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Eight years of summer storm rainfall observations from 93 stations in and around the 154 km 2 Walnut 
Gulch catchment of the Agricultural Research Service, U.S. Department of Agriculture, in Arizona are 
processed to yield the total station depths of 428 storms. Statistical analysis of these random fields yields 
the first two moments, the spatial correlation and variance functions, and the spatial distribution of total 
rainfall for each storm. The sample is then split, and half is used to estimate, for each storm day, the 
distributions of the three parameters of each of the three conceptual spatial Poisson process models 
proposed previously by Rodriguez-Iturbe et al. (1986). The absolute and relative worth of the three 
Poisson models are evaluated by comparing their prediction of the spatial distribution of storm rainfall 
with observations from the second half of the sample. The effect of interstorm parameter variation is 
examined. 

INTRODUCTION 

There is a long-standing deficiency in hydrologic technique 
for handling the unresolved spatial variability of storm pre- 
cipitation. This is due of course to a lack of detailed under- 
standing of the dynamics of storm structure and life cycle, 
which iS in turn constrained by a scarcity of spatially distrib- 
uted observations. 

Hydrologist• wish to be able to express the space-time field 
of precipitation rate in terms of observed or forecast mesoscale 
atmospheric variables. This holds the promise of significant 
improvement in short-range hydrologic forecasting (see, for 
example, Georgakakos and Bras [1984a, b]). The most opti- 
mistic fu•ture capability would certainly involve a blend of 
determinism for the known physical processes at resolved 
scales, with stochastic descriptions for the uncertain and unre- 
solved. 

At the present state o.f development, however, we must rely 
predominately on statistics and ask for generic probabilistic 
space-time distributions of storm precipitation. We gain econ- 
omy in such descriptions by imbuing the storm field with a 
generic conceptual structure, such as is discussed by Waymire 
and Gupta [1981] and Waymire et al. [1984]. It is models of 
this type that will be applied here. 

The spatial variability takes place at various scales of hy- 
drologic interest. First, at catchment scale, is the so-called 
"coverage" problem dealing with the area of overlap of the 
storm field and catchment areas. This has been treated statis- 

tically b.y Eagleson and Wang [1985] and is called the catch- 
ment storm area. Second, at subcatchment scale, is the patchi- 
ness of rainfall within the storm field. For stationary rain- 
storms th e' spatial variability of total storm rainfall within the 
catchment storm area has been modeled conceptually by 
Rodriguez-Iturbe et al. [1986]. It is this model that will be 
evaluated here, using observations of summer thunderstorms 
from the dense rain gage network operated by the Agricultural 
Research Service of the U.S. Department of Agriculture in 
Walnut Gulch, Arizona. 

THEORETICAL BACKGROUND 

General 

The model [Rodriguez-lturbe et al., 1986] represents total 
rainstorm depth as the sum of the separate precipitations con- 
tributed by stationary storm cells, as is sketched in Figure 1. 
The precipitation due to each cell has the maximum value • (a 
random variable) at the cell center (position z) and decays in 
an axially symmetric fashion with increasing distance from the 
center. The cell depth at position x is thus defined by a spread 
function g(x, z, •), where •g(x, z, •) equals the preci•pitation at x 
due to a cell centered at z, and f(•) equals the probability 
density function (pdf) of the center depth •. 

The cell centers are assumed to be distributed over the 
entire two-dimensional plane R 2 according to a two- 
dimensional Poisson process of density )•(ar6a-•). This allows 
us to sum the contributions of all cells in R 2 to get the total 
storm rainfall Y at point x, 
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Y(x) = )• fR g(x, z, 6) dN(z) 2 

(1) 

where dN(z) represents the number of cells in a space dz 
around z. 

We are interested in the following descriptors of the random 
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Fig. 1, Definition sketch of rain cell. 

field Y(x)' 

M•an 

j-. [J'o' EEY] = • ½(x, z, 00f(00 d0• dz 

Varianc• 

•- ,• f, E.•(x, z, •)] dz (2) 

var [Y3 -= or 2 --' •. ;. E.[g2(x, z, •)3 dz (3) 
Covariance 

coy [Y(x,), Y(x•)] =,• I. E.[g(x,, z, •)g(x,_, z, •)] dz (4) 
Variance Function 

•A) = •/• (5) 

where • is the varian• of the average of Y over an arbi- 
trary region of aroa A. 

