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The average annual water balance of savanna vegetation systems is modeled as an interactive compe- 
tition between trees and grass for water and energy. Ecological optimality hypotheses are introduced 
which allow specification of the woodland canopy density, the grass canopy density, and the plant (water 
use) coefficients of both tree and grass under conditions of natural equilibrium. Only one tree-grass 
equilibrium state is found and is shown to agree well with the observed state of savanna in Sudan and 
the Transvaal. This state is stable with respect to perturbations of vegetation canopy density, but is 
metastable with respect to shifts in climate. Two other equilibrium states exist as vegetation monocul- 
tures, i.e., grassland and forest, but both are shown to be unstable with respect to perturbations of 
vegetation density. 

INTRODUCTION 

It is generally agreed that the key to understanding large- 
scale environmental impacts, such as those associated with 
increasing atmospheric concentrations of carbon dioxide, lies 
with global-scale numerical models (GCMs) of the coupled 
ocean-atmosphere dynamics and thermodynamics along with 
their interactive surface boundary conditions. It has been ob- 
served recently [Shuttleworth, 1983], however, that further 
progress in formulating the interaction of landsurface and at- 
mosphere in GCMs requires establishing a quantitative basis 
for describing the transitions between adjacent vegetation 
types. 

Early attempts by biogeographers to put order in their ob- 
servations of nature were perforce empirical and hence focused 
upon those features common to different observations. Where 
earth's natural plant cover was concerned, this empiricism 
took the form of simple correlations of vegetation type with 
climatic variables such as average air temperature and precipi- 
tation [e.g., K6ppen, 1900; Holdridge, 1947]. As physical un- 
derstanding of vegetative water use grew, these same corre- 
lations were recast by climatologists [e.g., Grigor'yev, 1958; 
Mather and Yoshioka, 1968] in terms of water and heat bal- 
ance parameters. 

Increasing knowledge of vegetation biophysics and bio- 
chemistry together with the power of computer-based mod- 
eling has (as in other fields) spawned contemporary interest in 
the dynamic aspects of system behavior. This and current ap- 
preciation for the role that may be played by nonvegetative 
ecosystem components such as fire, herbivore, and humans 
has focused attention on the complexities and differences in 
system behavior at the expense of continued search for the 
physical basis of their simple commonalities. Perhaps at meso- 
scale (say, 10 '• km2), spatially, and at climatic scale (say, 30-50 
years), temporally, the pests, predators, and disasters may be 
viewed as merely perturbations to what is a fundamentally 
resilient climate-soil-vegetation system. This simplistic view 
admits expression of "first-order" physical equilibria among 
the three components. Such approximations of reality would 
fill an empty niche in the hierarchy of climate models. 
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If these equilibria can be expressed in terms of the state 
variables and fluxes of the soil and atmosphere and can be 
kept computationally simple, the knowledge will have direct 
utility in solving the GCM boundary condition problem. 

We begin this attempt here with a model of the tree-grass 
savanna vegetation system. 

BACKGROUND 

Savanna Etiology 

The term "savanna" has a wide range of meanings among 
biogeographers, sometimes referring to flat and open land- 
scapes, and other times referring to the vegetation that 
characterizes that landscape [Sarmiento, 1984]. We use it here 
in the sense of Dansereau [1957] to describe a mixed forma- 
tion of grasses and woody plants in any geographical area. As 
such, it comprises one of the four groups (along with forest, 
grassland, and desert) into which he classifies all vegetation 
types. For later modeling purposes it is well to keep in mind 
the idealized description of the savanna given by Walter 
[1973]:"... ecologically homogeneous grasslands upon which 
woody plants are more or less evenly distributed." This "even 
distribution" of the woody plants is indicative of control by 
moisture availability and is a key to the conceptualization 
used here. 

The coexistence, in the same region, of these two very differ- 
ent plant types has been attributed variously to edaphic (i.e., 
soil), anthropogenic, and climatologic factors. For example, 
Beard [1953], in an extensive survey of American savannas, 
summarized the various theories regarding savanna formation. 
He concluded that "Savanna is the natural vegetation of the 
highly mature soils of senile landforms (or, in some cases, of 
very young soils on juvenile sites) which are subject to un- 
favorable drainage conditions and have intermittent perched 
water tables with alternating periods of waterlogging (with 
stagnant water) and dessication. Frequent fires occur but are 
not a necessity for the maintenance of the savanna which is an 
edaphic climax." 

Monasterio and Sarmiento [1975] also studied savannas in 
tropical America. They found savannas over a wide range of 
soil conditions and proposed a classification scheme based 
upon the seasonality of the climate. They, too, concluded that 
fire and other human influences are modifiers rather than pro- 
ducers of savannas. 
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Fig. 1. Annual water balance of tree-grass savanna. 

Hopkins [1979] presents a physiognomic classification of 
West African savannas based upon tree density. He found the 
local preference for a particular type to be determined by 
either edaphic or biotic factors, although on a large scale the 
transition from forest to grass (the two savanna extremes) ap- 
pears to follow a gradient of decreased humidity. 

