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Massachusetts Institute of Technology, Cambridge, Massachusetts 02139 

Annual station precipitation is represented as a seasonally stationary Poisson arrival process in terms 
of three constituent random variables: season length, number of storms, and storm depth, and the distri- 
bution of the annual total is derived. The contribution of each constituent variable to variance of the an- 

null total precipitation is determined, and limiting distributions of the latter are derived by letting each 
contribution vanish separately. In humid climates it is shown that the storm depth variability pre- 
dominates, giving a distribution which is closely normal. In arid climates the number of storms controls 
and gives a highly skewed distribution. All cases are compared with observations. 

INTRODUCTION 

The probability distribution of annual station rainfall is an 
essential input to the study of uncertainty in many hydrologic 
processes. It has been shown by many investigators [Todo- 
rovic, 1968; Todorovic and Yevjevich, 1969; Ison et al., 1971; 
Eagleson, 1978] that the process can be modeled successfully 
using Poisson arrivals of gamma-distributed storm depths. 
Eagleson [1978] has shown empirically that with N years of 
storm observations such models may give a smaller variance 
in the estimate of the variance of the annual rainfall than will 

the N annual totals themselves. The utility of such event- 
based models is thus established, provided, of course, that ob- 
servations of individual storms are available. 

This requirement is the stumbling block to the application 
of the method in those data-poor situations where a theoreti- 
cal basis for extrapolation of limited annual observations is 
most needed. These situations are very often climatic ex- 
tremes, however (i.e.', very arid or very humid), in which case 
the Poisson models may have useful limiting forms with re- 
duced data requirements. In this work we will identify and ex- 
plore those limiting forms. 

THEORETICAL BACKGROUND 

Variance of Annual Precipitation 

Annual station precipitation can be considered as a multi- 
variate random storm arrival process. Assuming that the 
storm generating process is homogeneous and stationary, we 
may identify three constituent random variables: 

, length of annual rainy season; 
v number of independent storms in a rainy season; 

H storm depth. 

The marginal probability density function (pdf) of annual 
precipitation PA can be written in terms of these variables as 

365 oo f vA(Y) -- • f vAl•(y)p•l•(O)f •(t) at (1) 

where 

f•(0 pdf of season length; 
p,(0) conditional probability mass function (pmf) of num- 

ber of storms given the season length; 
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conditional pdf of annual precipitation given the 
number of storms. 

Recognizing that 

we can write 

= (2) 
jr0 

fv•l•(Y) = f•Y) (3) 

where f•n(Y) is the pdf of the sum of v identically distributed, 
independent storm depths. 

From (2) we can write the variance of the annual precipi- 
tation [see Benjamin and Cornell, 1970, p. 179]: 

Var[PA]--Var H• +Var • m. (4) 

in which m• and mn are the expected values of v and H, re- 
spectively. Equation (4) reduces to 

Since 

Var [PAl = m• Var [H] + mn 2 Var [v] (5) 

Var [ •-•v•] =mv•-2Var[PA] 
and the mean annual precipitation mv• is 

mvA--EI•H•l=m•rnn 
(5) may be written 

Var I•-v•l--m•-I CV•[H]+CV•[v] 
where 

(6) 

(7) 

752 

(8) 

Variance of Number of Storms 

The total number of storm arrivals in a single season can be 
written 

v = • va (10) 
d-- 1 

o[ l 
c vl l--El ] (9) 
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where 

va -- [vl•' = 1] = number of storms in one day 

In the same manner as above, the variance of the annual 
number of storms is 

Imd:•!l I • 1 Var [v] = Var Vd + Var m,, (11) 
ß - d• I 

where m, and m,, are the expected values of the season length 
and the number of storms per day, respectively. Equation (11) 
reduces to 

Var [v] = m, Var [Vd] + m•, 2 Var [r] (12) 

For Poisson ar•vals the pmf of • is 

(•t)Se -•' 
= a = 0, :, ... 

which is the probab•ty of exactly 8 sto• a•vals M t•e t. 
From (13), 

E[vl• = t] = •t (14) 

Var [v]• = t] = •t (15) 

where • is the mean a•val rate of the storms. LettMg t = 1 
day M (14) and (15), we have 

m• = o• = • (16) 

whereupon (12) becomes 

Var [v] = •m, + •: Var [•] (17) 

M which 

•m, = m• = E[vl• = m,] = Var [v[• = m,] (18) 

Normal•Mg (17) leads to 

c[v] = + 

which can be substituted M (8) to give 

,:0, 

Variance of Season Length 

Variation of the season length occurs primarily in arid cli- 
mates. Observations in Saudi Arabia [Development .•nalysis 
.•ssociates, 1978] are summarized in Figure 1. All but one of 
these stations can be represented by the uniform distribution 
sketched in Figure 2 which has the coefficient of variation 

CI/[?] -- 3-•/211 -- OO,o/m•] (21) 

where •'o is the lower bound of •' and, from (18), rn•/oo = m, 

Variance of Storm Depth 

The self-preserving, two-parameter gamma distribution is 
convenient for the pdf of storm depth. That is, 

X(Xh)•-'e -•,n 
fMh) -- G(•, 3,) = I'(•) h > 0 (22) 

which has mean and variance 

mH = •/X (23) 

oH 2 = •/X 2 (24) 

where • and 3, are the shape statistic and scale statistic, respec- 
tively. 