, 

Spatial Distribution 

•) = (w) dw (6) 

where fr(w) is the •f of Y, and F•y) represents the fraction of 
the total area covered by depth Y < y. The density function is 
obtained (in principle at least) by inverting the Characteristic 
functi0n • , 

Spread Functions 

Three distinct spread functions will be tested' 
, 

Model 1 (quadratic exponential) 

g•(x, z, •) = • exp (- 

Model 2 (simple exponential) 

(8) 

and 

{?,_(x, z, a) = • exp (-ar) (9) 

Model 3 (linear) 

g•(x, Z, •) ---- • -- ar 

g s(x, z, •) = 0 

0 < r < 
(lO) 

otherwise 

where 

r- IIx- zll (11) 

Notice that model 3 is the only model for which zero rainfall 
is possible. 

We now give the desired characteristics for each model 
under the assumption that 

where 

f(•z) = ,tY e•p (-,tY•) (12) 

/Y-' = E[•] --- #. 

and with the definition 

(13) 

0 = (14) 2a •- 

For details of the derivations see Rodriguez-lturbe et al. 
[!987]. In the covariance expressions the distance between 
any two arbitrary points is designated by v. 
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Fig. 3. Average monthly rainfall: gage 29, 1955-1977. 

Model 1 

where 

f•(y) = • 
r(o) 

exp (--fly) 

ElY] = 

g¾2 = 0•,,2 

cov rv] = 0#• 2 exp (-a2v 2) 

1 [exp(--a2A) --1]} 2 erf (aA ,/2) + a2• 

Model 2 

fdy) 

(16) 

(17) 

(18) 

(19) 

2fl(2fiy) 8ø-' 
r(8o) 

exp (-- 2fly) 

EEY] = 40#0 , 

o'r2= 20#• 2 

2[ ¾ ¾2 ] COV Iv] = z•,;I./z•, • K i(av) + -•- Ko(aV ) 

y(A) = {3.• [K,(aA,/2)Lo(aA,/2 ) + Ko(aA,/2)L,(aA,/2) ] 
8 

aA ,/2 8}2 KI(aA1/2) + 4Kø(aA1/2) -- a-•A 

3OO 

250 

c 
o 200 

..D 

rE3 150 

O 

co 100 

> so 

Feb I'1or Rpr- 1'1o.9 Jun JuL Rug Sep Oct. Nov 

Fig. 4. Average shower duration' gage 29, 1955-1977. 
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Fig. 5. Shower starting time: gage 29, July-September, 1955-1977. 

where K,• ) is the modified Bessel function of order i, and 
L,• ) is the Struve function of order i. 

Model 3 

fr(Y) = exp (--40/1•2){6(y) + 2[O/(l•y)] •12 

ß exp (--l•y)l,[4(Oy/l•)'/2]} (25) 

where 6(y) is the Dirac delta function, and 

•o (Z/2)2t• +, 
(; 7 ;, (26) 

E[Y] = 40•, 3 (27) 

•r: = 80• • (28) 

COV Iv] • a• 
1 

'exp(--a"v/2)[•+(•)a+•(•) a] 

+ •o•)exp(--aflv/2)•• 
1 3 

?(A) = {[1 + 0.03392 a•A] •/: 
• (1 + 0.•266 a•fl•A•]t/•} •/• ß 1 + 0.03392 a•A 1 + 0.03392 a••J3 (30) 

CHARACTERISTICS OF THE DATA 

Figure 2 shows the topography of the experimental catch- 
ment along with the location of the 93 rain gages. Examina- 

tion of the 22-year record at gage 29 gives the seasonality in 
monthly rainfall and shower duration shown in Figures 3 and 
4, respectively. On this basis the season for summer air mass 
thunderstorms is taken as June 1 to September 30, and only 
storms from these months are considered. 

The seasonal trend in average monthly rainfall is due to 
seasonality in both the number of showers and the average 
storm depth [Fennessey et al., 1986a], but 90% of the variance 
in average monthly rainfall is explained by the variance in 
shower frequency. This seasonal variation in storm frequency 
has no effect on the current models, which deal only with 
individual storm events. Similarly, the seasonality of storm 
duration plays no direct role in these models of total storm 
depth. 

During these months the distribution of shower starting 
times is as shown in Figure 5. The predominance of late after- 
noon storms is characteristic of instabilities forced by diurnal 
surface heating and leads to the definition of a noon-to-noon 
"storm day." Any noon-to-noon period of the chosen summer 
season during which rainfall is recorded at any of the 93 rain 
gages constitutes a storm day. The available record identifies 
an ensemble of 428 such storm days. Storm day rainfalls are 
assumed to be independent, even though in some cases 
midday rainfall at a particular gage may be artificially split 
between two contiguous storm days. Details of the procedures 
used for analyzing the observed station rainfall are given by 
Fennessey et al. [1986a]. 