Many more recent studies have begun to reach a consensus 
that there is continuum of savanna types, from the dry sav- 
annas on semidesert fringes to moist woodlands, with soil 
moisture availability the controlling variable as modified by 
rainfall, soil properties, and geomorphology. For example, 
Tinley [1982], in his study of southern African savannas, con- 
cluded that the soil moisture balance is the "overwhelming 
important factor determining the spatial distribution of forest, 
savanna, and grassland." In the face of his observations of soil 
moisture balance as the controlling factor, Tinley totally re- 
futes the notion that the savannas of Africa are anthropogenic 
systems. 

It thus appears that we can speak of a natural savanna 
ecosystem as differentiated from an anthropogenic savanna. 
The natural savanna appears to be the biotic response to 
alternating wet and dry seasons; the amount of soil moisture 
available controls the densities of the woodland and the grass. 

Savanna Equilibrium Models 

Most existing models of savannas have taken the ecosystem 
approach that simulates the dynamics of biomass production 
and the mass flow rates between its live, standing-dead, and 
litter components [e.g., Grunow et al., 1980]. Such models are 
primarily diagnostic rather than prognostic, however, and re- 
quire the field determination of numerous rate coefficients. 

Recently, some simulation models have appeared which at- 
tempt to address the issue of the stability of savannas in terms 
of moisture control. The attempts have focused on the deter- 
mination of the equilibrium states in terms of the quantity of 
moisture-dependent woody and grass biomass components. 
Outstanding among these is the model of Walker and Noy- 
Meir [1982]; their idea is that grass roots confined to the 
upper soil layer will draw water from this layer only and will 
exhaust the supply quickly due to their high rate of transpira- 
tion. Trees will be out competed in the top layer, but they 
alone have access to the lower soil layers where moisture is 

available to carry them through the dry season. The authors 
sought to test some hypotheses regarding the structure and 
dynamics of a savanna. Among other things they demon- 
strated the existence of dual equilibrium states in systems 
where the soil infiltration capacity declined with reduced grass 
cover. One state is a tree-grass mixture and the other is a 
thicket with virtually no grass. 

In a second study using this same model, Walker et al. 
[1981] introduced grazers to reduce the grass cover and ex- 
plored the stability of the resulting dual equilibria. 

The major shortcoming of this simulation approach is the 
amount of detailed information required. Several of the pa- 
rameters obviously pose estimation difficulties. Among these 
are the water uptake coefficients, which include the propor- 
tioning of water uptake by trees among four soil com- 
partments, rainfall penetration by stemflow, and the amount 
of water flow through so-called "quick flow channels," the 
existence and influence of the latter being still a matter of 
some speculation. Such detailed information on savannas is 
not available. 

In the interest of utility, and we hope, of generating insight, 
we reformulated the Walker and Noy-Meir [1982] water bal- 
ance model in a much simplified form and have introduced 
competition for energy as well as water. • 

THEORETICAL DEVELOPMENT 

Model Formulation 

The average annual savanna water balance will be modeled 
as illustrated in Figure 1. We assume that the trees, grass, and 
bare soil actually are distributed over the area in homoge- 
neous fashion, but in this schematic diagram they are lumped 
to facilitate visualization of the water balance. The area of 

bare soil is indicated by M s . The area shaded by grass (with 
the sun directly overhead) is Mg and that by the trees is M w. 
This is often called the "projective foliage cover" or the 
"canopy density." Sarmiento [1984] has noted "... in savannas 
the balance between pluvial inputs and evapotranspiration 
losses is so tight, that only in exceptionally wet years is there 
an excess of water that is lost through surface runoff or 
through deep infiltration." We therefore make the simplifying 
assumption of no runoff and we will examine the effect of this 
assumption later. 

Savanna typically occurs in climates having marked season- 
ality of the moisture supply [Walter, 1973, p. 68]. We will 
express this in our model primarily through a wet season of 
mean length m, during which the entire annual precipitation 
PA falls, and the dry remainder of the year, 1 - m,. 

The grassland-woodland competition for water is expressed 
through two conditions: (1) the trees having access only to 
that water which is unused in the root zone of the grass and 
which percolates to the level of the tree roots and (2) the trees 
shielding the grass from solar radiation and from turbulent 
heat and moisture exchange, and hence exerting some control 
over the ability of the grass to use water. 

For the first of these competition conditions we assume the 
trees do not draw moisture from the root zone of the grass 
(i.e., "upper" soil layer). Because of the zero runoff assumption 
they must use all of the water percolated from the upper layer 
and to emphasize this their root system is shown in Figure 1 
as extending beneath the entire surface. Of course, the real 
mechanism for getting all the percolated water to the tree 
roots may involve a high water table and lateral movement of 
moisture in the capillary fringe. 
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Fig. 2. Bare soil evaporation efficiency [from Eagleson, 1978a]. 
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We assume that the trees draw moisture only from the 
lower soil and during a season of average length rn0 through- 
out which the soil moisture there is sufficient to support tran- 
spiration. For rn0, much less than unity the trees Will be "ever- 
green" in order to make optimum use of the short season 
ILarchef, 1975, p. 68]. For rno--• ! the trees will be deciduous. 
The value of rno in a particular case will be determined in large 
part by the elevation of the water table. 

We further assume that the upper soil supporting the grass 
has a spatially uniform soil moisture concentration which has 
a time average value s = s o during the rainy season and which 
is zero during the remainder of the year. The roots of the grass 
are assumed to exploit the entire volume of the upper soil 
layer including that underlying bare soil. These assumptions 
restrict grass water use and bare soil evaporation to the wet 
season of the year. 

