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Abstract--By the single assumption that the reservoir action in a catchment can be separated 
from translation, the general equation of the unit hydrograph is shown to be 

¾o fo u(O, t) = -• II(1 -1- K,D) 'i'dA 
This is simplified by two further simple assumptions to give 

Vo fo '-<• u(0, t) = •- P(m, n -- 1).w(r'). d m 
which can be conveniently calculated. 

LIST OF SPECIAL SYMBOLS 

A--area of catchment 

cross section of channel (Section 3) 
a(x)--translation time 
I(t)--inflow rate 
K--delay time of reservoir storage 
M---th moment of the unit hydrograph 
N--total number of reservoirs in the catchment 

m--dimensionless time variable 

n(r)--distribution of reservoirs in the catchment 
P(m, n)--Poisson probability function 
Q(t)--outfiow rate 
S(t)--storage volume 
T--maximum translation time in catchment 

U(0, O--instantaneous unit hydrograph 
U(D, O--finite period unit hydrograph 
Vo--volume of rainfall excess (outflow) 
•(0)--Dirac-delta function 
II--product of similar terms to be taken 
r--total translation delay time between point and 

outlet 

w(r)--ordinate of time-area-concentration curve 
local rainfall intensity 

average rainfall intensity 

INTRODUCTION 

Since its first proposal over 25 years ago 
[Sherman, 1932], the unit hydrograph approach 
to stream flow prediction has developed into one 
of the most powerful tools of applied hydrology. 
It has, however, retained an empirical character, 

and no general theoretical basis for the method 
has been evolved. The absence of a general theory 
of the unit hydrograph has limited the scope 
of the method and made it dependent on personal 
judgment in its practical application. 

The present paper proposes a general theory 
which should help to remove many of the sub- 
jective elements from unit hydrograph analysis, 
and also to release the problem of synthesis 
from its present dependence on empirical relation- 
ships derived from localized data. To be worth- 
while, a theory should enable us to predict the 
effect on the unit hydrograph of such variables 
as the shape of the catchment, the speed of 
travel of flood waves in the catchment, the 
amount and distribution of both channel storage 
and overbank storage, unequal rainfall distribu- 
tion over the catchineRt, the size and slope of the 
catchment, and so on. It would be gratifying, 
also, if such a theory could (a) provide a simple 
objective method of deriving a unit hydrograph 
from complex storms; and (b) indicate a small 
number of physically significant parameters 
which could be correlated with catchment 

characteristics to form the basis of a universally 
applicable system of unit hydrograph synthesis. 

Zoch [1934, 1936, 1937] made a notable attempt 
to formulate a general physical theory of stream 
flow based on the assumption that at any time 
the rate of discharge is proportional to the amount 
of rainfall remaining with the soil at that time. 
Using this assumption, he analysed the runoff 
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due to rainfall of finite duration and uniform 

rate, obtaining equations for the four separate 
segments of the hydrograph. Zoch solved these 
equations for two simple cases, where the time- 
area-concentration curve is rectangular or 
triangular. He indicated as the main difficulty 
in the solution of other cases the integration of 
o•(x)e • where o•(x) is the ordinate of the time- 
area-concentration curve and K is a constant; he 
suggested the use of series approximation or 
numerical integration in such cases. 

Clark [1945] suggested that the unit hydrograph 
for instantaneous rainfall could be derived by 
routing the time-area-concentration curve through 
a single ele.ment of linear reservoir storage. 
Physically this is equivalent to Zoch's formula- 
tion, the equations being simplified by reducing 
rainfall duration to zero, and the reservoir routing 
being a form of numerical integration of o•(x)e •. 
The hydrology group of the Irish Office of 
Public Works found that in many practical cases 
the smoothing involved in routing was sufficient 
to permit the replacement of the tediously 
derived time-area-concentration curve by an 
isosceles triangle [O'Kelly, 1955]. The present 
author in a thesis study discussed the physical 
basis of the Clark approach and the O'Kelly 
simplification [Dooge, 1956]. 

A further hypothesis was put forward by 
Nash [1957], more as the basis of a convenient 
two-parameter synthetic method than as a 
general theory. He suggested that the instan- 
taneous unit hydrograph could be derived by 
routing the instantaneous rainfall through a series 
of successive linear reservoirs of equal delay time. 

In the present paper, a general equation for 
the unit hydrograph is derived from the single 
physical assumption that the reservoir action 
which takes place in the catchment can be 
separated from the translatory action and 
lumped in a number of reservoirs unrestricted 
in number, size, or distribution. This general 
equation can be converted from a surface integral 
to a simple integral by assuming that above 
each confluence in the catchment the reservoirs 

are equally distributed for equal lengths of 
tributary. The complexity of the computation 
required is greatly reduced if the idealised 
reservoirs in the catchment are assumed equal, 
since in this case the ordinates of the unit 

hydrograph can be obtained by integrating the 
product of an ordinate of the time-area-concert- 

tration curve and an ordinate of the Poisson 

probability function (which has been tabulated). 
Even with this assumption of equal reservoirs, 
the result is extremely general and flexible, 
containing each of the previous theoretical 
approaches as a very special case. 

UNIT HYDRO GRAPH PRINCIPLES 

All unit hydrograph procedures (analytical or 
synthetic) are based on two fundamental 
principles' 

1. Invariance--the hydrograph of surface 
runoff from a catchment due to a given pattern 
of rainfall excess (that is, rainfall minus infiltra- 
tion and similar losses) is invariable. 