DATA ANALYSIS 

Interpolation 

To facilitate calculations of the statistical properties of the 
random rainfall fields, we interpolate the station observations 
onto a 100-m rectangular grid. However, the deterministic bi- 
variate polynomial used in the interpolation I-Akima, 1978] 
introduces bias into the correlation estimation. Because the 

correlation function is used in later parameter estimation, this 
bias demands further attention. The bias is concentrated at the 
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Fig. 6. Covariance structure of intcrpolator: 30-mm impulse at gage 29. 

scale of the gage spacing (approximately 1 km) because the 
interpolation is applied to clusters of three proximal gages. 
The spatial extent of the bias can be seen clearly by examining 
the interpolated field resulting from a 30-mm pulse of rainfall 
at gage 29, as shown in the upper portion of Figure 6. In this 
case at least, the "smearing" of the impulse falls below 10% of 

the impulse strength at about 2.5 km. In the lower portion of 
Figure 6 we see that the effect of interpolation on the corre- 
lation structure of this impulsive storm is contained within 
v--2.5 kin. For typical sparse and dense actual storms the 
effect is as shown in Figures 7 and 8, respectively. Here the 
noisy intergage correlation functions are compared with those 
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10.0 

calculated from interpolated depths, using two different algo- 
rithms, a much more exact radial sweep, and the approximate 
bidirectiona! technique chosen • for this work [see Fennessey et 
aL, 1986a]. For all practical purposes the bias seems negli•- 
ble. It is worth noting that there are other options for com- 
puting spatial covariance functions that do not requir e inter- 
polation to •a rectangular grid [e.g., Karr, 1986]. 

Storm Day Characteristics 

Because many of the equations of the previous s, ection (in 
particular, the covariance and varian• functions) are for ho, 
mogeneous, isotropic random fields, it is important to check 
these assumptions. Figures 9 and 10 demonstrate the s. patial 

homogeneity of the local ensemble mean and the local en- 
semble variance of the •storm day rainfall depth, res,pecdve!y. 
The isotropy condition is well met also, as can b• seen in 
Figure 11, where the ensemble average spatial correlation of 
storm day depth is presented for0rthogonal directions. 

We now interpolate the ob•seryations for each of the 428 
storm days onto the !00-m grid and evaluate thq statistics of 
the resulting random fields. The first product of the a.nalysis is 
a storm day .sheet, the front of which contains an isoh•yetal 
plot of total storm depth, the mean and standard de¾iation of 
,the observed station depths, the spatial correla•ti0p function to 
a lag v of 6 km, an d the variance function to an av•rgging area 
of 36 km 2. The back of each sheet contains the ,dry frgction 
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Fig. 10. Spatial distribution of the standard deviation of the storm day rainfall: 1970-1973. 

(taken arbitrarily as Y < 0.01 mm)of the total basin area, the 
first three moments of the interpolated nodal depths, and 
tables defining the variance function, the spatial correlation 
function, and the spatial distribution of total storm depth. 

The collection of 428 storm day sheets is available in a 
two-volume catalog [Fennessey et al., 1986b], and the backup 
data can be obtained on data tape (contact the Director, R. 
M. Parsons Laboratory, Building 48, Massachusetts Institute 
of Technology, Cambridge, MA 02139, USA). 

A graphic demonstration of the spatial variability both 
within and among these storms is given by Figure 12, where 
the isohyetal plots of the previously chosen typical sparse and 

dense storm days are presented. This illustrates clearly an un- 
answerable question concerning the limited sampling of such 
random fields. Is the dry area within the catchment outside 
the limits of the storm field (or "catchment storm area" as 
defined by Eagleson and Wang [1985]), or is it merely a dry 
patch within a statistically homogeneous storm of larger areal 
extent ? We are forced to assume the latter in this work. 

The moments of the observed point storm depth Yo are 
found for the composite field by considering the 93 observa- 
tions for all 428 storms. These are given in Table 1, along with 
those for the interpolated values Y. The agreement is reassur- 
ing. 
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Fig. 12. Isohyetal plots of typical storm day rainfall: "Sparse," June 22, 1970; "Dense," July 24, 1970. 

Simulation 

The above issue of sampling area and the allied question of 
representativeness of a single realization at finite area can best 
be examined by comparing the apparent statistical properties 
of the field, as estimated from observations at different scales. 

This is done in the next sequence of figures using a numerical 
simulation, as suggested by Cox and lsham [1980] and de- 
scribed by Fennessey et al. [1986c]. 