For the second competition condition we will, reflect the 
shielding through suppression by the upper canopy of the 
annual atmospheric vapor transport capacity e v that is ef- 
fective for the lower canopy. Accordingly, and using a linear 
approximatio,n, we assume for the shading of grass by trees 

%, = (! - M•,)et,,• (1) 

and for the shading of bare soil by grass 

e.,,s = (1 - M•)e.,,,, (2) 

The actual annual evapotranspiration rate e r is expressed 
as a fraction of the potential for each surface type. For the 
grass we define a plant coefficient kvg such that 

er,, = k,.,,,e.,,,, '- (3) 

It is characteristic of grasses that they transpire at their maxi- 
mum rate (without stomatal control) until the s0il moisture is 
exhausted [Walter, 1973, p. 68]. The value of k• will thus be 
constant throughout the transpiring (i.e., wet) season with 
magnitude close to unity and Equation (3) may be applied 
over any time period during the wet season. 

For the trees we define k•w similarly as 

erw = k,,ep, (4) 

Trees exercise considerable control over their transpiration 
rate, however, reducing it as moisture becomes scarce, and 
therefore ko,, is variable with time. To use (4) for long-term 
averages kv,, becomes an effective average value, with mag- 

nitude declining in climates of increasing aridity. Variation of 
predominant species with climate makes the long-term 
average k•,, species dependent. 

For the bare soil Eagleson [1978a] has shown that the long- 
term averages can be written 

ers = Jeps (5) 

where the bare soil evaporation efficiency J has the form 

J = 1 - [1 + x//• E]e -e + (2E)'/2F[•, E] (6) 
where 

E = (c -- 3)nK(1)W(1)½ e so(C+5)/2 (7) 
•mtbep s 2 

in which 

c soil pore disconnectedness index; 
n soil porosity; 

K(1) soil hydraulic conductivity at saturation, cm s-t; 
W(1) soil matric potential at effective saturation, 

cm (suction); 
½e dimensionless exfiltration diffusivity; 
mtb average time between rainstorms, s; 
So wet season space time average soil moisture concen- 

tration in root zone of grass. 

For simplicity we will work with the asymptotes of (6) 
which are given by Eagleson [1978a] as 

= < 

J- 1 E > (2/=) (8) 
Equations (6) and (8) are compared in Figure 2. 

According to Brutsaert [1982], observations of soil proper- 
ties give values of the pore disconnectedness index c in the 
range •5. Choosing, for analytical convenience, 

allows us to write 
c = 5 (9) 

j Jo 5/2 (10) m • S O 

where [Eagleson, 1978b] 

t/2 1/2 1/2 jo__[O.O23an3/2K(1) /(rnt• Y /• )it/2 (11) 
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in which 

a surface tension of pore water, dyn cm-•; 
• dynamic viscosity of pore water, poise; 
7 specific weight of pore water, dyn cm-3. 

We will now write the annual tree-grass water balance in 
two parts, one for each of the two limiting bare soil functions 
of (8). With each term written in terms of long-term average 
annual values we have 

PA = Mwm•epwkvw + Mom•ep•kv• + (1 -- Mo)m•JoSo •/2 (12) 
under the condition er, < ep, which can be written 

Joso •/2 < (1 - MgX1 - Mw)e•w (13) 
or 

PA = Mwm•e•k• + Mgm•e•k•, + (1 - M•)m•ep, (14) 

when er, = e•,. 
In the long-term average, and with our assumption of no 

runoff, the trees transpire exactly that water perco!ated from 
the upper soil layer. By using the steady percolation approxi- 
mation given by Eagleson [1978b] we thus have a second 
relationship 

Mwm•e•k• --- m•K(1) So s (15) 

We now simplify these governing equations by defining the 
dimensionless variables 

K = m•kv,/(m•k•w ) (16) 

O = PA/(m,e•kv•) (17) 

R = Jo/(ep.ko•) (18) 

S-- f(1)/(ep•kv•) (19) 
The parameter K will be called the "water use ratio." It 

represents the ratio of the annual water use of grassland or 
"open savanna" (i.e., M• = 1, M w = 0) to that of forest (i.e., 
M• = O, Mw -- 1). 

The parameter G will be called the "potential grassland 
density" because it indicates the value that M• would take on 
if all available moisture went to support grass (i.e., Mw = 0 
and thus ko•--ko,). The actual grass density in a tree-grass 
system must therefore obey the constraint 

Mg <_ G (20) 

When the moisture supply exceeds that needed for the 
M• -- 1 and Mw -- 0 state of full grassland, the woodland den- 
sity becomes Mw > 0. For the case of M• = 1, and using (1), 
either (12) or (14) will become 

G=I-Mw(1--•) M•=I (21) 
and we see that G will equal 1, regardless of Mw, if K -- 1, G 
will be less than 1 if K > 1, and G will be greater than 1 if 
K<I. 

Unfortunately, R and S are not so simply characterized. The 
numerator J0 of R is the annual potential (i.e., So -- 1) evapo- 
ration from a unit of bare soil surface. We will call J0 the soil 
"evaporativity." The denominator of R is the annual transpi- 
ration from a unit area of grassland (i.e., Mw--0 and hence 
ep• = epw), and we will call it the "grassland transpirativity." 
The ratio R is a measure of the relative potential water use of 
these two surface components. 