2. Superposition--the hydrograph resulting 
from a gi;•en pattern of rainfall excess can be 
built up by superimposing the unit hydrographs 
due to the separate amounts of rainfall excess 
occurring in each unit period. This includes the 
principle of proportionality, by which the ordi- 
nates of the hydrograph are proportional to the 
volume of rainfall excess. 

Further assumptions are often made for 
practical convenience, but they are not essential. 
Thus the starting point for Sherman's original 
work on the subject was the assumption that all 
floods due to rainstorms of a given duration ran 
off in the same amount of time. This use of a 

finite time base for the unit hydrograph is not 
essential and is only physically reasonable for 
cases where the storage is distributed evenly 
throughout the catchment. 

For the purpose of the present study the 
following definitions are used. The instantaneous 
unit hydrograph for a catchment, u(0, t) is the 
hydrograph of surface runoff at the outlet from 
the catclunent due to a finite volume of rainfall 

excess, Vo, falling in an infinitesimally short time. 
Such a rainfall excess is written in terms of the 

•-function as Vo'$(O). A D-period unit hydro- 
graph, u(D, t), is the hydrograph of surface 
runoff at the outlet due to a rainfall excess of 

volume, Vo, distributed uniformly throughout a 
period, D. In both cases the areal distribution of 
rainfall excess throughout the catchment is 
assumed to follow a constant pattern from storm 
to storm, but this pattern is not necessarily one of 
uniform distribution. The conversion from an 

instantaneous unit hydrograph to one of finite 
duration can be easily made, since by super- 
position 
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l ftt .(v, 0 = 5 _. u(O, t). ott 

Unless the contrary is stated, all unit hydrographs 
discussed in the present paper are instantaneous 
unit hydrographs whose ordinates have the 
dimension of discharge rate per unit area. 

The presence of the principle of superposition 
im.plio, *.h,*. ,,y theory of the unit hydrograph 
must be a linear one. The processes involved in 
the conversion of rainfall excess to surface 

runoff at the outlet must all be linear if the unit 

hydrograph theory is to hold exactly, since the 
presence of a single non-linear element would be 
sufficient to destroy the principle of super- 
position. It is clear that any general theory must 
be a linear one, and that cases of catchments 
containing non-linear elements must be dealt 
with by some process of linearization. 

The key problem, therefore, is to determine 
the equation of the instantaneous unit hydro- 
graph for a catchment containing only linear 
elements. The corresponding problem in applied 
mathematics is the determination for a linear 

system of the Green's function, that is, the 
response of the system to the &function or unit 
impulse. The first step towards the solution of 
the hydrological problem is to examine the 
response of simple linear elements to an instan- 
taneous inflow. 

Once the instantaneous unit hydrograph is 
known, the runoff due to any given rainfall 
pattern can be found by convolution, 

q = i(t) * u(O, 0 
t 

f u(O, t- 
In practice this final calculation is most con- 
veniently made by using a distribution graph, 
or by using a movable strip technique. 

LINEAR CHANNELS AND RESERVOIRS 

The process of converting rainfall excess into 
surface runoff is a mixture of translation and 

reservoir action. The first step to be taken is to 
examine the cases of pure reservoir action and 
pure translation in a linear catchment. 

A linear reservoir is one in which the storage 
is directly proportional to the outflow: 

S(t)--- KQ(t) 

the constant K having the dimension of time 
and being equal to the average delay time 
imposed on an inflow by the reservoir. If the 
above relationship is combined with the storage 
equation 

we get 

d 

I(t) -- Q(t) = • S(t) 

d 

l(t) -- Q(t) = K • Q(O 
which can be written in operational form as 

(1 + KD)Q(t) = I(t) 

where D is the differential operator. This equa- 
tion has the solution 

Q(Oet/_,c _ 1 f at + •constant K ' 

For any given inflow this equation can be solved 
either analytically or numerically. For an 
instantaneous inflow the outflow from a linear 

reservoir is given by 

__ ] • e •(0). dt + const. 
Vo - t/K 

-- e t>0 
K ' 

so that the response of a linear reservoir to the 
&function is a sudden jump at the instant of 
inflow to a finite outflow followed by an expo- 
nential decline approaching infinity. 

In order to discuss the problem of translation, 
i• is convenient to introduce the concept of a 
linear channel. Such a channel is analogous 
to the idea of a linear reservoir whose storage 
outflow curve is a straight line. A channel 
unaffected by backwater has a definite rating 
curve at every point of the channel. A linear 
channel is de•ed as a reach in which the rating 
curve at every point is a lhear relationship 
between discharge and area. This •plies that 
at any point the velocity is constant for 
discharges, but may vary from point to point 
along the reach. If the linear rating is written 

= Q 

this equation can be applied to any point along 
the linear channel. This relationship can be 
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combined with the continuity equation 

OQ+ OA = o 
giving the equation 

a• q_ a'(x) a• = o 
which has the solution 

q[• - a(•)] = •o1•s•1•. 

This solution corresponds to the case of pure 
translation. It indicates that a linear channel 

will translate any inflow hydrograph without 
change of shape. This is in contrast with the 
non-linear case in which only one inflow hydro- 
graph is capable of uniform translation, that is, 
the special case of uniformly progressive flow. 
For the case of instantaneous inflow at the 

upstream end of a linear channel, the flow at 
any other point of the channel is given by 

Q= Vo. a(a) 

COMBINATIONS OF (•I-IANNELS AND RESERVOIRS 

If a linear reservoir and a linear channel are 

placed in series, the order in which they occur 
is immaterial, since the translation due to the 
linear channel merely involves the shifting of 
a time scale. The outflow from two such elements 

in series due to an instantaneous inflow Vo' $(0) 
is given by 

Vo - (t-a)/K 
t• a Q=-•e 

where K is the delay time due to the linear 
reservoir and a is the translation time due to 
the linear channel. 