In Figure 13 the three parameters of model 1, as determined 
from analysis of the June 22, 1970, storm day, are used to 
simulate a similar random field over a 30 km by 30 km area. 
Within this "level III" area, two smaller areas are depicted: 

TABLE !. Ensemble Moments of Point Storm Depth 

Station Observations (Yo) Interpolated (Y) 

All Point Observations 1970-1977 

Mean, mm 3.86 3.88 
Variance, mm 2 55.20 54.66 

All Point Observations 1970-1973 

Mean, mm --- 3.99 
Variance, mm 2 -.. 72.25 

"level II" (29.4 km by 14.0 km), and "level I," which is the 154 
km 2 Walnut Gulch catchment. Note that the level III simula- 

tion contains a large dry patch along the lower boundary, 
which, if this was an observed field, could be misinterpreted as 
being outside the area covered by the storm field. This rein- 
forces the previous decision to consider all observed dry area 
as belonging to the storm field. 

Looking first at the variance function, as presented in 
Figure 14, we see that the level III sampling closely ap- 
proaches the theoretical (infinite area) function. This is confir- 
mation of the simulation procedure used. On the other hand, 
the level II and catchment (level I) sampling give progressively 
differing variances because of their restricted fields and the 
smaller sample sizes associated with a given averaging area. 
The observations and level I simulation are at the same scale 

but represent different realizations of the common parent pro- 
cess. 

The correlation function is examined similarly in Figure 15, 
and appears less sensitive to the differences in the samples, in 
part at least because of the very large number of data pairs 
available at all but the largest lags. Note that at finite scale a 
single realization may produce negative correlation estimates, 
whereas the theoretical value is always positive. 

Finally, we examine the effect of sampling scale on the spa- 
tial distribution of total storm depth, as is shown in Figure 16. 
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in this case we see a large sensitivity to the area sampled, and 
we note that single realizations of the same process (observa- 
tions versus level I) can be very different. 

PARAMETER ESTIMATION 

Th• thre6 models are defined in terms of three parameters 
a t, •, and #:,, where i = i; 2, 3 r•fers to the particular model. 
For parameter estim•tioii W e have available, for each of the 
428 storm days, the estimates œ[Y], •?r:, and either /•(9) or 

Th/• correlation function is chosen over the variance func- 
tioh for estimation Of a t because of its apparently smaller sam- 
pling error when d6ali'ng with a small area of irregular shape. 

For model 1 the correlation function 

COV IV] 2V2] (31) p(v) -= ....... ' = exp [-a• 
0¾ 2 

Contains only the parameter a•. This Parameter is estimated 
by (untran•formed) least squares fit of (31) to the c6rrelation 
function estimated from the interpolated observations (e.g., 
Figure 15) over the range 0 _< v _< 6 km. The restriction on the 
fitting range results from the irregular (often oscillating) be- 

havior of the observed correlation functions for larger lags. 
The remaining two parameters 2• and #•, are then obtained 
by fitting the first two observed moments œ[Y] and 8r: by 
(16) and (17), respectively. The same estimation procedures are 
used for models 2 and 3. 

Vanmarcke [1983, pp. 332-333] examines the bias of œ[Y], 
•?r: and /•(vj as estimators of the corresponding population 
statistics E[Y], at:, and p(v). He finds œ[Y] to be an unbiased 
estimator, but 8r: must be corrected according to 

at: (32) at2 = 1 - 7(A,) 
. 

and f(v) must be corrected according to the approximation 

p(v) _• f(v) + •,(A,)[1 -- •(v)] (33) 

in both of which A, is the catchment (i.e., sample) area. 
For A• = 154 km 2 ttie estimate is •(A,)= 0(10-•), where- 

upon, for small v at least, we may neglect the Correction to 
and hence to a t. 

The goodness Of fit resulting from ihis procedure is illus- 
trated by the typical comparison between model 1 and obser- 
vation in Figure 16. The same is true for models 2 and 3. In 
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Fig. 14. Effect of field size on estimate of variance function' model 1, simulated storm day June 22, 1970. 

fact, averaging across the highly variable ensemble of 428 
storms, the standard squared error between the spatial distri- 
butions of model and observation is only 0.040, 0.040, and 
0.01, for models 1, 2, and 3, respectively. (Here the standard 
squared error is defined as the sum over all integer depths 
from 0 to 50 mm of the ensemble average of the square of the 
difference between the observed and theoretical fractions of 

the catchment area covered with a storm depth equal to or 
less than the integer depth.) 

VARIATION AMONG STORMS 

Unbiased estimates of the parameters a t, ;l t, and #,, are 
obtained for each storm day in the 428-member ensemble. The 
smallest and largest estimate of each parameter is discarded 
arbitrarily. The parameter moments are given in Table 2 for 

all thr•e models, and the distributions of •, Z•, and #,, are 
presented in Figures 17, 18, and 19, respectively. Models 2 and 
3 give qualitatively similar results. 