The numerator of $ is the annual potential (i.e., So--1) 
percolation o? "percolatlvitY," while the denominator is the 
grassland transpirativity. Thus S measures the relative sense 
(i.e,, up or down) of the soil maisture movement. Larger values 
of S will terid to favor trees. 

By using these parameters, the governing (12) through (15) 
can be written ' 

Mw 
+ M•(1 - Mw) + (! - Mg)RSo •/2 (22) 

when 

and 

Rso •/2 <- (! -- M•X1 - Mw)/ko, (23) 

Mw = KSso • (24) 

Considering k,•, and tho prod•uct mokv• to be known parame- 
ters of the system, there arq three unknowns, So, Mw, and M,, 
but only two equations. Under t!ae hypothesis that natural 
vegetation systems will attempt to minimize water demand 
stress [Eaqleson, 1978c, 1982] we can add the third equation 

r3So/OM • -- 0 •5) 

Because the plant coefficient ko• is also determined by the 
climate and the soil, we may hypothesize [Eagleson, 1982] 
that the long-term evolution of the vegetation also tends to 
maximize soil moisture. Thi•s adds a fourth equation 

t3So/t3k• -- 0 (26) 

and allows us to predict the product moko,. 

Equilibrium States 

Letting 

s, = So •/2 (27) 

Equations (22) and (24) reduce to the quadratic 

a0s, 2 + bos, + Co = 0 (28) 

having the solution 

[( col" (29) s,: :-ao +- aol 
where 

a0 = 1 (30) 

a0 = [(1 - Mo)R]/[(1 - K Mg)S] (31) 

Co = [M,- G]/[(1 - K M•)S] (32) 

and (24) becomes 

Mw = KSs. 2 (33) 

Equations (29) through (33) give the woodland canopy density 

i -- k-g'/J } (34) 
in which 

X = R/(2S •/2) (35) 

It should be noted that only the positive radical in (29) is 
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retained in (34) in order to satisfy the reqhir/•ml•nt that both 
M o and M w be equal to or less than unity. This forinitiation of 
the tree-grass problem does not therefore adrhit alternate 
equilibrium woodland states for a given climate and soil 
unless there are alterfiate grassland densities Mo. 

As was pointed out above, Mg is undeterniined without 
additional information or assumptions. 

Limiting Solutions 
As we have already seen, K = 1 implies that a closed forest 

(Mw = 1, M o = 0) will use the same amoufit Of water annually 
as will grassland (Mw = 0, Mg = i). The additional require- 
mbnt that G = 1 determines that P A is exactly sufficient for 
both of these extreme states. This can be seen from (1), (16), 
and (17) which give 

PA = maepwkvw = m•ep, kv, G K = 1 (36) 

By letting G = 1 in (34) and M•--} 0 and then K • 1 (in that 
order) we indeed find M w = 1 for arbitrary X. If, however, 
PA > K(1) this will oCeur With starface ponding of the water. 
By letting G = 1 in (34) and setting M 0 = 1 we see that Mw 
does vanish for arbitrary K and x. 

Since for grassland, ep, = epw, (36) gives 

k,,• = PA/(m•ep,) (37) 
and then 

mako• = PA/e w (38) 
or 

k•/k•, = m,/m,• (39) 
Most savannas are found in seasonal climates [Monastei, io 

and Sarmiento, 19•75] where, by definition, m• < 1. Because of 
possible water table influence however, ma < 1. Equation (39) 
demonstrates therefore that the trees and grasses of a savanna 
may have very different water use characteristics. 

Ecologically Optimum Solution 

Application of (25) to (27) gives the condition 

-0.6 Os, 0 (40) 0.4 s, 0M ø - 

dMw 
dt 

t X = CONSTANT 
G=K= 1 

/ / \ I ', 
/ / \ ,, ', 
// \ / \ 
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Fig. 3. Stability of savanna woodland equilibria. 
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This is satisfied by either 

s, = c• (41) 

which is physically infeasible, or 

Os,/OM o = 0 (42) 

Equations (42) and (29) have a physically feasible (i.e., So _< 
1) solution only for 

G = K = 1 (43) 

which reduces (34) to 

M w = [-X + (X 2 + 1)'/232 (44) 

with M 0 being arbitrary. 
There are thus three equilibrium states of the savanna 

system at G = K- 1' closed forest, grassland, and an inter- 
mediate tree-grass mixture. 

Because (25) can be satisfied in the short-term due to the 
annual growth or death of grasses', (43) and (44) will be said to 
define the short-term equilibrium state of tree-grass systems, 
Note that Mw is a single-valued function of X which is con- 
trary to the speculation of some investigators [e.g., Walker 
and Noy-Meir, 1982] that tree-grass systems may have multi- 
ple (inhomogenous) equilibria. 

Satisfaction of the second optimization condition (26), using 
(27) ..t. hfough (32), leads to M 0 = G. Since this OptimiZation 
condition requires species selection which is presumably a 
long-term phenomenon, the states satisfying (26) should also 
satisfy (43). Under this restriction, the second optimization 
condition selec ts M o = 1 and the long-term equilibrium con- 
ditions for tree-grass systems are 

G = K = M• = 1 (45) 

In the limit, as G, K, and M o go to unity (in that order), (34) 
again reduces to (44). 