If a number of linear channels are placed in 
series, the effect is merely one of translation by 
an amount equal to the sum of the translation 
times of the individual linear channels. 

If a number of unequal linear reservoirs occur 
in series, the outflow from one is the inflow to 
the next, so that the equation is 

(1 q- K•D)(1 q- K2D) 

ß .. (1 + K,• D) Q,,( t) = I(t) 
or 

1 

Q,,(t)=(i+K•D)(I+K:D)...(i+K•D) Itt) 

which can be written as 

1 

Q•(0 = n,,•(1 + K,D)'I(t') 
For the instantaneous inflow this reduces to 

1 

t> 0 Q,•(t) = II(1 + K,D) '{0} 
which is easily solved, since the inverse operator 
is already divided into factors. 

If all the linear reservoirs are unequal, the 
outflow must be of the form 

Q•(t) = C•e 

+ Ge-'/'"+ ... + ½•e 

Since the flow from any one of the reservoirs 
decreases to zero after an infinite time, we can 
write for each reservoir 

o Q•.dt = Vo i = !,2 ... n 
These n equations form the boundary conditions 
which enable us to evaluate the n unknown 
coefficients C• ... (7n. The insertion of these 
boundary conditions gives the set of equations 

Joe. 

fo Qn dt = Vo 

[Ge -'/'" + Ge -'/'" + ... 
etc. etc. 

which reduce to the algebraic equations 

=0 
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C•K• + C•K2 + ... + C,•K,• = Vo 

C• + C•. + ... + C.= 0 

C• 02 C,• 
o 

C1 C2 Cn 
K• •-• • K •-• + "' + •_• - 0 2 K. 

On solving these, the generM equation can be 
written as 

Q.(t) 
Vo H(K•- K•) 

K•.-•e-t/• K•-• .•/• 

so that the outflow from a chMn of unequal linear 
reservoirs can be expressed as a sum of n terms, 
each of which is a simple exponentiM decay 
curve. This does not furnish us with an easily 
manipulated too1 for anMysis and subsequent 
synthesis, since the separation of exponentiMs 
by numericM anMysis is an unsatisfactory process 
[La•zos, 1957]. If some of the n linear reservoirs 
are equM, repeated roots are obtMned. This 
complicates some of the individuM terms without 
reducing the number of terms in the series. 

In the speciM case where all of the n linear 
reservoirs are equal, a remarkable simplification 
is obtMned. In this case we have 

Q.(t) = (1 + •V)-"{0} 

= (C1 + C2t + C3t • + ... + C. tn-1)e 

Insertion of the boundary conditions eventually 
results in the following 

C• = C• = Cs ..... C._• = 0 

Vo 
C. = 

K"(n - ß 

so that the outflow is given by 

Vo (t/K)"-le -t/K 
Q.(t) = _ 

which shows that the outflow is represented by 
a single term. The fact that the term is compli- 
cated is of no practicM significance, since it is 
identicM with the Poisson probability function, 
vMues of which h•ve been tabulated by Pearson 

[1930], and Molina [1942]. This fact is taken 
advantage of later in the paper to facilitate a 
numerical solution of the general equation of the 
unit hydrograph. The outflow from n equal 
reservoirs can, therefore, be written conveniently 
as 

Qn(t) =-•P ,n- 1 
where P is the Poisson probability function. 

One final case is of special interest. If a total 
delay time of K is assumed, the effect on the 
outflow hydrograph of varying the value of n 
gives some interesting results. The maximum 
outflow occurs at a time (n -- 1)K and has the 
value 

Vø.p(n- 1 n- 1) K ' 

As n increases, the peak increases and other 
values decrease until for n equal to infinity the 
outflow is Vo-$(n -- 1' K). This result indicates 
that if a finite total delay time is divided up 
among a large number of equal linear reservoirs, 
the effect on an instantaneous inflow is equivalent 
to translation by an amount equal to the total 
delay time. ,:• 

Thus we can look on (1) reservoir action as 
being related to concentrated storage and (2) 
translatory action as related to completely 
distributed storage. 

A GENERAL EQUATION FOR THE UNIT 
HYDROGRAPH 

The linear components already discussed can 
be combined to represent an ideal linear catch- 
ment and an equation written for the unit 
hydrograph for such a catchment. This is done 
by assuming that any linear catchment can be 
represented by an ideal linear catchment in which 
the storage (both channel and overbank) is either 
concentrated or completely distributed; that is, 
the ideal catchment is drained by a network of 
channels composed of a complex system of linear 
channels and linear reservoirs placed in series. 
This lureping of the reservoir action is the only 
assumption made in deriving the general equa- 
tion (apart from the necessary assumption of 
linearity without which no true unit hydrograph 
would exist). 

The first step is to consider the outflow from 
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an element of area in the idealized catchment. 

Since the whole system is linear, the contribution 
of any portion can be considered in isolation. To 
reach the outlet the rainfall excess falling on any 
element of area must pass through a linear 
reservoir representing either overland flow or 
interflow, and then pass through the chain of 
linear channels and linear reservoirs representing 
the drainage system between the point under 
consideration and the outlet. Since the order of 

operations is immaterial, the flow may be con- 
sidered as first passing through a succession of 
linear channels and then through the series of 
linear reservoirs appropriate to the portion of the 
catchment under examination. For a rainfall 

excess I(t) on an element of catchment AA the 
resulting outflow is given by 

1 

AQ(t) -nf(1 -{- K,O) '{I(t -- r)}./XA 
where 

r = total translation time between the 

element and the outlet 

and 

K•... K• = storage delay times of reservoirs 
between the element and the 

outlet. 

