligible in the body of 
the distribution and generally small in the tails: plotting- 
position estimators have at most a 10% advantage in RMSE, at 
the 0.999 quantile. 

The generalized extreme value distribution has quantile 
function 

x(u) = • + 0{• - (-•og u)•}/l•. 

We repeated the simulation experiment of Hosking et al. 
[1985b], using generalized extreme value distributions with 
shape parameter k between -0.4 and 0.4 and sample sizes 
between 15 and 100; however, the parameters • and 0 were 
chosen to give distributions with mean h• = 1 and L scale A2 = 
0.2, more typical of hydrologic practice than Hosking et al.'s 
values • = 0, 0 = 1. As was noted by Sinclair and Ahmad 
[1988], a different choice of • and 0 will affect the bias and 
RMSE of plotting-position estimators because of their lack of 
invariance under location shift. Table 3 gives a typical set of 
results, based on 10,000 simulated samples for the case with n 
= 50 and k = -0.2. Differences between plotting-position 
estimators and unbiased estimators are small. Similar results 

were obtained for other values of n and k. In particular, using 
unbiased rather than plotting-position estimators does not af- 
fect the superiority of the L moments over maximum likeli- 
hood as a method for estimating quantiles in the upper tail of 
the distribution when k -< 0.2 and n -< 50. 

Quantile Estimation From Regional Data 
L moments and probability-weighted moments have often 

been used in the index-flood method for regional frequency 
analysis. Among published studies, plotting-position estima- 
tors of L moments were used by Wallis [1980, 1982], Hosking et 
al. [1985a], Wallis and Wood [1985], Lettenmaier et al. [1987], 
Hosking and Wallis [1988], Schaefer [1990], and Pilon and Ad- 
amowski [1992] and were recommended by the World Meteo- 
rological Organization [1989]. Unbiased estimators were used 
by Greis and Wood [1981], Lettenmaier and Potter [1985], Boes 
et al. [1989], Jin and Stedinger [1989], Potter and Lettenmaier 
[1990], and Pearson [1993] and were recommended by Ste- 
dinger et al. [1992]. 

We ran some simulation experiments to see how the choice 
of plotting-position estimators or unbiased estimators of L 
moments affected the accuracy of quarttile estimates obtained 
from the index-flood method. As with single-site estimation, 
the general conclusion is that the use of plotting-position es- 
timators rather than unbiased estimators offers little advan- 

tage. However, there are exceptions: when estimating extreme 
upper quantiles of distributions with high skewness, particu- 
larly when fitting a Wakeby distribution, the plotting-position 
estimators can have substantially lower bias and RMSE than 
the unbiased estimators. 

We provide some illustrative results, drawn from simulation 
experiments using the following index-flood procedure, similar 
to those described by Wallis [1982] and Stedinger et al. [1992, p. 
18.34]. For each site i in the region, i = 1, ..., N, rescale the 
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Table 3. Bias and Root-Mean-Square Error (RMSE) of Estimated Parameters and Quantiles of the Generalized Extreme 
Value Distribution 

PP Unbiased MLE 
Parameter or True 

Quantile Value Bias RMSE Bias RMSE Bias RMSE 

• 0.810 0.000 0.038 0.002 0.038 0.002 0.038 
0 0.231 0.004 0.033 - 0.000 0.033 -0.006 0.031 
k -0.200 0.027 0.123 0.023 0.129 0.002 0.132 

x(0.001) 0.440 -0.020 0.064 -0.011 0.066 0.006 0.056 
x(0.01) 0.506 -0.014 0.046 -0.006 0.048 0.006 0.042 
x(0.1) 0.633 -0.005 0.031 -0.001 0.031 0.005 0.030 
x(0.2) 0.705 -0.002 0.031 0.001 0.031 0.004 0.032 
x(0.5) 0.898 0.001 0.046 0.001 0.046 0.000 0.045 
x(0.8) 1.214 0.000 0.081 -0.005 0.081 -0.006 0.081 
x(0.9) 1.467 -0.004 0.128 -0.011 0.128 -0.007 0.134 
x(0.99) 2.55 0.00 0.57 -0.01 0.58 0.07 0.68 
x(0.999) 4.25 0.15 1.99 0.19 2.12 0.56 2.68 