Stability 

We begin by considering perturbations to the equilibrium 
vegetation under the assumption that these cause no change in 
the parameters of the climate and/or soil. To examine the 
stability of the three equilibria identified above we write the 
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TABLE 1. Sample Climatic Conditions 

Locality 
P A, ep,•, G 

Reference mm m• mm (kv• = 1) 

Clinton, Massachusetts 
Santa Paula, California 
West Point, Georgia 
Neosho, Kentucky 
Cartersville, Virginia 
Riyadh, Saudi Arabia 

[Eagleson, 1978c] 1113 1 548 2.03 
[Eagleson, 1978c] 544 0.58 986 0.95 
[Eagleson and Tellers, 1982] 1387 1 986 1.41 
[Eagleson and Tellers, 1982] 853 0.88 1241 0.78 
[Eagleson and Tellers, 1982] 1036 1 803 1.29 
[Development Analysis Associates, 1978] . 115 0.42 i533 0.18 

unsteady conservation of mass equation for the water in the 
lower layer. By letting Z,• be the elevation of the water table 
in the lower layer we have 

dZ,• 
n • = m•K(1)So 5 - Mwm•et,,•kv, • (46) 

Differentiating with respect to time gives 

rnaep,•kv, • dM,• 5rn, K(1)So ½ ds o d2Z•, - (47) 
n dt n dt dt 2 

The sign of dM,•/dt is crucial to the stability issue as we can 
see from the phase plane diagram of Figure 3. In this illustra- 
tion the three equilibrium states for M,• at G = K = 1 are 
shown schematically by the plotted circles where dM,ddt m O. 
If the function dM,•/dt connecting these points has the general 
shape of curve "a" (solid curve), the intermediate tree-grass 
equilibrium will be unconditionally stable to perturbations in 
M,•. If fire should decrease M,• from this equilibrium value, it 
would be in a region of positive dM,•/dt (i.e., curve a), and the 
system would return to equilibrium. Such restoration would 
not follow perturbations of the M,• = 1 and M,• = 0 equilibria 
and they are therefore unstable if curve a governs. Should the 
other possibility, curve "la," govern, on the other hand, the 
stabilities are reversed and a tree-grass mixture would be an 
unstable state. 

Returning to (47), if we can assume that the absolute value 
of the first term on the right-hand side exceeds that Of the 
second term on the right-hand side, then dMddt carries the 
sign of dso/dt. We will make this assumption. Should we be at 
the M,• = 1, Mg = 0 equilibrium and decrease M,• somehow, a 
grass cover will then grow, and So will decline. Should we be 
at the M,• = 0, Mg = 1 equilibrium and decrease M•, we will 
then get a rise in So which will produce the percolation needed 
to begin a woodland component. 

This reasoning indicates the tree-grass equilibrium of (43) 
and (44) to be stable to perturbations in either vegetal compo- 
nent such as might occur by fire, pest, herbivore, or humans, 
provided that the perturbation does not bring aboui a change 
in the parameters of the system. For example, we might expect 
the tree-grass equilibrium to return to its former value of M,• 
following tree removal, provided the deforestation did not 
lead to changes in the soil properties and hence in X. Al- 
though the tree-grass equilibrium value of M,• is independent 
of Ma and hence is stable to grazing and burning of the grass 
component, it is known [e.g., Walter, 1973, p. 71] that this 
often leads to natural replacement of the grass by thorny, 
woody shrub that is resistant to these insults. 

We also conclude that under these savanna conditions 

(G = K = 1) the forest state (and the grassland state as well) is 
in unstable equilibrium. In this regard it is worth noting that 
slash and burn agriculture has converted some 40% of African 
equatorial forests to savanna [Phillips, 1974]. 

The savannh system, however, is metastable regarding cli- 
mate change. EqUations (34) and (35) define equilibrium solu- 
tions to the .posed tree-grass configuration that are un- 
constrained by the hypothesized conditions of ecological opti- 
mality. Some of these suboptimal solutions are presented in 
Figure 4 for representative values of R and $. In this figure the 
long-term optimum equilibrium state of (45) is shown by the 
plotted circle. The associated equilibrium value of M,• is given 
by the intersection of the dashed M,•(So) curve with the solid 
Ma(so;G = 1) 'curve. 

In Figure 4.the parameter K is held constant at its optimum 
value of one. The dashed curve represents M,•(So) as given by 
(24) and is independent of G. The solid curves represent M•(so; 
G) as given by (24) and (34). For G = 1, So is independent of 
Mg, and therefore the short-term condition OSo/OM• = 0 is 
satisfied identically everywhere. It is the long-term condition 
OSo/Ok•w = 0 that fixes the optimal Ma = 1. 

For G > 1 we see that Ma increases with So until So reaches 
the value (So = 0.33 for G = 1.2) at which M,• becomes unity. 
At this point Ma !s discontinuous, since there, due to (1), Mg 
must drop to zero. The point to be noted is that as So in- 
creases under nonoptimal G > 1, the equilibrium tree density 
is driven to unity and the equilibi'ium grass density to zero. 