From this it follows that the contribution of the 
element of area AA to the instantaneous unit 

hydrograph is given by 

t< r /Xu(O, t)=O 
I AA 

t•_7. Au(O, t)--ii(l_{_K,O ) Vo$(t--7.) A 
If the value of 7. and the values of the n storage 
delay times K• ... Kn are known, this equation 
can be calculated as indicated in the preceding 
section. 

The total runoff from the catchment after a 

time t will clearly be the sum of the contributions 
of the individual elements of area. It is obvious 

that those areas, where the total translation 
time 7. is greater than the elapsed time t since 
the start of rainfall excess, will contribute nothing 
to the runoff at the outlet, as the initial effect 
of the rainfall excess will still be in transit. 

Summation over the area that is contributing 
gives us the following expression for the instan- 
taneous unit hydrograph' 

'•('• I . Vo$(t_7.).i. AA u(0, t)= • II(lq-K,D) -•- 
If the integral is taken in the S•ieltjes sense 
allow for discontinuities, we can write this as 

Vo - r) u(o, 0 = n(1 + KD) 'i'aA 
in which 

u(0, t) 

¾o 
A 

t 

7' 

-- ordinate of the instantaneous unit 

hydrograph 
- volume of runoff 

-- area of catchment 

- time elapsed 
-- translation time 

K• .-. K• - storage delay times 
i(A) - ratio of local rainfall intensity to 

average over catchment. 

The above equation is the general equation for 
the unit hydrograph of an ideal linear catchment 
in which translatory action and reservoir action 
are separated. If the rainfall intensity is constant 
over the catchment, then i - 1 and can be 
omitted. It is reasonable to suppose that any 
catchment suitable for unit hydrograph analysis 
can be represented by an equivalent ideal linear 
catchment consisting of linear channels and 
linear reservoirs so arranged as to give the same 
unit hydrograph as the natural catchment to the 
required degree of accuracy. Accordingly, the 
above equation is proposed as the general equa- 
tion of the instantaneous unit hydrograph. 

METHODS OF SOLUTION 

The exact solution of the general equation 
derived in the last section would be a tedious 

business. It would require the evaluation for each 
element of the catchment area of the n-term 

series (generated by the n reservoirs lying between 
the element and the outlet) for all the values of 
(t -- 7.), •nd then the combination of the con- 
tributions from each element to obtain the 

complete unit hydrograph. From a practical 
viewpoint, the accuracy of the basic data renders 
the tedium of such a computation pointless, and 
in any case the accuracy required in applied 
hydrology makes this tedium unnecessary. Since 
the instantaneous unit hydrograph, which is itself 
an integral, is further integrated to obtain the 
actual hydrograph, small differences in catchment 
characteristics will not be reflected in the hydro- 
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graph of surface runoff due to the double smooth- 
ing involved. This suggests that the general 
equation of the unit hydrograph can be made 
tractable by the use of carefully chosen physical 
assumptions without undue loss of accuracy. 

It is obviously desirable to transform the 
general equation from a surface integral to a 
single integral. This can be done as follows. For 
the purpose of solving the general equation, any 
point in the catchment is characterized by its 
translation time • from the outlet and by the 
set of reservoirs with delay times Kx .-. K, 
lying between the point in question and the 
outlet. Imagine a 'contour' joining all points in 
the catchment which are separated from the 
outlet by the same translation time; such a line 
is termed an isochrone. Such isochrones cannot 

cross one another, cannot close, and can only 
originate or terminate on the boundary of the 
catchment. In general, it is possible for the 
points on an individual isochrone to have diff- 
erent characteristic 'reservoir chains' lying 
between the point and the outlet. This is illus- 
trated for a simple case in Figure 1. Natural 

- ylSOCHRONE 

Fzo. 1--General distribution of reservoirs 

catchments, however, seem to conform to 
certain laws of equilibrium [Horton, 1945]. Thus 
the assumption that all points on the same 
isochrone have the same reservoir chain would 

not be unduly restrictive. This assumption is 
shown in Figure 2; it is clear that all the tribu- 
taries can be folded onto the main river to give 
a single chain of reservoirs as shown in Figure 3, 
the inflow at any point being proportional to 
the length of the isochrone (dA/&-) cutting the 
main river at that point. In order to take advan- 
tage of this assumption for non-uniform rainfall 
distribution, it is necessary to average the rainfall 
intensity along each isochrone, so that the 
intensity varies only with distance from the 
outlet. 

The physical assumption made in the last 

Fza. 2--Uniform distribution of reservoirs 

F•. 3--Folding of tributaries onto main river 

paragraph modifies the general equation 

Vo foA•t• u(0, t) = -• n(1 + •,v) 'i'aA 
to the following 

Vo fo t<-v b(t -- •-) dA u(0, t) =-X n(1 + i2T 
where 

dA/&-- the length of the isochrone (i.e., the 
ordinate of the time-area curve) 

T = the classical "time of concentration" 

(i.e., the maximum translation time in 
the catchment). 