Results are based on 10,000 simulated samples of size 50. Estimation methods are L moments via plotting-position estimators (PP), L 
moments via "unbiased" estimators (unbiased), and maximum likelihood (MLE). 

site's data by dividing by the site i sample mean 17 ). Calculate 
the weighted average over all sites in the region, the weighting 
being proportional to the record length, at each site, of the L 
moment ratios l•, 12, t3, t 4 and t 5 of the rescaled data. Use 
these regional average L moment ratios to fit a distribution; let 
x R ( ) be the fitted quantile function. Estimate the quantile of 
nonexceedance probability F at site i by l(•i)xR(F). 

Our first example shows a case in which plotting-position 
estimators perform well. The region contains 21 sites, whose 
true frequency distributions are independent identical gener- 
alized extreme value distributions with X• - 1, •2 = 0.2, and ,1- 3 
= 0.25, corresponding to a shape parameter k = -0.121. 
Record lengths at the sites are 10, 11,---, 30. Table 4 sum- 
marizes the results of 10,000 simulations of this region. The 
tabulated quantities, "average relative bias" and "average rel- 
ative RMSE," are the bias and RMSE of quantile estimates, 
divided by the true quantile value and averaged over all sites in 
the region. When a generalized extreme value distribution is 
fitted in the regional analysis, the bias and RMSE of quantile 
estimates do not depend much on whether unbiased or plot- 
ting-position estimators are used; plotting-position estimators 
have lower RMSE for estimating quantiles in the upper tail, 
but even at F = 0.999, the 1000-year event, their advantage is 
less than 10%. However, when a Wakeby distribution is fitted, 
the situation is different. For estimating upper tail quantiles 
the plotting-position estimators perform almost as well as 
when the correct, generalized extreme value, distribution was 

fitted, whereas the performance of the unbiased estimators is 
significantly degraded: the RMSE of the unbiased estimator of 
the 1000-year event is over 30% higher than that of the plot- 
ting-position estimator. While the unbiased estimators per- 
form reasonably well for this region when the true distribution 
has been identified, they are less robust than the plotting- 
position estimators to misspecification of the frequency distri- 
bution. 

Our second example is for a region with low skewness, cho- 
sen to be representative of the annual total rainfall data ana- 
lyzed by Guttman et al. [1993]. The region contains 10 sites, 
whose true frequency distributions are independent identical 
Pearson type III distributions with X• = 1, X 2 0.12, and ,1- 3 = 
0.06. Record lengths at the sites are 70, 74, ---, 106. Table 5 
summarizes the results of 10,000 simulations of this region; 
again, the tabulated quantities are the average relative bias and 
average relative RMSE of quantile estimates. When the cor- 
rect distribution is used in the fitting procedure, the unbiased 
estimates are slightly preferable to the plotting-position esti- 
mators: the unbiased estimators have almost no bias and a 

slightly lower RMSE. When a Wakeby distribution is fitted, the 
plotting-position estimators give better results for the extreme 
tail quantiles. However, use of the Wakeby distribution here 
provides only limited robustness: the RMSE of the best 
Wakeby fit at the 0.999 quantile is 30% higher than that of the 
best PE3 fit. 

Table 4. Simulation Results for a Region With High L Skewness 

GEV Fit Wakeby Fit 

PP Unbiased PP Unbiased 
True 

Quantile Value Bias RMSE Bias RMSE Bias RMSE Bias RMSE 

x(0.01) 0.463 -0.057 0.110 -0.024 0.102 -0.149 0.175 0.019 0.118 
x(0.1) 0.617 -0.020 0.092 -0.004 0.092 -0.023 0.095 -0.017 0.094 
x (0.9) 1.477 0.007 0.095 -0.002 0.094 0.007 0.096 0.002 0.096 
x(0.99) 2.386 -0.014 0.108 -0.026 0.112 0.007 0.109 -0.029 0.116 
x(0.999) 3.568 -0.042 0.139 -0.053 0.150 -0.029 0.144 -0.085 0.189 