For G < 1 we see that Ma decreases with increasing So. At 
Ma = 0, So reaches its maximum value which is less than that 
for optimum G = 1; the associated equilibrium M,• is less than 
its optimum also. 

Therefore if we accept the ecological optimality criteria of 
(25) and (26) as the operative ones in determining tree-grass 
equilibria, climates with G > or < 1 cannot have stable tree- 
grass savannas. For G > 1 pressure to develop toward increas- 
ing So will lead eventually to closed forest while for G < 1 this 
pressure will lead to low density trees and an absence of grass. 
It is worth noting that this latter.state corresponds to the 
second equilibrium reported by Walker and Noy-Meir [1982]. 
The flatness of the driving gradient OSo/OMa in the small M,• 
range of most savannas indicates, however, that there is ample 
opportunity for other stress-producing factors (such as nutri- 
tion, pests, fire, etc. that have been neglected in this water- 
based analysis) to play a stabilizing role. 

In Figure 4 we see how very sensitive the vegetation density 
is to small changes in the average soil moisture concentration. 

With these behaviors in mind we conclude that the tree- 

grass savanna equilibrium is metastable to changing dimate. 
It is interesting to note that paleoclimatic studies of ice cores 
[Dansgaard, 1981] have shown very rapid shifts between forest 
and grassland during glacial time. 

Finally, we should note that the opening assumption of this 
section (that climate remains constant in the face of changes in 
vegetal cover) may not always hold. Climate change can result 
from vegetation loss in a moist convective climate where much 
precipitation is derived from locally evaporated water provid- 
ed that the removal of vegetation leads to a sustained increase 
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in runoff and hence to a sustained reduction of local evapora- 
tion. Increased potential evaporation can also follow veg- 
etation removal due to the increase in air temperature accom- 
panying a higher surface albedo. Both of these changes would 
be naturally reversible due to regrowth of the cover unless the 
denudation caused permanent structural and/or chemical 
changes in the surface soil that inhibited the process. 

Effect of Runoff 

Our solution has been unduly restrictive in that it has for 
convenience assumed zero runoff. In the savanna-covered 

catchments tributary to the Bahr el Ghazal swamps in Sudan, 
for example, the long-term average annual yield is on the 
order of one tenth the long-term annual precipitation ]Chart 
and Eagleson, 1980]. We will not derive an "exact" solution 
for this case but will instead look at the qualitative effect of 
allowing first surface and then groundwater runoff. 

Suppose we allow only surface runoff and assume it to be a 
small fraction v of the annual precipitation. Our governing 
equations will be the same as before if we substitute G' for G 
everywhere. By definition 

G' = (1 - v)G (48) 

The optimum solution now gives G'= 1 and we see that 
G' = 1/(1 - v), which is slightly larger than one. 

Let us now allow only groundwater runoff. If the ground- 
water flow is positive (i.e., an outflow), it will have no effect 
upon the soil moisture but will lead to a smaller M,•. If the 
groundwater flow is negative (i.e., an inflow), such as might 
occur in low-lying, high water table lands, both M,• and s o will 
be higher which corresponds to 

G' = (1 + v)G (49) 

and to an optimum G = 1/(1 + v), which is slightly smaller 
than one. / 

This crude argument demonstrates that the optimum sav- 
anna conditions may vary somewhat either way from G = 1. 
However, the small runoff percentage in most savanna cli- 
mates should make the zero runoff solution a good approxi- 
mation of reality. We will now test this solution against avail- 
able observations. 

OBSERVATIONS 

Natural Range of G 

To begin with, it is helpful to understand the natural range 
of the parameter G in order to appreciate the utility of the 
condition G-- 1 as a discriminator of savanna conditions. A 

range of conditions gathered from the literature are presented 
in Table 1. In calculating G it is assumed that kvg = 1. Of the 
six climates shown only Santa Paula, California has G • 1. 
While not all biomes near Santa Paula are currently savanna 
[e.g., Eagleson, 1978d], the presence of Mediterranean-type 
savannas in this region is well known [e.g., Eyre, 1968]. 

Boundary of Savanna Zonobiome 

Mather and Yoshioka [1973] defined the climatic bounds of 
the common zonobiomes in terms of e•, w and the Thornthwaite 
[1948] moisture index with the latter written 

Im: 100[e••- 1] (50) 
Their correlation is presented in Figure 5 as taken from 
Mather [1978]. By using our savanna criterion G = 1, we 
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Fig. 5. Observed climatic bounds of common vegetation types 
(G- K = 1 on auxiliary scale) (adapted and reprinted from Mather 
[1978]). 

have, as in (37), 

PA/e•,w- m•kvg (51) 
From a survey of the literature describing savannas in South 
Africa, West Africa, Sudan, and South America, Segarra 
[1983] found rn• from 0.46 to 0.67. Using k, = 1 (51) gives a 
range of Im from -33 to -54 and allows comparison with 
Mather's [1978] observed range of 30-60 through the auxil- 
Iary abscissa on Figure 5. 

Woodland Density 

A savanna in the Nylsvley (nails'-fiey) Provincial Nature 
Reserve in the northern Transvaal province of South Africa 
(24.7øS-28.7øE) is described qualitatively in a recent com- 
pendium on tropical savannas [Huntley and Walker, 1982]. 