This can be written 

u(0, t) = n(1 + 35, v) 
where 

co(•) - ordinate of the dimensionless time-area 
concentration curve, adjusted for varia- 
tion in rainfall intensity 

or in compact dimensionless form 

•_ fo •'-• O(t'-- ,") oo(•") Vo n(1 + 

which is a single integral since the chain of 
reservoirs is defined uniquely for each value of v. 
It should be kept in mind that translation may 
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include distributed storage in the form of 
continuous overbank flow. Hence in the present 
theory the translation time is based on the 
velocity of flow from the whole cross section and 
does not exclude overbank flow from the calcula- 

tion. This is in contrast with the classical rational 

method, where time of concentration is based on 
bankfull flow conditions. 

The integral given above can be further 
simplified by assumptions in relation to the 
time-area-concentration curve. A complex 
w-curve can be broken down into simpler 
elements for which solutions are easily found, 
and then these solutions can be recombined to 

give the complex solution for the complete curve. 
In particular, if the curve is replaced by a series of 
straight lines each of which can be expressed as 

then the unitohydrograph is given by 

uT Vo- C• II(1 + K•D)d• 

+ C• H(I + K,D)• 
In this w•y the unit hydrograph for •ny poly- 
gonal •(•') c•n be built up from the basic unit 
hydrographs for w = 1 •nd w = •'. In m•ny 
c•ses i• will be simpler to solve the complex 
c•se by numeric•l integrations rather th•n by 
combining the basic solutions over short segments. 

In order to compute •n •ctual uni• hydrograph 
from the general equation, the size •nd distrb 
buffon of the l•e•r reservoi• mus• be known or 

•ssumed. In general, these reservoirs m•y be of 
•ny size •nd placed •t •ny given translation time 
from the outlet. The Zoch •nd Cl•rk methods 

•ssume, • effect, that there is • single reservo• 
in the c•tchmen•. Using •his assumption, the 
unit hydrograph c•n be computed in less th•n 
h•lf •n hour, even for the c•se of • complex 
t•e-•rea-concentmfion curve. If more reservoirs 

•re inserted in the idealized c•tchment, the 
computational work is •creased •nd would 
become practically •possible for • l•rge number 
of unequal reservoffs. If, however, the reservoirs 
•re •11 t•ken as equ•l, there is • gre•t s•plific•- 
fion •nd the number of reservoirs c•n be in- 

creased withou• e•m work up to the l•it of the 
•bles used. In the case of • number of equ•l 

reservoirs, the computation takes two to three 
hours. 

The solutions for these various assumptions 
regarding the linear reservoirs are discussed in 
greater detail in the remaining sections of the 
paper. 

EXISTINO SOLUTIONS 

The various theoretical solutions so far pro- 
posed for relating rainfall to runoff on a linear 
basis are easily derived as special cases of the 
general equation 

fo' __ ß 

Vo II(1 q- K•D) 

The insertion of particular values in the above 
equation gives the solutions proposed in the 
Rational Method (1851), Zoch [1934], Clark 
[ 1945], and Nash [1957]. 

The Rational Method first proposed by 
Mulvany in 1851 [Dooge, 1957] treats the problem 
of runoff as one of translation only. This assump- 
tion corresponds to 

K1 

which gives 

uT 
__ 

Vo 

=Ko. ..... K,•=O 

•o t - = 

so that the instantaneous unit hydrograph has 
the same shape as the time-area-concentration 
curve. In the original form of the Rational 
Method, the critical storm duration was taken 
as equal to T, the time of concentration of the 
catchment. In the modified rational method, 
the critical storm is taken so as to maximize 

the product of the rainfall intensity and the 
peak of the finite period unit hydrograph. 

Zoch [1936] and Clark [1945] both assumed 
that the runoff was routed through a single 
linear reservoir. Zoch assumed the storage to 
occur in the soft, while Clark more correctly 
regarded it as channel storage. This assumption 
corresponds to 

K•=K 

K• = Ks ..... Kn = 0 

which when inserted in the general equation 
gives 
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uT 

fo - 1-4- KD 

t 1 -(t-v)/K 
e-•'• fo ' e '•'• o•(•-') d•- K 

The latter equation is identical with the solution 
obtained when a time-area-concentration curve 
o•(•') is routed through a reservoir of delay 
time K in accordance with Clark's method. In 
practice, such a routing can be carried out very 
rapidly by using the coefficient form of the 
Muskingum method to obtain the instantaneous 
unit hydrograph. The finite-period unit hydro- 
graph can be readily obtained by taking means 
and entering these in a further column; if 
required, a distribution graph can be obtained 
by using a further column [Dooge, 1956]. 

The instantaneous unit hydrographs computed 
on the assumption of a single reservoir for 
catchments with rectangular and triangular 
o•(•) curves are shown in Figures 4 and 5. The 
range of KIT values used corresponds with that 
normally found in natural catchments. It is 
found that the variation of the peak of the unit 
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Fro. 7wHydrograph in terms of lag (triangular) 

the lag equal the volume within a few per cent. 
Nash [1957] used a different approach in which 

he assumed that the operation of a catchment 
on rainfall excess to produce an instantaneous 
unit hydrograph was analogous to the operation 
of routing an instantaneous inflow through a 
series of equal linear reservoirs. The assumption 
of equal linear reservoirs transforms the general 
equation of the unit hydrograph as follows 

•'• - fo' •(t- •-) .,,,(•.,) •. ¾o- n(1 + •,•) 

- fo' •(t- •-) .,o(•-') - (1+ 

t I rn'•-•e-m .w(7. •) d7. K (n- 1)! 
where 

t -- 

Since Nash ignores the variation in translation 
time over the catchment, he assumes in effect 
that all points have the same translation time; 
that is, that the dimensionless time-area- 
concentration curve is a/•-function. This gives 

•y fo • i m'-'•-m• •(0) • Vo K (n -- 1)! 
n--1 --m 

uK m e t 

Vo (n -- 1)! K 

which is Nash's solution for the instantaneous 
unit hydrograph. 