The theoretical development presented earlier assumes that 
the parameters a t, Z t, and #,, are constant over the ensemble of 
realizations. Our observations of 426 separate realizations, 
however, show an expected storm-to-storm parameter varia- 
bility. The various statistical descriptors gr(Y) of local storm 
depth, which we listed in an earlier section, are thus actually 
conditional descriptors gr(Y; a, Z, #•). In application of this 
work to describe the generic spatial variation of air mass 
thunderstorm rainfall, we should use the marginal statistics. In 
practice, however, removal of the conditioning generally re- 
quires assumptions of independence and/or relative invariance 
of one or more parameters. We see from the coefficients of 
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Fig. 15. Effect of field size on estimate of spatial correlation function: model 1, simulated storm day June 22, 1970. 
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Fig. 16. Effect of field size on estimate of spatial distribution of rainfall: model 1, simulated storm day June 22, 1970. 

variation in Table 2 that the parameter a is relatively con- 
stant, but unless we can also assume that 2 is constant, there is 
little hope of analytically removing the conditioning of (15). 
Although CV[2] is large (see Table 2), we see from Figure 18 
that 85% of the values of 2• lie between 0 and 0.2 km -2. 
Taking this as license to assume 2 constant as well as a, we 
can use conditional expectation to rewrite (16) for variable 
as 

E[Y] = O•E(#•) (34) 

From Figure 19 it appears as though the "observed" values 
justify assuming an exponential distribution for #• over the 
ensemble. With this assumption the general equations (17) and 
(18) for model 1 can be written [see Rodriouez-lturbe et al., 
1986, sect. 5] 

and 

or • = 0•E2(#,,)[2 + 0•] (35) 

2 exp [--(a•v) 2] + 0• 
p(v) = (36) 

2+0• 

The corresponding relations for models 2 and 3 are difficult to 
obtain. 

Equation (36) deserves comment. The nonzero limiting co- 
variance as v--, oo results solely from interstorm variability. It 
represents the correlation arising from the component of vari- 
ance over time between the storms and does not reflect struc- 

tural phenomena imbedded in the separately homogeneous 
individual storms. There is also a spatial interpretation for this 
nonhomogeneity, however. Suppose that 2, a, and #• vary 
slowly in space across the storm field. The properties of the 
nonhomogeneous rainfall field Y(x) now depend upon the 
position x, and the averaging over the distribution of 2, a, and 
#, is spatial across the storm field. Then (36) gives the corre- 
lation between two points close enough in space to be regard- 
ed as having the same 2, a, and #• [Rodriguez-lturbe et al., 

1986]. The field may be viewed as being "locally homoge- 
neous." 

In Figure 20 the effect of interstorm variability is explored 
through model 1 by comparing the conditional correlation 
function of (31) (dashed line) and the marginal correlation 
function of (36) (dotted line) with the ensemble average ob- 
served correlation function (solid circles). In plotting both 

TABLE 2. Ensemble Moments of Unbiased Estimates of Storm 
Parameters 

Parameter Model 1 Model 2 Model 3 

1970-1977, Sample Size = 426 
E[a] 0.43 km- x 1.11 km- x 1.77 mm km- x 
var[a], km - 2 0.03 0.19 2.18 
E[2], cells km- 2 0.11 0.09 0.28 
var[2], cells 2 km -4 0.04 0.03 0.29 
E[#•], mm 4.05 8.01 2.16 
var[#•], mm2 17.58 68.68 5.00 
CV[a] 0.39 0.39 0.83 
CV[2] 1.92 1.92 1.92 
CV[#•] 1.04 1.04 1.04 
CV[O] 1.96 1.47 '-' 
p[a, 2] 0.06 -0.13 0.18 
p[2, #•] -0.19 0.16 0.17 
p[#•, a] -0.44 0.43 - 1.00 
p[O, #•,] --0.12 --0.24 -.. 
E[a- 2], km 2 8.46 1.30 3.61 
E[2a- 2#•], mm 2.47 0.62 0.58 
var[2a- 2#•], mm 2 13.03 0.81 8.50 
E[2a-2] =_ (2/n)E[O] 0.80 0.10 ... 
E[2a- 2fl•2], mm 2 15.98 7.90 0.37 
E[2a- 2t•3], mm 3 ...... 0.62 
E[2a- 22•4], mm • ...... 2.13 

1970-1973, Sample Size = 202 
E[a] 0.438 km -x 1.140 km -x 1.919 mm km -x 
E[2], cells km- 2 0.126 0.110 0.329 
E[#•], mm 4.278 8.456 2.281 
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Fig. 17. Observed distribution of the cell spread function parameter' model 1. 

equations the parameter a• is estimated by the ensemble 
average a•*, as given in Table 2. That is 

d•* = E[a•] = 0.43 

Because (36) was derived [see Rodri•Iuez-Iturbe et al., 1986] 
for constant values of Z• and a•, the ensemble average 0•* for 
use in plotting is obtained by replacing Z• and a• in (14) by 
their ensemble expectations. That is, using the values of Table 
2, we have the estimator 

•*- •œ[•,] 
-- 2/•a[-a 1-i 

0.93 

Notice the agreement between the observations and (36), in 
contrast to the poor fit of (31). This points up the importance 

of incorporating interstorm variations in analytical models of 
spatial correlation. 