The trees are primarily Burkea africana with a canopy den- 
sity Mw = 0.275, and the grasses are tussock-forming peren- 
nials [Huntley and Morris, 1982]. The soils are described as 
"fine-grained sands" having 0-6% clay in the A horizon and 
5-15% clay in the B horizon [Huntley and Morris, 1982]. 

For climate data we must go to other sources. Rutherford 
[1979] defines the mean annual precipitation to be 630 mm 
coming mainly in the mid-October through March rainy 
season. The mean annual temperature is 18.6øC. 

Pitman [1976] describes the rainstorms at Pretoria as 
having durations normally less than 24 hours. In 9 years of 
record there were 525 rainy days. By using this as the number 
of storms, and neglecting their duration, we can estimate the 
mean time between storms as mtb = 2.93 days. 

Middleton et al. [1981], present a map of long-term average 
annual Symons pan evaporation over South Africa that shows 
a value of 1800 mm/year for the Nylsvley region. Midgley et 
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Fig. 6. Sensitivity of woodland canopy density to soil hydraulic conductivity, Jonglei, Sudan. 

al. [1983] give the long-term average monthly Symons pan 
evaporation as a percentage of the annual total areally 
averaged over the drainage region (Limpopo-Olifants) that 
includes the Nylsvley Reserve. (The Symons pan is 6 feet 
square and 2 feet deep, and buried to ground level (1 
foot = 30.48 cm)) (D.C. Midgley, personal communication, 
1984). Pitman [1973] gives a seasonal algorithm for reducing 
the pan evaporation to water surface values. Applying these 
findings to the Symons average of 1800 mm gives an annual 

the value used here. At 26øC this translates to a saturated 

intrinsic permeability k(1) = 2.80 x 10 -9 cm 2. 
It is interesting to note the results of S. Andreou (personal 

communication, 1983), who applied Eaglesoh's [1982] ecologi- 
cal optimality theory to the catchments of three Bahr el 
Ghazal tributaries (Jur, Loll, and Tonj) on the "ironstone pla- 
teau" west of the Bahr el Jebel. The theory yields the saturated 
intrinsic permeability at which the vegetation cover is maxi- 
mum. The average result for the three catchments is k(1)= 

water surface evaporation of 1680 mm. Because of the higher' 2.21 x 10 -9 cm 2 or K(1)= 2.5 x 10 -4 cm s-x, which is re- 
albedo of vegetation, e•, w will be still lower. We will use the 
factor of 0.94 estimated by Chan and Eagleson [1980] for the 
reduction of water surface evaporation to that for wet bare 
soil; this gives our final estimate e•,w = 1579 mm. 

There are no quantitative observations of the soil proper- 
ties. Accordingly, we estimate the porosity n = 0.35 and the 
intrinsic permeability 10 -8 < k(1)< 10 -7 cm:. The geometric 
average permeability is thus k(1)= 3.16 x 10 -8 cm •. These 
properties are summarized in Table 2. 

A second savanna is that along the path of the Jonglei 
Canal in Sudan to the east of the Bahr el Jebel (7.5øN-31.3øE). 
Aerial photographs taken by the senior author along the path 
of the canal east of a point between Shambe and Fangak yield 
an estimate of tree canopy density Mw = 0.13. F. A. Rahim 
(personal communication, 1980) reports these to be "Arabic 
glue trees." Meteorological data for Shambe and Fangak 
[Chan and Eagleson, 1980] average to give a 7-month rainy 
season yielding an average seasonal precipitation of 815 mm. 
The nearest meteorological station is at Rumbek, where appli- 
cation of Van Bavel's [1966] combination form of the Penman 
equation gives ep• = 1606 mm. This computation is performed 
monthly in the manner described by Eagleson and Tellers 
[1982]. The mean annual temperature is 26øC and mt• = 3.04 
days. 

An Egyptian report [Academy of Scientific Research and 
Technology, 1978] prepared for the design of the Jonglei 
Canal describes the soils of the region as well-drained, moder- 
ately permeable loamy soils with saturated hydraulic conduc- 
tivity in the range 10-4< K(1)< 10 -3 cm s -x, the geo- 
metrical average of which is K(1) = 3.16 x 10 -4 cm s-x and is 

markably close to the average of the observed range along the 
Jonglei Canal to the east of the Bahr el Jebel. This, of course, 
may be fortuitous. 

The sensitivity of Mw to the estimate of K(1) as given by 
(44) is illustrated in Figure 6. Also shown on this figure is a 
semiempirical "generalized" optimum hydraulic conductivity 
as given by Eagleson and Tellers [1982, equation 26]. This 

TABLE 2. Savanna Parameters 

Jonglei Nylsvley 

Observed 

PA, mm 815 630 
e•, w, mm 1606 1579 
m• 7/12 5.5/12 
TA, øC 26 18.6 
mt•, days 3.04 2.93 
M,• 0.13 0.28 
Species ? Burkea africana 

Estimated 

n 0.35 0.35 

k,,, 1 1 
k(1), cm •' 2.21 x 10 -9 3.16 x 10-" 

Calculated 
0.92 

61.9 

19.5 

0.87 

591 

32.6 
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approximate semiempirical relationship is designed to bypass 
the extensive computations associated with evaluation of the 
"exact" optimum but is based upon results from only nine 
catchments in the United States. Clearly, the approximation is 
not very good in this case as it underpredicts Mw by 30%. 