Nash's solution has the advantage that the 

TABLE I 

K/T 

.25 

.50 
1.0 
2.0 
3.0 
4.0 

UmaxL/Vo 

Rectangle Triangle 

.74 1.03 
ß 87 1.02 
.95 1.01 
.98 1.00 
ß 99 1.00 

1.00 1.00 

S-hydrograph is given by 

s(0 = fo u(O, t).at 
Vo fot m'•-•e -m -- K (n -- 1)! 

•.dt 

t mn-le -m -- Vo (• • •ii'dm 

fO •,--! -m m e .dE 

-- Vo (n -- 1)! 

where I( ) is the ratio of the incomplete to the 
complete gamma function, which has been 
tabulated by Pearson [1930]. Thus the ordinates 
of the finite duration unit hydrograph can be 
found from the difference between two tabulated 
values 

u(•, t) - 
s(t)- s(t- •) 

D 

It is clear, therefore, that the solutions previously 
proposed as giving the form of the instantaneous 
unit hydrograph are special cases of the general 
equation derived earlier in the present paper. 
Even if the linear reservoirs are all assumed 
equal, the general method is extremely flexible, 
the result being dependent on the three numerical 
parameters T, K, and N, and on the functional 
parameters •o(7'') and n(7'') defining the adjusted 
time-area-concentration curve and the reservoir 
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TABLE 2 

Method K N n(•') Degrees of 
freedom 

Rational variable 
Zoch-Clark variable 

0'Kelly variable 
Nash -- 

Using equal reservoirs variable 

variable 0 0 -- 2 
variable variable 1 at outlet 3 
triangle' variable 1 at outlet 2 

-- variable variable -- 2 
variable variable variable variable 5 

distribution curve, respectively. The relation 
of the various special cases is shown in Table 2. 

GENERAL SOLUTION USING EQUAL RESERVOIRS 

The assumption made in the Zoch-Clark 
method, that the reservoir storage in all parts 
of the catchment can be represented by a single 
linear reservoir at the outlet, seems unduly 
restrictive. Similarly, the neglect of translation in 
Nash's approach makes it impossible to analyze 
the effect on the unit hydrograph of such factors 
as the shape of the catchment and the ratio of 
overbank storage to channel storage. As indicated 
in the last section, the assumption that all the 
linear reservoirs in the idealized catchments are 

equal gives a solution having five degrees of 
freedom, compared with three and two degrees 
for the methods of Clark and Nash respectively. 
This additional flexibility is of great value, both 
for the direct analysis of the effect of catchment 
characteristics on the unit hydrograph, and also 
by providing additional parameters which can 
be used to improve the statistical analysis of 
derived unit hydrographs. 

Any further generalization is probably not 
worthwhile. For the case of n unequal reservoirs, 
the solution of the general equation of the unit 
hydrograph is as follows 

t_• T 

II(1 -[- K,D) 

which gives 

uT fo • 
+... + 

The coefficients C•(•) .-. C,(•) are constant for 
the range corresponding to the reach between 
two adjacent reservoirs, but change on passing 
from downstream to upstream of each reservoir. 

Thus the computation is quite complex, becoming 
increasingly so as the number of reservoirs 
increases. Since this approach only gives more 
flexibility than the case of equal reservoirs if the 
number of unequal reservoirs is three or greater, 
the prospect is not encouraging. The case of 
unequal reservoirs is equally unpromising from 
the point of view of the numerical analysis of 
derived hydrographs. Lanczos [1957] has shown 
the uncertainty inherent in the analysis of 
exponential series. No advantage is obtained if 
two or more reservoirs are taken equal, since the 
number of terms remains the same and the 

individual terms are more complex. Simplifica- 
tion is only obtained if all the reservoirs are 
equal. From the practical viewpoint, the five 
degrees of freedom provided by the equal- 
reservoirs solution would appear to be ample for 
the purposes of both analysis and synthesis. In 
general, it may be concluded that the solution 
using equal reservoirs takes advantage of a 
considerable simplification without any appre- 
ciable loss of physical significance. 

If all the linear reservoirs in the idealized 

catchment are taken equal in size, we have 

uT 

Vo fo - -- II(1 -]- K, D) 

= fo' a(t- (1 -]- KD) '• 

uT 

Vo 

fo •/-• m'•-•e-m .co(r') dm m -- . 

(n -- 1)! 
t/K 

-- f P(m, n- 

t -- 7' 

K 

where 

P(.m, n -- 1) 

is the Poisson probability function. Since the 
latter function has been tabulated by Pearson 
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[1930] and Molina [1942], the computation of any 
ordinate of the instantaneous unit hydrograph 
by numerical integration is comparatively easy. 
For any ordinate (i.e., for a fixed value of t) the 
variables under the integral sign can be evaluated 
for each value Of r, and t•he products integrated 
using Simpsoh's Rule, or some equivalent. For 
any value of r, o•(r) is given by the time-area- 
concentration curve, n by the distribution n(r) 
of the N reservoirs each of delay f/tme K, and m 
by the difference (t -- r). A convenient tabulation 
is shown in Table 3 where K - IT and N - 20. 