Having assumed ax and Zx constant and noting from Figure 
19 that #•, is exponentially distributed across the ensemble of 
storms, we can use the results of Bhattacharya [1967] to write 
the marginal density function for model 1 

2 

fr(Y) = E[/&,]F(01*) (Y/E[l'•øq])[(ø'* + 1)/2]-' 
ß K 1 _ o,.[2(y/E[#•]) •/2] (37) 

Using the approximation of (20), (37) can be used for model 
2 by replacing 0x* by 802* and replacing E•,] by E[#•=]/2 
(see equations (15) and (20)). As just done for model 1, we use 
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Fig. 19. Observed distribution of the cell center depth parameter' model 1. 

the ensemble averages of Table 2 to estimate 

02* = 2œ2[a2----- • = 0.11 (38) 
which we note is slightly different from the 0x*/8 called for by 
the moments of point storm depth. The estimates of 
and E[/%] are listed in Table 2. Unfortunately, the form of 
the conditional density function for model 3 (equation (25)) 
does not permit analytical derivation of its marginal pdf. 

Statistical dependence among the parameters a, 2,/•, and 0 
is examined through estimation of the correlation coefficients 
listed in Table 2. The principal dependence appears to be 
between the cell center depth and its radial decay rate. 

MODEL EVALUATION 

The models are evaluated individually and comparatively 
through the spatial distribution of total storm depth, because 
this is the characteristic of principal practical interest. The 
comparison of the observed and model-predicted spatial dis- 
tribution is presented in Figure 21 for models 1 and 2 and in 
Figure 22 for model 3. The comparison is made using a split 
sample. The observed fraction of the total catchment area that 
is wetted to a depth equal to or greater than y is averaged, at 
integer y from 0 to 50 mm, across the half-ensemble com- 
prising the 226 storms in years 1974-1977 inclusive. The 
averages are plotted as the solid circles in Figures 21 and 22. 
The theoretical fraction of the total catchment area that is 
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O. - Conditional, Eqs. (40)or(41) 

O. Marginal Eqs. (47) or (48) 
ß Observation 1974- 1977 
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Fig. 21. Spatial distribution of total storm depth' evaluation of 
models 1 and 2. 

wetted to a depth equal to or greater than y is given by the 
probability P that the point depth equals or exceeds y. Titis is 
obtained by 

PlY >_. y] = I - (w) dw (39) 

We have two •Ways of evaluating (39) for comparison with 
the ensemble-averaged observations. 

Method 1:: HomOgeneous Storm Population 
This method ignores the interstorm variability and uses (15), 

(20), and (25) in (39). As before, we refer to this as the "con- 
ditional" (or homogeneous) distribution• since it assumes fixed 
parameter valueS. For model 1, this leads to 

710•*, 
P•[Y >_ y] = 1 ....... (40) 

r(0,*) 

and for model 2 i• gives 

p•_[¾ > y] = • _ •,[802', 2•,•,,y] (41) 
F(802') 

in which 7[ ] is the incomplete gamma function. For model 
3 we use (25) and (39) to write (D. Entekhabi, personal com- 
munication, 1987) 

P•[Y _ y] = I -- exp (--r//•3*) 

exp !--(,8•*w + rl/l13*)]l•[2(rlx) •/2] (42) 

where 

ß r/--- 403'//•3' (43) 

which mUSt be evaluated numerically. In these expressions, 0* 
and/•* are, as before, ensemble averages here taken over only 
the 202 storms in the years 1970-1973, inclusive. Estimating 
/•* from 

/•,* = 2j•,.* - j•3*/2 = œ[Y] 
and 0* from 

802* œ2[y] (45) 

we note that P•[Y > y] -- P2[Y •.y]. Because a 3 is in units 
of millimeters per kilometer, 0•* is estimated from 

03' 2œ*[ Y] ..... •'r' • (46) 
Equations (40) and (41) are plotted as the solid line in Figure 
21, where the conditional distribution is seen to agree very 
well with the observations (solid cii'cles) averaged •it each 
depth across the other half of the ensemble (i,e., yi•ars ,1974-- 
1977 inclusive). Equation (42) is compared with the same ob- 
servations in Figure 22 and demonstrates model 3 to be clear- 
ly inferior to models I and 2 by this measure. The parameter 
values are listed in Table 3. 