Finally, the porosity is estimated as for Nylsvley at n -- 0.35 
and the full range of parameters for the Jonglei savanna is 
summarized in Table 2. The parameters of Table 1 are now 
used to compare the observed tree canopy densities with the 
value predicted by (44) as is shown in Figure 7. To understand 
the physical significance of the abscissa R/(2S •/2) we first note 
that the percolativity K(1)can also be interpreted through (15) 
as the potential (i.e., s o = 1) woodland transpiration rate. We 
will call Mwrnoep•kv•/rn, the "woodland transpirativity." Now 
we have 

R 
2X- 

sl/2 

soil evaporativity 
I-(woodland transpirativity)(grassland transpirativity)-I •n 

(52) 

The denominator of (52) is the geometrical average transpi- 
rativity; thus 2X is the ratio of potentials for return of mois- 
ture to the atmosphere, i.e., through the soil as opposed to 
through the vegetation. M• is thus inversely related to X. 

Although the estimated values of G for the two observed 
savannas are both less than the theoretical value of unity for 
stable equilibrium, the decrement is well within the error of 
estimate, and the agreement of the plotted points with the 
theory of (44) in Figure 7 is remarkable. 

It is important to gather data for other savannas to see if 
this agreement is sustained over a wider range of conditions. 
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TABLE 3. Savanna Plant Coefficients (G = K = 1) 

Location 
Grasses Trees 

= PA/(m, ep•,) m,• k,•,• = PA/ep•, 

California 0.95 0.55 
Transvaal 0.92 0.40 
Sudan 0.87 0.51 

Should (44) withstand further testing, its relationship of ob- 
servable M• to "hidden" k(1) will provide a useful addition to 
the arsenal of techniques for parameterizing the hydraulic 
properties of soils over large areas. 

Plant Coefficients 

Instead of assuming kv, -- 1, as we did to explore the natural 
range of G for a wide range of climates in Table 1, we will now 
estimate the actual plant coefficients for the three identified 
savannas using (37) and (38). The results are presented in 
Table 3 and seem quite reasonable and very consistent for the 
grasses at least. For the trees we still need to know mg. In the 
high water table case we expect m0--• 1 and the trees to be 
deciduous. In this case kv• is about 0.5. With rno--• rn•--• 0.5 we 
find evergreen trees and k,•--• 1. Such values are consistent 
with the relative water use rates of these two vegetation types 
[Larcher, 1975]. 

SUMMARY AND CONCLUSIONS 

The tree-grass savanna has been modeled in its equilibrium 
state as a competition for water and solar energy. The grass 
allows the trees only that water which the grass cannot use, 
and the trees control the grass's ability to use this water by 
shielding the grass from solar radiation. 

When it is assumed that the grass seeks (through its canopy 
density) to minimize water demand stress, the necessary con- 
ditions for existence of equilibrium savannas are G--K-- 1. 
There are three such equilibria: closed forest, grassland, and a 
tree-grass mixture. Only the last of these is stable to pertur- 
bations in the vegetation components but it is metastable with 
respect to climate change. 

To assure that the tree roots have access to all the perco- 
lated water it appears necessary that the water table be "high 
enough." 

Soil moisture variability below the grass root zone likely 
governs the deciduous versus evergreen nature of the woody 
component with low water table tending to produce an ever- 
green savanna. 

Observations of two tree-grass savannas provide a limited 
verification of the theoretical climax conditions. 

NOTATION 

A climate-vegetation parameter. 
a 0 coefficient. 
bo coefficient. 
c soil pore disconnectedness index. 

Co coefficient. 
E exfiltration parameter. 

ep, average annual potential evapotranspiration from 
grass, ram. 

ees average annual potential evaporation from bare 
soil, mm. 

e•,• average annual potential evapotranspiration from 
woodland, mm. 

er• average annual evapotranspiration from grass, mm. 
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eTs average annual evaporation from bare soil, mm. 
eT, • average annual evapotranspiration from trees, mm. 

G potential grassland density. 
G' transformed potential grassland density. 

Zw water table elevation, m. 
J bare soil evaporation efficiency. 

Jo evaporativity of soil, cm s-•. 
K water use ratio. 

K(1) soil hydraulic conductivity at saturation, cm s-•. 
kvg plant water use coefficient for grass. 
kvw plant water use coefficient for trees. 

k(1) soil permeability at saturation, cm'-. 
Mg grass canopy density. 
M s bare soil fraction of surface. 
M w woodland canopy density. 
rntb average time between rainstorms, s. 
rno average length of tree transpiration season, fraction 

of year. 
rn, average wet season, fraction of year. 
n soil porosity. 

P A average annual precipitation, min. 
R relative soil-grass potential water use. 
S soil percolativity. 

So wet season space time average soil moisture concen- 
tration in root zone of grass, So - 1 at saturation. 

s. transformed soil moisture concentration. 
t time, s. 

X soil moisture flux parameter. 
/• reciprocal of average time between rainstorms, s-•. 
7 specific weight of pore water, dyn cm-3. 
# dynamic viscosity of pore water, poise. 
v ratio of runoff to precipitation. 
a surface tension of pore water, dyn cm-•. 

•b e dimensionless exfiltration diffusivity. 
W(1) soil matric potential at effective saturation, cm (suction). 
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