TAr •,r• 3 

1.2 

n(•') __P(m, n - 1)1 •0(r') AU 

.00 12 I .006 0 .0000 

.05 11.5 i .010 .2 .0000 

.05 11.5 2 .116 .2 .0002 
ß 10 11.0 2 .184 .4 .0007 

It is important to remenber that each reservoir 
introduces a change in the value of n and hence 
a discontinuity in the value P(m, n -- 1). For 
this reason it is necessary to evaluate the inte- 
grand immediately upstream and downstream 
of each reservoir. 

ArrLICATIO• or rRorosED SOLtYT•O• 

The detailed discussion of possible applications 
of the proposed equM-reservoirs equation of the 
unit hydrograph is beyond the scope of this 
paper. Nevertheless, some indication is desirable 
of the relevance of the solution to key problems 
in theoretical and applied hydrology. Even if the 
shapes of the time-area-concentration curve and 
reservoir-distribution curve are kept constant, 
the method has three degrees of freedom, each 
characterized by a single numerical parameter of 
physical significance. Variation of the shapes of 
the two curves mentioned gives a tremendous 
additional flexibility, if required, either in 
analysis or statistical correlation. 

One obvious application is the use of the 
solution to predict the effect of various catchment 
characters on the shape of the unit hydrograph. 
In this respect the method can do all that Clark's 
method can do, and all that Nash's method can 
do, as might be expected, since each of these 

have been shown to be a special case of the 
equal-reservoirs solution. In addition, the pro- 
posed equation can analyze the effect on the unit 
hydrograph of the distribution of storage within 
the catchment. Such an analysis is of more than 
academic interest, since it could be used to 
determine the relative effects of the various 

catchment characteristics. In this way the, 
optimum number of parameters to be used in 
correlation studies or recorded data could 

be determined in advance. It is interesting to 
note that the unit hydrograph will approach the 
shape of the time-area-concentration curve under 
three conditions: (a) as K approaches zero, 
(b) as n approaches infinity, and (c) as the 
distribution approaches the case of uniform 
distribution. Analysis could indicate the relative 
importance and sensitivity of these factors and 
could assess the extent to which any one of them 
could replace the others without serious error. 

Special cases of the general solution can be 
handled algebraically with interesting results. 
An example of this is the case treated by O'Kelly 
[1955], that is, a triangular time-area curve, 
n -- 1, placed at outlet and two variable param- 
eters. In this case, as the present author pointed 
out in the discussion of O'Kelly, the peak of the 
instantaneous unit hydrograph is described below 

e 

The latter equation can be expressed as 

te ( 2e•,/•z K- log, -- 1) 

which when expanded gives the following rela- 
tionships within a few per cent 

The same approach can be made for other 
special cases. Thus for Nash's assumption of n 
equal reservoirs and no variation in time of 
translation, we have 

u K Tign-1 - m e t 

Vo-(n-- 1)! m- K 
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This is a maximum when 

n--2 n--I 

(n-- 1)m -- m =0 

i.eo 

or 

t•, tp n- 1 
L nK n 

UmaxK P(n- 1, n- 1) __ 

Vo 

The above result is exact. 

For the case of a rectangular catchrnent using 
Clark's method we have 

tr= T 
-- T/K 

Uma xT = 1 -- e 
Vo 

which is also an exact result. 
These three special solutions are plosted in 

Figure 8. It is a simple matter to plot the coordi- 
nates of a derived hydrograph on this diagram 
for comparison with the three special cases. 

It has been pointed out by Nash (private 
communication of draft paper) that the moments 
of the unit hydrograph are suitable as a basis 
for correlations in unit hydrograph analysis. 
Though this may not be rigorously true [Kendall, 
1943], it is probable that such an approach is 
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Fro. 8--Plotting of special solutions 

the best available at the present time. It is 
desirable, therefore, to seek a convenient expres- 
sion for the moments of the general equation 

uT fo t/" m"-'e-= .oo(r'). dm __ 

Vo (n - 

which will be 

co t /K n-1 --m 

Mu = fo dt tufo m e oo(r').dm (n -- 1)! 

Integration in the above form would appear to be 
difficult. However, if the moment is constructed 
by taking the contribution of each element of 
the catchment, integrating with respect to time, 
and then integrating over the catchment, a 
solution becomes possible. In this form the 
moment is 

T co n--1 --m 

fo m e MR = dr o•(r') (n -- 1)! •' 
t -- T 

m = K ; t = mK q-r; dt = Kdm 
so that 

fo T fo ø• mn-le-m (Kmnt-r)R. dm 

This can be evaluated by expanding the last 
term and taking advantage of the facts that r 
is constant for the first integration and that 

fo m'e-"' am - (x) ! 
Thus for the third moment we have 

T co n--1 -m 

fo fo m e (Kmq-•')'•dm Ms = dr o•(r') (n-- 1)• 
expanding (Km + r) a as Kam a + 3K•r + 
3Kmr • + r a and integrating with respect to m, 
term by term 

fo me (n -- 1)! 

fo (n -- 1)! 

mn-le-m 

co n--1 --m 

fo (. - 1)! 

K s m s dm = K s(nq- 2)(n-+- 1)n 

3K2m 2 K 2 r dm = 3 r(n q- 1)n 

3Kmr • dm = 3Kr•n 

T 3 d m = T 3 
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so that 

T 

Ms -- fo d•- •(•-') { K:•(n -]- 2)(n -]- 1)n 
+ 3K27'(n + 1)n -•- 3K7-':'-n + 7 -a } 

which can be expressed as 

= 

-]-- 3Mo(n•) --]- 2Mo(,O•)} 

-•- 3K2{M•(n%) -•- M•(no•)} 

+ 

+ 

Thus the third moment of the unit hydrograph 
can be expressed in terms of the moments of the 
distributions defined by products of the time- 
area curve o•(r') and the reservoir distribution 
curve n(r'). The other moments can be similarly 
found. 