Method 2. Nonhomogeneous Storm Population 

This method takes account of the interstorm variability of 
#,. As before it is referred to as the marginal (or locally homo- 
geneous) distribution. Using (37), (39J can be integrated (D, 
Entekhabi, personal communication, 1987) to yield 

2(y/œ[#.,]) 
P'[Y > Y] = ........ r('o,,'j Kei*œ2(Y/œ•"'l)'a] (47) 

For model 2 this becomes 

P'[Y • Y] ........ CtS'O',*') ..... K"""[2(2ylE[""'I)'a] (48) 
in which, for noninteger O* [GradshteY• and Ryzhik, 1965, p. 
970], 

, p=•x) 
Ko(x)=nL 2si n(0 n) J (49) 

with [Gradshteyn and Ryzhik, 196J, p, 961] 

l•x) = .•o n"r( n + 0' ," 1) (50) 
In recognition at the interstorm variability we estimate 0* in 
this case from 

.•[x,] 

and, of course, 

E•.,] = œ[#,,] (52) 
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TABLE 3. Ensemble Average Parameters of Storm Depth 
Distribution 

Model 1 Model 2 Model 3 

From Equalions (44)-(46), 1970-1973 
/5', mm- • 0.0552 0.0276 0.1104 
0* 0.2204 0.0275 0.0013 

From Equations (44)-(46), 1970-1977 
/•*, mtn- x 0.0710 0.0355 0.1420 
0* 0.2754 0.0344 0.0028 

From Fitting Ensemble Average Correlation Function, 1970-1977 
a*, km- x 0.33 ...... 

From Equhtions (51)-(52), 1970-1973 
E[#•], mm 4.278 8.456 2.281 
0* 1.032 0.133 0.140 

From Equations (51)-(52), 1970-1977 
E[#:], mm 4.05 8.01 2.16 
0* 0.93 0.1! 0.14 

As noted earlier we have not been able to obtain the marginal 
distribution for model 3. 

Equations (47) and (48) are compared with the observations 
[hrough the dashed lines on Figure 21. At the scale of this 
illustrfition the predictions of model 1 ands model 2 are indis- 
tingui'shable. The separate dashed lines utilize parameters esti- 
mated from different samples as a test of the procedure's ro- 
bustness. The one marked 1970-1973 represents the split 
sample test with parameters (0•*= 1.03, œ[/%] = 4.28 mm) 
estimated from the 1970-1973 storms using (51) and (52). The 
other dashed curve, from 1970-1977, uses parameters (0•*= 
0.93, œ[•t•,] = 4.05) estimated from the full 1970-i977 en- 
semble. Comparison of the two illustrates the extreme sensitiv- 
ity of the parameter estimation scheme called for by the Bhat- 
tacharya [1967] formulation of this problem. 

In Contrast, the insensitivity of the parameter estimation for 
th• (identical) distributions of (40) and (41) is shown by the 
•olid line on Figure 21. In this case, parameters estimated 
from the 1970-1973 storms using (44) and (45) (0•*= 0.22, 
fix* -0.055 mm-x) and those estimated from the 1970-1977 
storms • (0x* -- 0.28, •* -- 0.071 mm-•) yield predictions 
which are indistir•guishable at the scale of the plot. This indi- 
cates the robustness of this method for estimating the spatial 
distribution. 

MODEL INFERENCES 

Scale of Fluctuation 

According to Vanmarcke [1983, pp. 242, 3271 the scale of 
fluctuation for an isotropic random field is estimated from 

© • = 2 •3(v) dv (53) 

We see from Figure 20, however, that as a result of interstorm 
variation, the estimated correlation function (solid circles) 
gives an infinite integral. The individual storm may have a 
finite scale, however (see Figure 7 for example). This is ex- 
pressed for model 1 by using (31) in (53) to obtain 

• -" •1/2/• 1 (54) 

We estimate ax by fitting (36) to the ensemble average obser- 
vations, as indicated by the solid line in Figure 20. In doing 
this we fix 0•* = nœ[i•]/(2œ2[a•]) = 0.93 and find d•* = 0.33 
km-x by least squares. With this value, (54) gives f• = 5.37 
km. The area scale is given by •2 = nd•- • which makes a•- x 
the radius of a circle with this characteristic size. From Table 

2 we see that d•- • = œ-•[a•] = 2.33 km. 

Size of Storm Field 

Equation (40) deviates from the observations only near 
y - 0. For example, at y -- 0.1 mm, the limit of resolution of 
the common metric rain gage, observations indicate the "dry" 
fraction (i.e., where y < 0.1 ram) to be about 40%. Equation 
(40), however, gives 35%. This difference is almost certainly 
due to the incomplete coverage of the catchment by the storm 
field. The observations of PlY < 0.1 mm] will reflect the exag- 
gerated dry fraction directly, while the fitted density function 
for the homogeneous infinite field (equation (15)) gives a value 
of PlY < 0.1 mm], differing fi'om the "true" value only 
through the second-order contamination of the moments by 
the partial coverage. To the first approximation therefore, we 
can designate the difference (5%) as the average dry percent- 
age due to the finite size of the storm field. 