Equations (23) and (24) give 

C[H] = (25) 

Summary 

Using the distributions of the last three sections above, the 
cdf of normalized annual rainfall is [Caro and Eagleson, 1981] 

Prob PA _< z -- -e-•'o[1 + - P[O•, mdcz] 
m P A {D {D 

ß P 19+1,•-+•0•o -P[19+1,•0•o] (26) 

where P[ ] is Pearson's incomplete gamma function (see 32), 
and, from Figure 2 

-•- -- 2[m•- •0•o] (27) 
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Fig. 1. Observed distribution of rainy season duration in Saudi Arabia [Development Analysis Associates, 1978]. 



754 EAGLESON: DISTRIBUTION OF ANNUAL PRECIPITATION 

f-rl•) 
I 

k= 
2 (m.r- 'r o ) 

k 

2m.F 'r • o ø !o m• • r ½ 
Fig. 2. Chosen distribution of rainy season duration in arid cli- 

• mates. 

This distribution has a mean of unity. Its variance is obtained 
from (20), (21), and (25) as 

Var[m•• ] =(m•)-' +m•-l+[1-OOro/m•]2/3 (28) 
in which the first term represents the contribution of storm 
depth, the second represents the contribution of number of 
storms (given constant season length), and the last term repre- 
sents the contribution of number of storms through variable 
season length. 

The components of (28) are plotted as a function of m• in 
Figure 3 for the case ro: 0, and K -- 0.5 (Studies in a variety 
of climates show that usually 0.1 < K < 1.0.). Figure 3, (20), 
and (28) offer insights into the composition of the variance of 
annual rainfall: 

1. For climates with CF=[r] = 0, the variability of storm 
depth and number of storms are of comparable importance. 
This is seen from (20), where for normal values of • the first 
two terms are of the same order of magnitude. 

2. For very humid climates (i.e., m• is large) the coefficient 
of variation of season length vanishes since it tends to rain all 
year. Again, from (20), and with the distributions chosen, the 
contribution of storm depth H to the variance of Pa/mp A is •-• 
times the contribution due to the number of storms, v, per 
rainy season. In addition, in this extreme the number of 
storms is also constrained by the length of the year and the 
Poisson assumption weakens. The Cl/[v] then tends to be less 
than m• -• and the relative importance of storm depth variabil- 
ity is amplified. 

3. For very arid climates (i.e., m• is small), the total varia- 
bility of v is of primary importance to PalmpA. 

We will now look at examples of these limiting cases. In 
each example, the empirical calf is based upon Thomas' [1948] 
plotting position. 

Using (13), (29), and (30) in (1), Eagleson [1978] and others 
have shown that 

[ ] { • (m•)s Prob PA _<z =e -m. 1+ P[O•,m•z] (31) 

in which the Pearson gamma function P[ ] is defined by 

P[a, x] -- r-• e-Ss a-' as (32) 
Equation (31) is compared with observations for the 12-month 
season at Boston, Massachusetts, by the solid line in Figure 4. 

Case 2. 

CV[r]--> 0, • << 1, Var I•-•l --> (m,Jg) -l 
In this case, (29) applies: 

p•, .... (8) = I 0 = m• 

P•l,-m.(0) ---- 0 otherwise 
and 

(33) 

f p•(y) : f p•,•_•(y) (34) 

By using (30), normalizing through z -- y/m•,•, and integrating 

G(m•, x) dx = P[m•, m•z] (35) Prob P• z 
mP A 

The conditions for (35) are most likely to be met in a humid 
climate, in which case the 'order' m•K of the underlying 
gamma distribution is so large that the distribution of annual 
precipitation is closely normal. Equation (35) is presented for 
Boston, Massachusetts, as the dashed line in Figure 4. 

Other cases may be encountered where, due to constraints 
on the upper tail of f•(8), CI, a[v] is much less than the Poisson 
value of m•-'. Here again the conditions for (35) apply. An ex- 
ample is Pasadena, California, as shown in Figure 5. Of 
course, storm data are necessary for a priori recognition of 
such cases whereas the single parameter m• can be estimated 
from the variance of the sample of annual observations using 
only the first term of (28). 

In both of these examples the parameters were estimated 
from five years of storm observations, hourly data in the case 
of Boston and daily data for Pasadena. Independent events 
were assumed by rainless periods of at least 2 hours and I day, 
respectively. 

Limiting Distributions 

Case 1. 