ERRORS OF APPROXIMATION IN PROPOSED 
SOLUTION 

The solution proposed is applicable to a catch- 
ment consisting only of linear channels and 
linear reservoirs, in which the reservoirs are all 
equal and are so placed that there is the same 
number of reservoirs between the outlet and all 

points in the catchment having the same trans- 
lation time. In this final section some computa- 
tions are made to determine the order of the 
approximations involved in these limitations on 
the complete generality of the solution. 

The separation of translation and reservoir 
action is fundamental to the approach made in 
the present paper. The assumption that any 
linear reach can be replaced by a number of 
linear channels and linear reservoirs placed in 
series is analogous to the lumping of parameters 
used in the analysis of electrical networks. It is 
reasonable to make this assumption at least in 
the first formulation of the problem. The repre- 
sentation of uniformly distributed storage as a 
form of translation is also reasonable. In natural 

catchments such storage might be of two types: 
(a) continuous overbank storage, or (b) a 
large number of patches of overbank storage 
each of which has a delay time small in compari- 
son with the 'time of concentration' of the 
catchment. In the case of continuous overbank 

storage, the fact of lineartry implies that the 
velocity is constant for all flows under considera- 
tion. Thus the delay time due to overbank 
storage is included in the translation time. The 
presence in a reach of a length of overbank 
storage is reflected in the idealized catchment by 
a length of linear channel whose translation 
time per unit length is greater than that of the 
remainder of the reach. In the case of a succession 

of patches of overbank storage, the assumption 
that this can be replaced by an equivalent 
translation channel is exactly true only when 
the number of patches is infinite. However, it is 
a good approximation in many cases. Figure 9 

/ •. /• PURE TRANSLATION o.s / 
0.5 ' ED 

0.4' 

Vo 
0.3 

0.2 

0.1 

, ! 

i 

•ese•voi•a 

shows the comparison between the unit hydro- 
graph for a triangular time-area curve with 20 
reservoirs, each of delay time T/10, and the 
corresponding unit hydrograph for pure trans- 
lation. 

Once the assumption is made that translatory 
and reservoir action can be separated, the general 
equation of the unit hydrograph can be written as 

u(0, t) = n(1 + K,D) i 
and the remaining assumptions are made only 
to obtain a convenient solution. The first of the 

two assumptions used in the present paper to 
produce a convenient solution is that the chain 
of reservoirs K• ... Kn appropriate to any point 
is determined completely by the total translation 
time between the point in question and the outlet. 
For this condition the disposition of reservoirs 
along a tributary and along the main channel 
upstream of a junction will be the same. Many 
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natural 'catchments conform approximately to 
this condition of axial symmetry. 

Computations were made to compare the 
total runoff due to each of three points of equal 
translation time, but with a different number 
of downstream reservoirs. Figure 10 shows the 
result for 8, 10, and 12 reservoirs, compared with 
the case for three branches each with 10 reser- 

voirs. It will be seen from the figure that the 
case with the equal reservoirs gives a peak about 
15 pct higher than that for the unequal reservoirs. 
If this difference occurs only over a small 
portion of the catchmerit, the corresponding 
error in the unit hydrograph will be much less 
than 15 pct. If differences occur over the greater 
part of the catchment, the error will be less 
than 15 pct in this case.also, since the peak 
contributions from the different parts of the 
catchment will not coincide. We may conclude, 
therefore, that the above assumption, which 
transforms the surface integral of the general 
equation into an ordinary integral, will not give 
rise to serious error. 

The remaining restriction on the generality of 
the proposed solution is the assumption that all 
the reservoirs are equal in size. Figure 11 shows 
the comparison between the outflow from a 
chain of three reservoirs of delay time K, and the 
outflow from a chain of reservoirs of delay time 
0.5K, K, and 1.5K. Since the flows shown in 
Figure 11 are subjected to two smoothing 
processes (when integrating over the catchment 
and when passing to rainfall of finite duration), 
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O.I 
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0.3- 

0.2 RESERVOIRS,,E:•H K. __ 

I 2 :5 4 t 5 6 7 8 --1' 
m--•-- 

K 

Fro. l 1--Effect of unequal size of reservoirs 

it will be obvious that the assumption of equal 
reservoirs will not be a source of appreciable 
error. 

The trial computations made in this section 
show that for the cases examined the errors 

involved in the proposed solution are well within 
the normal accuracy of hydrological data. 
Accordingly, there is every reason to believe 
that the equation 

uT fot Vo P( m, n 1)w(•') dm 
u = u (0, t) = ordinate of the instantaneous 

unit hydrograph 
T = maximum translation time 

Vo = volume of rainfall excess 
t = time elapsed since occurrence of 

rainfall excess 

P(m, n- 1) = Potsson probability function 
m = (t- •')/K = dimensionless time 

AREAS EACH WITH factor 

_//...•\•, ,o RESERVO, RS 7' = 
•:3 AREAS WITH e, IO, K 

ND 12 RESERVOIRS 
, . 

FxG. 10--Effect of unequal number of reservoirs 

translation time • 
size of linear reservoirs (all equal) 
number of linear reservoirs down- 

stream of • 
dimensionless time-area-concen- 

tration curve adjusted for varia- 
tion in rainfall intensity 

can be accepted as a flexible, convenient, and 
sufficiently accurate equation for the instan- 
taneous unit hydrograph. 
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