Defining the area of storm field-catchment overlap to be 
A• and normalizing by the catchment area A c, we have in this 
case the marginal expectation 

_ 1 _ o.o = 0.95 (55) 

Eagleson and Wang [1985] derived the conditional expecta- 
tion 

L A½' - 1/I-(re/rs) q- 1-1e (56) 
where re is the radius of equivalent circular catchment, and r s 
is the radius of characteristic circular storm field. Equating 
(55) and (56) gives a first-order estimate of the average size of 
the air mass thunderstorm fields studied, r s = 233 km. 

It is worth noting that using a cruder storm model, Eagle- 
son [1984] estimated the average dry fraction for six very 
large catchments (8,428-65,338 km e) in the tropical Sudan to 
be 41%. This compares very favorably with the values found 
here. 

CONCLUSIONS 

These point process models appear capable of reproducing 
important features of the spatial distribution of total storm 
precipitation, at least for storm types that are essentially 
stationary in space. The parameter sets provided should 
permit the spatial parameterization of storm i'ainfall for air 
mass thunderstorms in the southwestern United States. 

On the basis of the comparative evaluation, model 3 may be 
discarded. Its only clear advantage over the other two models 
is its nonzero dry area, and this appears to be underpredicted 
by 50% (see Figure 22). In addition, it is quite cumbersome 
analytically. Although models 1 and 2 predict the spatial 
storm distribution with equal accuracy, the former is much 
more tractable analytically. Thus we prefer model 1, even 
though it has been shown [Bras and Rodriguez-lturbe, 1976] 
that the quadratic exponential correlation function implies 
strong statistical dependency among values connected in space 
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by a straight line. Finally, the homogeneous storm population 
assumption for model 1, represented by (40) with (44) and (45), 
is recommended for estimation of the spatial distribution of 
storm depth because of apparent comparative robustness. 

The model 1 ensemble parameters indicate a density of con- 
vective "cells" within these air mass thunderstorms of about 

one cell per 50 km 2, having an average center depth of about 
14 mm and a radius (at 1% of center depth) of about 6 km. 
Such dimensions compare favorably with those observed by 
Sortnan [1975] for thunderstorms in the southeastern coastal 
plains of the United States. He found (1) an average of five 
cells in 500 km 2 (i.e., 2 = 10 -2 km-2); (2) an average cell- 
center depth of 50 mm (i.e., #•--50 mm); and (3) elliptical 
cells with minor and major axes averaging 8 and 12 km, re- 
spectively (i.e., radius of equivalent circular area, r = 5 km). 

NOTATION 

A averaging area, km 2. 
A c catchment area, km 2. 
Asc common (i.e., overlapping) area of storm and 

catchment, km 2. 
a cell spread function decay parameter, km- • 

(models 1 and 2); mm km- • (model 3). 
R 2 the two-dimensional plane. 

r radius from cell center, km. 

r c radius of equivalent circular catchment, km. 
r s radius of equivalent circular storm, km. 
w dummy variable of integration, mm. 
x position in random field, km. 
Y local total rainstorm depth, mm. 
y value of local total rainstorm depth, mm. 
z position of cell center in random field, km. 

E[ ] expected value of [ ], dimension of[ ]. 

E{•[ ,( )] expectation of[ ,( )] with respect to( ), 
dimension of ( ). 

F( ) cumulative distribution function. 
f( ) pdfof(). 
g( ) cell spread function, mm. 

I[ ] modified Bessel function. 
K[ ] modified Bessel function. 
L[ ] Struve function. 
P[ ] probability. 

0• cell center depth, mm. 
fl inverse of/•, mm-• 

7(A) variance function at area A. 
r/ storm depth areal distribution parameter. 
0 storm depth density function parameter. 

6( ) Dirac delta function. 
2 density of two-dimensional Poisson process, 

km -2. 

/• expected value of c•, mm. 
v lag distance, km. 

p(v) spatial correlation function at lag v. 
tr{ )2, tr2( ) variance of( ), dimension of( )2. 

½r(u) characteristic function of Y. 
fl scale of fluctuation, km. 

var [ ] variance of[ ],dimension of[ ]. 
coy [ , ] covariance of [ , ], dimension of [ ]2. 

CV [ ] coefficient of variation of [ ]. 
( )* ensemble average value of parameter ( ). 
(^) estimate of( ). 
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