The region, fully specified in text, has 21 sites, each with identical generalized extreme value frequency distributions. Tabulated results are 
average relative bias (bias) and average relative root-mean-square error (RMSE) of estimated quantiles from regional analysis. Results are based 
on 10,000 simulations of the region. Fitted distributions are generalized extreme value (GEV) and Wakeby. Estimation is by an index-flood 
procedure based on L moments estimated by plotting-position estimators (PP) or "unbiased" estimators. 
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Table 5. Simulation Results for a Region With Low L Skewness 

PE3 Fit Wakeby Fit 

PP Unbiased PP Unbiased 
True 

Quantile Value Bias RMSE Bias RMSE Bias RMSE Bias RMSE 

x(0.01 ) 0.570 -0.004 0.035 - 0.001 0.036 0.020 0.038 0.042 0.055 
x (0.1) 0.738 -0.005 0.025 0.000 0.024 -0.022 0.033 -0.015 0.029 
x(0.9) 1.282 0.004 0.024 0.000 0.024 0.006 0.024 0.005 0.024 
x ( 0.9 9 ) 1.564 0.010 0.029 0.000 0.027 0.021 0.036 -0.008 0.030 
x(0.999) 1.793 0.014 0.035 0.000 0.032 0.005 0.043 -0.054 0.067 

The region, fully specified in text, has 10 sites, each with identical Pearson type III frequency distributions. Tabulated results are average 
relative bias (bias) and average relative root-mean-square error (RMSE) of estimated quantiles from regional analysis. Results are based on 
•0,000 simulations of the region. Fitted distributions are Pearson type III (PE3) and Wakeby. EstimatiOn is by an index-flood procedure based 
on L moments estimated by plotting-position estimators (PP) or "unbiased" estimators. 

Conclusions 

Plotting-position estimators were originally recommended 
and tested for quantile estimation in distributions with high 
coefficient of variation and skewness. Current uses of L mo- 

ments involve a wider range of applications and distributions. 
For these uses, plotting-position estimators have three impor- 
tant disadvantages. The estimators Xr, r --> 2, are not invariant 
when a constant is added to each data value; the estimators Xr, 
r --> 2, can take values that are impossible for the population 
L moments Xr; and over a wide range of population distribu- 
tions, the skewness and kurtosis measures •' 3 and •'4 have much 
higher bias than do the unbiased estimators t 3 and t 4. The bias 
in the plotting-position estimator of kurtosis is so large that it 
can easily lead to an incorrect decision about which distribu- 
tion is appropriate for fitting to a given data set. We therefore 
conclude that when the population L moments are of interest 
in themselves, rather than as an intermediate step toward the 
estimation of the distribution's quantiles, unbiased estimators 
are greatly superior to plotting-position estimators, and the use 
of plotting-position estimators should be discontinued. 

For estimation of quantiles based on a single data sample, 
plotting-position estimators have only slight advantages over 
"unbiased" estimators. It is questionable whether the advan- 
tages of plotting-position estimators are sufficient to justify 
their use. 

One situation remains in which the plotting-position estima- 
tors may be preferable: the estimation of extreme upper tail 
quantiles when several data samples are combined in a re- 
gional frequency analysis. Even here the unbiased estimators 
are likely to perform better when the at-site frequency distri- 
butions have low skewness and the true distribution can be 

identified. No general rule seems possible' the choice of which 
estimators to use must depend on the investigator's judgement. 
Our personal preference is to use plotting-position estimators 
only when using a Wakeby distribution to estimate extreme 
upper tail quantiles in a regional frequency analysis and to use 
unbiased estimators under all other circumstances. 

Our conclusions assume that root-mean-square error is an 
appropriate criterion for accuracy of estimates. If an asymmet- 
ric loss function is appropriate, as in quantile estimation when 
underdesign is more to be avoided than overdesign, different 
conclusions may be reached. 
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