CV[r]-->O, Var[•-•]-->m•-'[•-'+l] 
In this case 

f,(t)-- I t= m, 

f,(t) -- 0 otherwise (29) 

The self-preserving property of the gamma distribution al- 
lows us to write, from (22), 

•(Xy)S•-•e-Xy 
f•.A•(y) -- f•y) -- G(0•, 3,) -- P(0•) (30) 
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Fig. 4. Distribution of annual precipitation at Boston, Massachusetts. 
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When annual observations are absent, it is helpful to note 
that 

8 Var (P, Jmv,)18•: • m,, win, - -- = (36) 
0 Var (P•/mv,,)/Sm,, •: •: 

Equation (36) says that for large m, (i.e., the humid case being 
considered now) the variance of PA/mvA is very much more 
sensitive to • than to m,. Thus a program of storm observa- 
tions need not encompass a number of years but only a long 
enough period to collect a reasonable sample of storms from 
which w and • can be estimated. Accuracy in estimating m, is 
not critical. 

Case 3. 

CV2[H]<<I, VarI•I'-•mf•+CV2[r] 
In this case 

fvAI.(Y) = I y = tony 
(37) 

f,",,I,,(Y) -- 0 otherwise 

p,,(•) -- p,.(•) f('r) d'r (38) 

Using (13) and the f0') of Figure 2, we have, for % = 0, 

1 

p,,(•) = • P[O + 1, 2m.] 0 = O, 1, 2,-.. (39) 

However, with PA = mnv 

ProbIPa <_ Y l -- Prob [v_< y/mn] mv• mv• 

or, letting y/my,, -- z 

Prob P• _<z --• P[O+I, 

(40) 

(41) 

Using the recursion relation [Abramowitz and Stegun, 1964], 

7[0, x] x ø 
P[O + 1, x] .... e -• (42) 

P(O + 1) P(O + 1) 

Equation (41) can be rewritten for more rapid computation: 

= 2m. (m•z + 1) P[I, 2m.] - e -2m, • P(n + 1)' 
Equation (41) is presented as the dashed line in Figures 6 

and 7 in comparison with observations for A1 Wajh and 
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Fig. 5. Distribution of annual precipitation at Pasadena, California. 
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Riyadh, Saudi Arabia, respectively. Also presented on these 
figures, for comparison, are the 'complete' Poisson expression, 
(26), and its constant season version, (31). In both cases the 
parameters were estimated on the basis of the daily rainfall 
records for the nine available years of data. Independent 
events were identified using the method of Restrepo and 
Eagleson [ 1981]. 

Summary and Conclusions 

Given Poisson storm arrivals, we have shown that: 
1. In humid climates the variability of storm depth is the 

predominant contributor to variance in annual rainfall and 
the cdf of PA/rn•, A can be estimated fairly well in terms of the 
single parameter rnd• from a short record of storm observa- 
tions. This is not surprising because these distributions ap- 
proach the normal as m,-• oo. 

2. In arid climates the variability of number of storms per 
rainy season is the predominant contributor to variance in an- 
nual rainfall and the cdf of PA/rn•,A can be estimated quite 
well in terms of the single parameter rn,. This is very surpris- 
ing since the distributions are highly skewed. 

These findings should be useful in extreme climates where 
data are scarce. 

NOTATION 

d counting variable for number of days in a rainy 
season. 

H storm depth (a random variable). 
h value of the storm depth. 
j counting index. 
k parameter of the distribution of season length. 

m,, expected value of x. 

1.0 

PA 

mp• 4 
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o o 

. AL WAd H 
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__ mPA = 24mm 

o OBSERVATIONS 1966-1974 

COMPLETE POISSON MODEL 

m v = 3.44 

K = 0.73 
A EQ. (26) 
% = 0 DAYS 

mz- = 94 DAYS 

CONSTANT SEASON POISSON MODEL 

m v = 3.44, 0.73 EQ(31) 

LIMITING MODEL h = m H A ' EQ(41) 
m v 3.44 

1.25 2 5 

RECURRENCE INTERVAL- YEARS 

I.Ol IO 20 

Fig. 6. Distribution of annual precipitation at AI Wajh, Saudi 
Arabia. 
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Fig. 7. Distribution of a•ual precipitation at Riyadh, Saudi 
Arabia. 

P• station annual precipitation (a random variable). 
s dummy variable of integration. 
t value of the rainy season length. 

x dummy variable. 
y value of station annual precipitation. 
z value of the normalized annual precipitation. 
8 value of the number of independent storms in a 

rainy season. 
g shape statistic of gamma distribution. 
X scale statistic of gamma distribution. 
v number of independent storms in a rainy season (a 

random variable). 
va number of independent storms in d days (a ran- 

dom variable). 
ox standard deviation of x. 
ß length of annual rainy season (a random variable). 

ß o minimum length of rainy season. 
w mean arrival rate of independent storms. 

E[ ] expectedvalue of[ ]. 
f( ) probability density function. 
G( ) gamma distribution. 
P[ ] Pearson's incomplete gamma function. 
p( ) probability mass function. 
I•( ) gamma function. 
o[ ] standarddeviation of[ ]. 

Var[ ] variance of[ ]. 
C F[ ] coefficient of variation of[ ]. 
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